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Rezumat—Studiul unor procedee de aproximare a functiilor 1

Prefata

Teoria Aproximarii constituie o parte importanta a Analizei Matematice, fiind unul
din domeniile de interes ale matematicienilor. Aproximarea functiilor reale a constituit
o preocupare pentru matematicieni cum ar fi Cebishev, Weierstrass, Bernstein, Lorentz,
De Vore. Acest lucru se poate observa in numeroasele lucrari scrise pe aceasta tema,
amintim cateva: Bernstein [10], Lorentz [67], De Vore [29)].

In 1950 Tiberiu Popoviciu, in 1952 Harald Bohman si in 1953 Pavel Petrovich Ko-
rovkin pun bazele teoriei aproximarii prin operatori liniari pozitivi. Exista o larga
bibliografie centrata pe studiul unor operatori concreti, cum ar fi: operatorii Kantoro-
vich, operatorii Bernstein, operatorii Baskakov, operatorii Mirakjan-Favard-Szasz, ope-
ratorii Schoenberg, operatorii Landau, operatorii Lupag, operatorii Stancu, operatorii
Meyer-Konig-Zeller, operatorii Bleimann-Butzer-Hahn, operatorii Gauss-Weierstrass,
operatorii Post-Widder, operatorii Picard.

Numeroase rezultate stiintifice sunt legate de aproximarea prin clase de operatori
liniari pozitivi. De exemplu, folosind modulii de continuitate se pot face evaluari ale
ordinului de aproximare, si aici mentionam pe Shisha, Mond, Ditzian, Totik, si mai
recent Gonska, Paltanea, Tachev.

Cu preocupari in categoria operatorilor Schoenberg si a functiilor spline 1i mentionam
pe Schoenberg [100], [102], [107], Boor [18], [20], Marsden [73], [74], Goodman [42], [43],
Greville [45]. Operatorii spline Schoenberg sunt studiati si in prezent, rezultatele re-
cente obtinute de Gonska [11], [12], [13], Paltanea [76], [77], Tachev [119], [120], [121]
demonstrand ca este o zona de interes gi un subiect de actualitate.

Capitolul 1 contine notiuni cu caracter general din teoria aproximarii, notiuni fo-
losite in teza de doctorat. Capitolul 2 prezinta rezultate specifice despre operatorii
Schoenberg, operatori care formeaza esenta cercetarilor efectuate in teza de doctorat.

Capitolele 3, 4, 5 si 6 reprezinta in intregime contributia originala a autorului te-
zei de doctorat si rezultate cuprinse in aceste capitole au fost publicate in jurnalele:
"Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales, Serie A. Mate-
maticas”, [76], " Numerical Functional Analysis and Optimization”, [77], ”Symmetry”
[78], "Renewable Energy”, [79], ”Bulletin of the Transilvania University of Brasov”,
[82], "The Annals of the West University of Timisoara - Physics”, [80], ”Annals of
Dunarea de Jos University of Galati, Mathematics, Physics, Theoretical Mechanics”,
[81].

In Capitolul 3 autorul prezinta rezultatele stabilite pentru operatorii Schoenberg
de grad doi, in cazul general de alegere a nodurilor cat si un mod particular de alegere
a nodurilor. Alaturi de cazul nodurilor echidistante, care este cel mai comun mod de
alegere a nodurilor alte alegeri imbunatatite ale nodurilor sunt studiate, incluzand no-
durile date de radacinile polinoamelor Chebishev. Ordinul de aproximare este estimat
folosind moduli de continuitate. Rezultatele din acest capitol au fost partial publicate
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in [76] si [82].

In Capitolul 4 autorul obtine forma exacta a momentului de ordinul doi a operato-
rilor spline Schoenberg de grad trei cu aplicatii in obtinerea estimarilor cantitative si in
constructia operatorilor pentru care spatiul polinoamelor de gradul doi este invariant
si in constructia operatorilor de tip Schoenberg-King. Rezultatele din Capitolul 4 au
fost partial publicate in [77].

In Capitolul 5 sunt prezentate o definitie a operatorilor bidimensionali de tip Scho-
enberg si proprietatile lor. Definitia a fost obtinuta generalizand formula operatorilor
Schoenberg unidimensionali. Sunt stabilite momentul de ordinul doi ai operatorilor
bidimensionali de tip Schoenberg pe noduri arbitrare, pe noduri echidistante, alaturi
de o teorema de tip Voronovskaja. De asemenea, acest capitol mai contine estimari cu
moduli de continuitate. Aceste rezultate au fost partial publicate in [78].

Aplicatii ale operatorilor spline Schoenberg in practica compun continutul Capito-
lului 6, unde este prezentata o metoda generala de imbunatatire a acuratetii modelelor
de cer senin prin inlocuirea factorului de turbiditate constant cu un polinom de in-
terpolare care depinde de timpul solar, pentru estimarea intensitatii radiatiei solare.
Au fost analizate si utilizate pentru imbunatatirea modelului Meliss, date masurate in
perioada 2013-2017, in Centrul de Cercetare Sisteme de Energii Regenerabile $i Reci-
clare din cadrul Institutului de Cercetare, Dezvoltare al Universitatii Transilvania din
Brasov. Rezultatele prezentate in Capitolul 6 au fost publicate in [79], [80], [81].

Multumesc mult domnului Profesor Dr. Radu Paltanea pentru constanta indrumare,
pentru rabdare gi pentru sprijinul acordat pe tot parcursul activitatii mele ca docto-
rand.
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1 Introducere

1.1 Notiuni fundamentale
1.1.1 Notatii

Din notatiile uzuale sunt precizate aici o parte din cele ce apar in lucrare, cum ar fi:
multimea numerelor naturale N = {1, 2....}; multimea numerelor reale pe care o notam
cu R; spatiul R"=R x R x ... x R, unde ne N.

n ori

IT,, reprezinta spatiul polinoamelor reale cu o variabila cu gradul cel mult n, iar I
este spatiul polinoamelor reale in m variabile cu gradul total mai mic sau egal cu n,
unde n,m € NU{0}. Cu [a] notam partea intreagd a numarului real a.

Fie A un spatiu Banach i J C A. Notam cu F(J) spatiul tuturor functiilor
reale definite pe J, cu B(J) spatiul functiilor marginite, iar cu C'(J) spatiul functiilor
continue pe J, cu norma

| fll=sup | f(x) |- (1.1.1)
xXE€J
Notam cu e; functiile monomiale e;(x) = x* unde x € J si 1 € NU {0}.
Notatia (- — x) se utilizeaza pentru

_Jh=x, h—x>0
(h_X)-i-_{O’ h_XSO

1.1.2 Diferente divizate

A. Diferente divizate pe noduri simple

Fie f : [a,b] = R, a,b € R, a < b si un sistem de puncte distincte (noduri) din
intervalul [a, b]:

X17X27"'7Xn+17unde Xi #Xj pentruz;é] (112)

Definitia 1.1.1. Diferenta divizata a functiei f pe nodurile (1.1.2) notata cu
[X15 X25 s Xnt1]f se defineste prin

- ()
s X2 o5 Xn f:E : . 1.1.3
[X1: X2 Xn-+1] 2 H (i —x3) ( )
J=1n+1, j#i

Diferentele divizate pe noduri simple verifica urmatoarea relatie de recurenta:

(X1, X25 s X1 f = b2 Xy XoralF = Dy Xy o Xl (1.1.4)
Xn+1 — X1

unde [v;]f = f(xi), i =1,2,...,n + 1[90].
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B. Diferente divizate pe noduri multiple

Fie nodurile de interpolare (1.1.2), fiecarui nod x; ii atagdm un numar natural a;, nu-
mit ordin de multiplicitate al lui x;, i = 1,2, ...,n+1. Fie f : [a,0] = R, a,b € R, a < b,
derivabild de un numar suficient de ori pe [a, b].

Definitia 1.1.2. [90] Diferenta divizata de ordinul 1 pe nodul dublu y; este

x> Xl f = Xh_{I; W = f/(xi), i=1,2,...,n+1. (1.1.5)

In general,

. 1
[2(17)(17 "'aXLa X2, X2 "'7X%a ooy Xn+1y Xn41, aXn-i—lj]f = (gm [Xlan )7 sy

. . . X; X
a10r1 a20r1 QAnp410r1
a;—1 1 a;—1 1 apt+1—1
Xg ' )77X17X§ )7>X§ )77Xn+17X7(1—&)-177X7(1+Ir1 ):|f (116)
unde ng) + X,(j) pentru i # k; 1 # j [90].
Daca f este derivabila de k ori in y, are loc egalitatea
f(k)(Xz‘)

k-+1ori

Formula de recurenta a diferentelor divizate pe noduri multiple

Putem extinde formula de recurenta a diferentelor divizate pe noduri simple i la
diferentele divizate pe noduri multiple.

[XlaXla -"7X117 X25 X2 "'7X%7 "'72<n+17Xn+17 7Xn+1jf

ajori agori ap410ri
1
= 2(17 X1y ey X1/72<27 X2y +ey X%? vy Xm41y Xn41y -y Xn+1 f
Xn+1 — X1 ~~ ~~ N ~~ d
a1—1 ori agori Qp+10ri
- |:2<17X17"'7X1172<27X27-"7X27"'72<n+1axn+17"'7Xn+1l:|f:| [90] (118)
TV TV VvV
ajori agori ap+1—1 ori

Definitia 1.1.3. [95](Tiberiu Popoviciu)

Fie E o multime care are cel putin n + 1 puncte distincte. Functia f: E — R se
numeste convexa de ordin k > —1, dacd [x1, X2, -, Xk+2)f = 0 pentru orice puncte
distincte X1, X2, -, Xk+2 din E.

Din aceasta definitie rezulta ca o functie este convexa de ordin —1, daca este pozi-
tiva, este convexa de ordin 0 daca ea este monotona si este convexa de ordin 1, daca
ea este convexa obignuit.



Rezumat—Studiul unor procedee de aproximare a functiilor 5

1.1.3 Multimi interpolatoare. Sisteme Cebishev

Consideram un sistem de puncte X1, X1, ..., Xn din intervalul [a,b] numite noduri
de interpolare, si un sistem de valori reale oarecare \; € R, 1 < ¢ < n. Problema
interpolarii consta in a gasi dintr-o multime data F C F([a, b]), o functie ¢ € F pentru
care

p(xi) =N, 1<i<n (1.1.9)

Definitia 1.1.4. [93] O multime F C F([a,b]), se numeste multime interpola-
toare de ordinul n, pe intervalul [a,b], dacd pentru orice sistem de puncte distincte
X15 X2 s Xn € [a,b] si orice numere reale \; € R, 1 < i < n ezista o unicd functie
v € F, astfel ca sa aiba loc sistemul de ecuatii (1.1.9).

In cazul particular in care multimea interpolatoare F' este un subspatiu liniar de
dimensiune n din C([a,b]), atunci F' se numeste subspatiu Haar de dimensiune n.
In plus, orice baza algebrica a lui F' formata din n functii {¢1, @2, ..., @, } se numeste
sistem Cebishev de ordin n pe intervalul [a, b] [93].

Daca {p1, @2, ..., ¢n} formeaza un sistem Cebishev, atunci orice combinatie liniara
a lor se numeste polinom la fel ca in cazul celui mai important exemplu de sistem
Cebishev care este sistemul algebric, format din functiile eg, eq,...,e,. Aceste poli-
noame generalizate pastreaza o parte a proprietatilor polinoamelor algebrice.

Definitia 1.1.5. [60] Fie un spatiu normat (X, |- ||) s¢ Y un subspativ al lui. Numarul

E(2,Y) = inf |lo — y|

se numeste cea mat buna aproximatie a lui r prin elemente din Y. Daca
y € Y werifica proprietatea ||x — y|| = E(z,Y) atunci y este element de cea mai bund
aprorimatie a lui x prin elemente din'Y .

Teorema 1.1.1. [60] Fie subspatiul Haar T de ordinul n + 1,n > 0 pe [a,b]. Fie
f € C(la,b)) si o € T. Urmatoarele conditii sunt echivalente:

i) functia ¢ este element de cea mai bund aproximare a lui f, prin elemente din T,
ii) existda punctele a < xo < X1 < .. < Xnt1 < b g0 un semn e € {—1,1} astfel incat
pxi) = fOa) =e(=1)IIf —ell, 0<i<n+1

Definitia 1.1.6. Sistemul de puncte a < xo < x1 < .. < Xnt1 < b se numeste
alternanta.

1.1.4 Interpolare Lagrange

Definitia 1.1.7. [90] Fie f € F([a,b]). Polinomul algebric P,, de grad cel mult n, care
pe nodurile X1, X2, - Xn+1 are valorile P,(x;) = f(x:), cu 1 <i < n+1 se numeste
polinom de interpolare Lagrange atasat functiei f pe nodurile x1, X2, -y Xnt1 -

Teorema 1.1.2. [90] Pentru fi, fo € F([a,b]) si a, 5 € R avem

L[Xla X2y .- 7Xn+1](af1 + Bf2)(X)
= aLl[x1,X2, - > Xnr1)S1(X) + BLIX1, X2, - - s Xt ] f2(X)- (1.1.10)
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Teorema 1.1.3. [90] Daca f este polinom de grad maxim n, atunci

Lix1, X2, Xn1lf(X) = f(x), Vx € R. (1.1.11)

Definitia 1.1.8. [90] Fie f : [a,b] — R, a,b € R, a < b. Diferenta divizata
de ordin n a functiei f, pe nodurile (1.1.2) este coeficientul lui x™ din polinomul de
interpolare al lui Lagrange al functier f pe nodurile specificate.

Polinomul lui Lagrange se poate reprezenta sub forma

n+1

Lx1, X2, X35 s Xns1) f (X) = Zli(X)f(Xi)a (1.1.12)

unde /;(x) sunt polinoame de gradul n care indeplinesc conditiile P(x;) = f(xi), 1 <
i <n+1]90], adica

n+1

TToc—x)

L(x) = = 1 <i<n+1]90]. (1.1.13)

(=) [T06 = x0)
yoi

Teorema 1.1.4. [90] Daca f € F([a,b]), iar xi,..., Xnt1 Sunt puncte distincte din
intervalul [a,b], atunci

L[Xb X25 X35+ Xn+1]f(X)
(O = x)Llxz X5 o Xt S 00 — (X = X 1) L5 X2 - Xl F (X)
Xn+1 — X1 '

(1.1.14)

Teorema 1.1.5. [90] Pentru orice f € F([a,b]), orice sistem de puncte distincte
X15 X2, -+, Xnt1 din [a,b] si orice x € [a,b] are loc egalitatea

f(X) - L[Xla X2, X35 -+ XnJrl]f(X)
= D61 X2y o X F (0= X1) (X = X2) (X = Xnt1)- (1.1.15)

Teorema 1.1.6. [97] Pentru orice mulfime de puncte distincte de interpolare xo, X1, X2,
X3, Xn din [a,b], pentru orice f € C™([a,b]) si orice x € [a,b], eroarea (1.1.17) are
valoarea

{00 = T [Tt (1116
unde
e(x) = f(x) = P(x), a < x <, (1.1.17)

si & este un punct din |a,b] care depinde de .



Rezumat—Studiul unor procedee de aproximare a functiilor 7

1.2 Teoreme de convergenta
1.2.1 Teoremele lui Weierstrass. Aproximare prin siruri de proiectori

Vom spune ca o functie f este uniform aproximabila prin elemente dintr-un spatiu
Y C C([a,b]), daca exista un sir de functii din Y care converge uniform la f.

Teorema 1.2.1. (Weierstrass)

Orice functie f € C([a,b]) este uniform aprozimabila prin polinoame algebrice.
Teorema 1.2.2. (Weierstrass)

Fie Cyr spatiul functitlor 27 periodice continue f : R — R. Orice functie f €
Cor(R) este uniform aprozimabila prin polinoame trigonometrice.
Propozitia 1.2.1. [87] Fie un sir de operatori liniari §i marginiti, (Ly)n, L, : C([a,b]) —
C([a,b]). Daca sunt indeplinite conditile

i) existd un subspativ B C C([a,b]), dens in C([a,b]), astfel incdt
Tim [IL,(f) - £l = 0,¥f € B,

i) exista M > 0 astfel incadt || L,|| < M,n € N, unde

[Lnll :=" sup — |ILn(f)]]
fec(a bl fl<t

atunci
Tim (| La(f) — f1| = 0,/ € C([a,b]). (1:21)

Teorema 1.2.3. [87] Flie sirul de operatori liniar marginiti (Ly )y, L, : X — Y, unde
X este un spatiu Banach, iar Y este un spatiu normat. Daca

sup [Ln ()| < 00, VX € X,
ne

atuncy

sup || Ly|| < 0.
neN

Corolar 1.2.1. Fie sirul de operatori L, : C(la,b]) — C([a,b]) care aprozimeaza
uniform functiile dintr-un spatiu dens B C C([a,b]), din Cla,b]. Atunci faptul ca
sirul (L), are normele uniform marginite este echivalent cu faptul ca sirul (L),
aprozimeazd uniform toate functiile din C(|a,b]).

Definitia 1.2.1. [89] Fie X wun spatiu vectorial si Y un subspatiu liniar al lui. Un
operator liniar U : X — 'Y este proiector pe subspatiul Y daca U(y) =y, Yy € Y.

Teorema 1.2.4. [97] (Lonzinski-Harshiladze)
Pentru orice gir de proiectori, (Up)n, U, : C([a,b]) — 11, exista o constanta C' > 0
astfel ca

|U,|| > C'lnn. (1.2.2)

In consecintd existd o functie f € C([a,b)) pentru care U, f nu converge uniform la f
pe intervalul [a,b].

Teorema 1.2.5. [33](Faber)

Oricare ar fi o matrice triunghiulara infinita de noduri (X?)lgjgm unde oricare
ar fin avem a < x7 < x5y < ... < x» < b, pentru sirul de operatori (U,),, cu
U, = LIXT,xX5,..., X0, n > 1, exista o functie f € C([a,b]), pentru care U,f nu
converge uniform pe |a,b] la f.
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1.2.2 Operatori liniari pozitivi

Definitia 1.2.2. [5] Fie A gi B doua spatii vectoriale de functii cu valori reale pe un
interval J. Vom numi operator liniar, o aplicatie L : A — B care este aditiva $i
omogena, adica:

L(af + Bg) = aL(f) + BL(g), Vf,g€ A, a,f€R. (1.2.3)

Definitia 1.2.3. [5] Operatorul L se numeste pozitiv daca Vf € A cu f > 0 avem
L(f) = 0.
Fie (A, d) un spatiu metric compact.

Definitia 1.2.4. [5] O aplicatie F' : C(A) — R se numeste functionala liniara
pozitiva pe spatiul C(A) daca:

i)F(af + Bg) = aF (f) + BF(g),Vf, g € C(A) si Vo, € R;

iW)F(f) > 0,vfeC(A), f=>0.

Propozitia 1.2.2. [87] Fie A un subspatiu liniar a lui F(J) si fie o functionala liniar
pozitiva F\, : A — R. Avem

F(f)< f(9), f.g€ A f <y, (1.2.4)
| F()ISE(FD, feAlfleA (1.2.5)

Propozitia 1.2.3. [87] Fie o functionala liniar pozitiva F' : C(J) — R, J interval.
Fie x € J fixat. Presupunem ca este indeplinita una din urmatoarele conditii:

o Flej) =e;(x),7=0,1,2 sau

o F(e;) =ej(x),7=0,1 gi x este un capat al intervalului J.

Atunci

F(f) = f(x), VfeCJ).

Definitia 1.2.5. [87] Momentele functionalei liniar pozitive F: A — R, unde
A este un subspatiu liniar al lui F(J) si x € J sunt numerele F((e;—xeo)?), 7 € NU{0}
care sunt bine definite daca 11; C A.

Teorema 1.2.6. [96](Popoviciu)
Fie operatorii liniari si pozitivi de forma

Lo(f,x) = Y F&ni)Vni(x), € Ca,b]), x € [a,b)], (1.2.6)
i=1
unde &, ; € [a,b] si V,,; sunt polinoame pozitive. Presupunem cd
L, (eo) = eo, (1.2.7)
§t
711520 Ln((er — xe0)?, x) = 0, uniform in raport cu x € [a,b].
(1.2.8)
Atunci

lim L,(f) = f,uniform pe [a,b] pentru orice f € C([a,b]). (1.2.9)

n—0o0
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Teorema 1.2.7. [16](Bohman)
Fie operatorii liniari pozitivi (Ly)n, L, : C(la,b]) — C([a,b]), de forma

Ln(f7 X) = Zf(fn,i)an,i(X)7 f € C([a’b])v X € [avb]>

i€ln

unde I,, este o multime cel mult numarabila, &, ,; € |a,b], iar ¥, ; sunt functii analitice
pozitive. Daca

lim L, (e;) = e;,uniform pentru j = 0,1, 2, (1.2.10)
n—oo
atunci
lim L,(f) = f,uniform pentru orice f € C([a,]). (1.2.11)
n—oo

Teorema 1.2.8. [64], [65](Korovkin)

Fie girul de operatori liniari pozitivi (L), L, : V — F([a,b]), unde V' C F([a,b])
subspatiu liniar care contine functiile o, 1, p2 € C([a,b]), functii care formeaza un
sistem Cebishev pe intervalul [a,b]. Daca

lim L, (¢;) = ¢; uniform pe [a,b], cuj =0,1,2, (1.2.12)
n—o0

atunct

lim L, (f) = f uniform pe [a,b], pentru orice f € C([a,b]) NV. (1.2.13)

n—oo
Observatia 1.2.1. Pentru functiile test ey, €1, e se obtine teorema lui Bohman.

Teorema 1.2.9. [41](Voronovskaja)
Daca L,, : C(la,b]) — C([a,b]) este un sir de operatori liniar pozitivi, astfel incat
L,(ej) = ej,j €{0,1}, atunci, pentru f € C*([a,b]) si x € [a, ]

Laf) = £ = galler =P80 + o Laller = X% X)),
(1.2.14)

uniform in raport cu x € [a,b].

1.2.3 Moduli de continuitate

Definitia 1.2.6. [87](Pdaltanea)

Fie X C F(J) un subspatiu liniar astfel incat 1, C H,k € N. O functie Q. :
H x (0,00) = [0,00) U {0} este modul de continuitate de ordinul k pe H daca
sunt indeplinite urmatoarele conditii:

Qk(f, h1> < Qk(f, hg), fed, 0<hy < hg, (1215)
Qk(f + p, h) = Qk(f, h) feH, pelly_q, h >0, (1216)
OL(0,h) =0, h>0. (1.2.17)
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Definim urmatorii moduli de continuitate:
o modulul de ordinul intai uzual

wi (1, A) = sup{|vY(u) —¥(v)|, u,v € [0,1], |u—v| <A}, (1.2.18)
o modulul de ordinul doi uzual

wy(h,A) = sup{[¢(u —p) = 2¢(u) + Y(u+p)|, u£pe[0,1], |p| <A},
(1.2.19)

e modul Ditzian-Totik de ordin doi

wy (0, A) = sup{|t(u—p) = 2¢(u) + Y(u+p)|, u£pe[0,1], [p| <
Ap(u)}, (1.2.20)
unde ¢ € C([0,1]), A > 0 si p(t) = /t(1 —¢t) [87].
Proprietati principale ale modulilor de continuitate de ordin k = 1,2 sunt prezentate
in continuare:

1) we(f,0) =0, (1.2.21)
2) wi(f,-) este o functie pozitiva si continua pe R, (1.2.22)
3) wr(fyh1 + he) <wi(f, h1) + wi(f, h2), h1,he >0, (1.2.23)
4) wrp(f,h) < 2wi(f, h), Yh >0, (1.2.24)
5) Wi (f,h) < hwp(f',h), R >0, f € C([0,1]), (1.2.25)
6) wi(f,nh) < nfwr(f,h), Yh >0 sin € N. (1.2.26)

Teorema 1.2.10. [114](Shisha, Mond)
Fie operatorul liniar si pozitiv L : C([a,b]) — C([a,b]),f € C([a,b]). Pentru h >0
siVx € [a,b]:
L) = FOOL < 1F00IE(eo,x) = 1]+ (Leo, )

T/ Eleo ) (Eer — xeoP) 00 Jer(F.0). (1.2.27)

Teorema 1.2.11. [83](Mond)
Fie operatorul liniar si pozitiv L : C(la,b]) — C(la,b]) si f € C(la,b]). Pentru
h >0 six € |a,b] avem:

L0 = FOOL < 1F00IIL (o) = 1+ (E(eo, )
b aa(ler — xeo)?)() ). ). (1225
Urmatoarele doua teoreme se gasesc in lucrarile [84], [85] si [87].

Teorema 1.2.12. [87] (Paltanea)

Consideram un interval real I gi L :'V — F(I) un operator liniar si pozitiv pe
subspatiul V- C C(I), astfel incat 11y C V', atunci pentru ¥f € Vix € I §i0 < h <
slung(I) avem:

[L(f,x) = fOX0 [FOONL(e0, x) — 1| + h™H(L(er = xeo)) (X) w1 (f, h)

<
+ (L(eo, v) 2h2(L(61—Xeo)z)(x))wg(f,h). (1.2.29)
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Teorema 1.2.13. [87|(Paltanea)

Fie un interval real I i V un subspativ al lui F (1) astfel incat e; € V, i = 0,1,2.
Fie L :V — F(I) un operator liniar, pozitiv. Notam m;(x) = L((61 —x¢€0)’,X), i € N.
Presupunem ca ¥x € I avem mo(x) > 0, ma(x) > 0. Atunci pentru ¥f € V, f
derivabila $i ¥ h < lung(I), Vx € I avem pentru h < 34/ 25—88

IL(f ) = FO)I < Imo(x) = 1] [f )] + B ma()wi (£, )

+ (éhmo(X) + %ma(x))wl(f’»h), (1.2.30)

s1 pentru h > 34/ Zigg avem

L) = FO)l < mo(x) = 1] [f O] + B ma()wi (£, )

m
b (Vmoomtd - e rm. 2
Teorema 1.2.14. [87](Paltanea)

Fie operatorul liniar, pozitiv L : F([0,1]) — F([0,1]). Pentru x € (0,1), h € (0, 3]
siVf e B([0,1]) avem:

|(L(ex = xeo)) (X))
2¢(x)

3[(Ler = xe0)) 1] e

2 (ho(x))? 5(fh). (1.2.32)

L(f,0) = FOOI < [L(eo,x) = 1] - [IfI] + A7

wi (f,2h)

+ [L(eo,x) +

O prima varianta a teoremei a fost stabilita in lucrarea [36].

Definitia 1.2.7. [91]
Fie (X, ||-]]) un spatiu normat i Y C X un subspatiu inzestrat cu seminorma |- |y .
Fie f € X sit > 0. Se numeste K functionala
K(F.6X,Y) = ([ — gl + tlgly g € Y}, (1.2.33)

De exemplu, pentru X = C([a,b]), || f|| = maxycap |f(x)| norma Cebishev, Y =
C"([a, b)), lgler oy = llg™ |l [91].

K, (f,,C([a,0]), C"([a,0))) = inf {[| f — gll +¢"lg" ]I, 9 € C"([a, B])}.  (1.2.34)

Teorema 1.2.15. [56](Johnen)
Fie [a,b] un interval. Ezistd ¢y > 0,cy > 0 astfel incat

c1-wy(f,h) < Ky(f, h,C([a,b]), C*([a,b])) < ¢z - walf,h), (1.2.35)

Vfe C(a,b]) stV h>D0.
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2 Functii spline. Operatorii Schoenberg
2.1 Functii spline polinomiale. B-splines
2.1.1 Cazul general al functiilor spline cu noduri multiple
Fie intervalul [a,b] si diviziunea A,, = {x;}{ cu
a=xX0<X1< .. < Xno1<Xn=>0. (2.1.1)

Fie k un intreg pozitiv si M = (kq, ko, ..., k1) un vector format din numere intregi
cu proprietatea 1 < k; < k+1,cut =1,2,...,n—1, vector numit vector de multiplicitate
[111].

Definitia 2.1.1. [111] Spatiul functiilor spline polinomiale de ordin k pe no-
durile x4, ..., xx, cu ordinul de multiplicitate ki, ko, ..., k,_1 este

S(Ig, M, A,) = = {s € F([a,b])] Iso, $1, ..., Sn—1 € Ilj, astfel incait s(x) =
si(x)cux €L;, i =0,1,..n—1; Dis;_1(xs) = D?s;(xs)
pentruj =0,1,.. k—k;, i=1,..,n—1}. (2.1.2)

Teorema 2.1.1. [111] Fie
n—1
H=> k. (2.1.3)
i=1

Atumei S(Ix, M, A,,) este un spatiu liniar de dimensiune k + H.

Constructia unet baze locale

Definitia 2.1.2. [111] Fiea < x1 < ... < Xn1 <bsi 1 <k;<k+1,i=1,2,..,n—1
date. Presupunem ca avem punctele

Y1 < Yo < S Yok ) 4H (2.1.4)
astfel incat
<Y< .. <Y1 <a, O yrmio < o < Yor1)4H (2.1.5)
$i
k‘l knfl
— ——
Yk+2 S S Ye+H+1 = X159 X1y o5 Xn—1y +++y Xn—1 - (216)
Atunci vom numi multimea {y; ?(HIHH diviziune extinsa asociata cu spatiul
S(Ix, M, A,).

Teorema 2.1.2. [111] Fie {yi}f(kHHH o diviziune extinsd asociata cu spatiul (11, M, A,,)
si presupunem b < yYogy1)4n. Pentrui=1,2,.. k+ H +1 fie

Noi(X) = (D Wiprrr = 4 [Wir oo vireal (X = )5, a < x <b. (2.1.7)
Atunci { N, ;¥ formeazd o bazd pentru $(I1;, M, A,,) cu

Nyi(x) = 0 pentru x & [Yi, Yitk+1], (2.1.8)

and
Nyi(x) > 0 pentru X € (Yi, Yirr+1)- (2.1.9)



Rezumat—Studiul unor procedee de aproximare a functiilor 13

Mai mult,
k+H+1

i=1
pentru orice a < x < b.
Functiile Ny, 1, Ny 2, ..., Ny g+ g1 sunt numite B-splines.

Observatia 2.1.1. Folosind identitatea

(i s Yirw ] (X — )Ii = (=D My, ooy Yipara] (- = X)’i (2.1.11)

functiile V,,; au si reprezentarea

Nn,z‘(X) = (yz’+k+1 - yi)[yi7 -~-7yz‘+k+1](‘ - X)Ijra 1<i<k+H+1 (2-1-12>

2.1.2 Functii spline cu noduri simple

Definitia 2.1.3. Fie data o dwviziune A, = {x;}y definita ca in (2.1.1). O functie
spline cu noduri simple de ordin k > 1 pe intervalul [a,b] atasata diviziunii A,
este o functie de clasa C*~*([a, b)), care pe fiecare subinterval determinat de doud noduri
consecutive ale diviziunii este polinom de grad k. O functie spline cu noduri simple de
ordin k o vom numi simplu 1 functie spline de ordin k. Mulfimea functiilor spline
de ordin k atasata diviziunii A, se noteazd cu Sg(A,).

Din definitia de mai sus rezulta deci

SK(A,) = {s € C"([a,b]) | s

ell, 1<i<n}. (2.1.13)

[Xi—1,Xi]

Definitia 2.1.4. Daca A,, = {x;}§ este o diviziune a intervalului [a,b] si k > 1, atunci

se defineste diviziunea extinsa A, = {x; ?:’Lfk cu nodurile de forma

O=Xk=Xkt1==Xo<X1<X2<.e<Xn=0Xntl == Xatk = L.
(2.1.14)

Definitia 2.1.5. [11] Functiile B-spline atasate diviziunii extinse A, ), au expresia

Nik(X) = (Xjrr1 — X)) XG> Xg1s oo Xkt ) — )5, =k <j<n—1
(2.1.15)

Propozitia 2.1.1. [11], [72], [97] Pentru orice diviziune extinsa A, i, n,k € N, n, k>
1 avem

i) Nik(x) =0 pentru x < x; si pentru x > Xjrup1, —k < j <n—1,
i) Njk(x) >0 pentru x; < x < Xj+kt+1, =k <j<n—1.

Teorema 2.1.3. [97] Pentru orice diviziune A,, = {x;}y a intervalului [a,b], si pentru
orice intreg k > 1, spatiul 8;.(A,) are dimensiunea n + k, iar o bazd a sa este formata
din functiile Njp, —k <j <n-—1.
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Teorema 2.1.4. [71] Pentru orice diviziune extinsd A,y a intervalului [a,b], n >
1, k> 1 pentru orice t € R i orice x € [a,b] avem

n—1

(t—x)" = Z (t = X541)(t = Xjg2)--(t = X5ar) Ny (X)- (2.1.16)

Corolar 2.1.1. In condititle Teoremei 2.1.4 pentru orice 0 < r < k avem

> &N =X, x € [a, ], (2.1.17)

unde

r k !

1<i1<ig<...<ir <k

Propozitia 2.1.2. [71] Dacd A, i, n > 1, k > 1 este o diviziune extinsa a intervalului
[a,b], functiile N;i, —k < j <n —1 verifica proprietatile:

D) Nje(x) >0, =k <j<n-—1, x € la,bl; (2.1.19)
n—1

2) > Nip() =1 a<x<b, (2.1.20)
jzf
n—1

3) > &GNk() =x; a<x<bh (2.1.21)
j=—k

2.2 Operatorii Schoenberg

Definitia 2.2.1. [71] Fie A, o diviziune a intervalului [a,b] si k > 1 un intreg. Ope-
ratorul Schoenberg Sa,, : F([a,0]) — 8x(A,), atasat diviziunii extinse Ay se
definste prin

(S N00 = 3 FEDN; () (22.1)

j=—k
unde f : |a,b] > R, x € [a,b] si

_ Xirn X+t Xtk

gj,k: L

,—k<j<n-—1, (2.2.2)

sunt abscisele Greville.

In cazul cand A,, ; contine noduri echidistante si avem k > 1, atunci, in loc de Sa ,
vom nota Sy, k.

Teorema 2.2.1. [11], [71], [72], [97]

i) Sa, . (f) este o functie spline de grad k pe nodurile xo < ... < Xn, adicd este un
polinom de grad k pe fiecare interval [x,—1, x|, (1 < v < n), si admite derivate
continue de ordin k — 1 pe intregul interval [0, 1];
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i) SAM este un operator liniar pozitiv;

i) (Sa,.f)(X) este, pentru orice x € [a,b] o combinatie converd a unui numar finit
de valori ale functiei f.

i) Sa, . f interpoleaza functia f in capetele intervalului, adica (Sa, , f)(a) = f(a) si

(Sa,, 1)) = f(0).
v) Sa, . (€a) = €q, pentru a =0, 1.
Teorema 2.2.2. [71] Pentru orice intreg k > 1, si pentru n = 1, operatorul lui Scho-
enberg atasat diviziunii extinse Ay j:
X—k = X-kt1 == Xo=0<1=x1=Xo= . Xe1
a intervalului [0, 1] coincide cu operatorul lui Bernstein By.

Teorema 2.2.3. [71] (Schoenberg)

Pentru orice diviziune extinsa Ay a unui interval [a,b] operatotul Sa,, are pro-
prietatea diminuarii variafier semnului. Aceasta inseamnd ca pentru orice functie
f € C(la,b]) si pentru orice functie afing h(x) = cx + d, cu proprietatea ca f — h are
un numar finit de schimbari de semn pe intervalul [a,b] rezulta ca functia (Sa,, f) —h
are un numar de schimbari de semn cel mult egal cu numarul de schimbari de semn al
functiei f — h pe intervalul [a,b].

Definitia 2.2.2. Momentul de ordinul doi al lui Sa,, este definit de (Sa,,(e1 —
x€0)?)(x), unde e;(t) =/, 7 =0,1,..., t € [0,1].

Teorema 2.2.4. [29] Pentru o diviziune extinsd A, a unui interval [a,b] cu k > 1
are loc relatia

n—1 1

0 < (Sa,,.(e1 — xe0)*)(x) = Z 20— 1) Z (Xjr — Xj+s) ' Nig(x).  (2.2.3)

j=—k (k — )1§r<s§k

Corolar 2.2.1. [72] In conditiile Teoremei 2.2.4 avem

} 1 k+1
0% S ufe = xea))0) < min { 50—, EH 1AL} (2.2.4)

unde ||A, k|| = maxi<j<n(X; — Xj-1)-

Teorema 2.2.5. [71] Fie un sir de diviziuni extinse ale intervalului [a,b], de forma

Ap ks m=1,2,..., unde k,, > 1 pentru orice m. Daca avem indeplinita conditia
A,
lim 1Bl 0, (2.2.5)
m—0o0 k:m

atunci are loc

lim (Sa, .. f)(x) = f(x), uniform in raport cu x € [a,b], Vf € C([a,b]). (2.2.6)

m—o0

Teorema 2.2.6. [11] Pentru k > 1 gin > 1 avem

min {2)((1 -X), %}
n+k—1 '

(Snr(er — xe0)?)(x) < (2.2.7)
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3 Imbunatatirea ordinului de aproximare

In continuare, in Sectiunea 3, se lucreazi pe intervalul [0, 1]. Consideram diviziu-
nea extinsa A, data in (2.1.14), abscisele Greville (2.2.2), functiile B-spline (2.1.15),
operatorii Schoenberg (2.2.1) si k = 2.

3.1 Operatorii Schoenberg de grad doi pe noduri particular alese

In literatur, [11], daca diviziunea extinsa A, formata din noduri echidistante si
k = 2, urmatorul rezultat este stabilit:

(Snaler = xe0)*)(x) 5 % 1

— 2n 4 S ’
x(1—x) l—x = 2n
si aceasta implica
1
(Sna(er = xeo)*)(x) < -+ x(1=x), n > 1, x € [0,1], (3.1.1)

unde constanta % in fata lui x(1 — x) este cea mai buna posibila.

Pentru n > 1 si k = 2 diviziunea extinsa A, o este:

0= X=2=X=1=X0o < X1 <X2<..<Xn=Xn+l= Xn+2 = 1. (312)
Din formula (1.1.3), pentru patru noduri si o functie f : [0,1] — R, se obtine:

4

[X1,X2,X3,X4]fzz< H (XP_XV)_1>f(Xp)a

p=1 1<v<4,v#p
unde y; < x2 < x3 < x4 sunt puncte din [0, 1].
Observatia 3.1.1.

[X1, X2, X3, Xa] f = 0 daca f € Iy (3.1.3)
[Xh X25 X3 X4]< - X)i = OJ pentru X < min{Xlu X25 X35 X4}7 (314)

si
[X1, X2, X3, Xa] (- = X)% = 0, pentru x > max{x1, X2, X3, X4} (3.1.5)

3.1.1 Momentul de ordinul doi al operatorilor Schoenberg de gradul doi pe
noduri particular alese

Consideram o diviziune A,, formata din nodurile particulare:

Xo = 0,
A
X1 = -
n
AL n—2A :
X; = E—I_(j_ )n(n_Q),pentru 2<j<n-2
A
Xn—-1 = 1__7
n
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unde A € (0, 1]. Pentru A = 1 se obtine cazul particular al nodurilor echidistante.

Lema 3.1.1. Fien > 7, XA € (0,1) si nodurile alese in (3.1.6) i extra-nodurile date in
(3.1.2). Au loc urmatoarele relatii:
Caz 1. X € [xo0, x1]

on n?2n\ +n — 6\ ,

N_ VL AR S L
12(x) AT I
n?(n — 2)
N, = 2
02(X) A(RA 4+ n — 4X) X

Nja(x) = Opentrul <j<n-—1.

Caz 2. x € [x1, X2

n?(n — 2)? 2n(n — 2) nA+n — 4\
No12(0 = (n)\+n—4)\)(n—2A)X2_ S W — s S
N ~ (mA+3n-— 8ANn?(n—2)% , (nA+2n—6\)n(n —2)
0200 = T m— o X (n — 2))2
A(nA +2n — 6X)(n — 2)
a 2(n —2X)? ’
Nia(x) = n?(n —2)% , _ nA(n— 2)? A2 (n —2)?

2(n—2)\)2X (n — 2X)? X 2(n — 202
Nja(x) = Opentru2<j<mn-—1sauj=—2.

Caz 3. X € [x2, xs]
,n?(n —2)? n(n —2)(nA+2n —6X)  (nA+2n —6))?

Noa(x) = X570, =90z ~X (n—2))? LTS PR
B ,n?(n —2)? n(n —2)(2nA + 3n — 10))
Nip(x) = — (n—2))? X (n—2\)?
2X2(n — 2)2 +6A(n — 2)(n — 2X) + 3(n — 2))?
N 2(n —2X)? ’
_ ,n*(n—2)? n(n—2)(n+n\—4X\)  (n+n\—4))?
Naal) = Xgp —anr ~X (n — 2))2 2(n— 202

Nja(x) = Opentru3d <j<n-—1saujec{-2,~1}.

Caz 4. x € [Xg Xgr1] cud3<qg<n—4

pentru q — 2 < j < q, unde
d():—l, d1:3, d2:—3, d3:1

Nja(x) =0pentru2<j<qg—3sauq+1<j<n-—1.
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Caz 5. X € [Xn-3, Xn_2]

,n*(n—2)% n(n —2)(n +n\ —4X)

Nn*572(X) = (1_X) 2(71,—2)\)2 (1_X) (n_2)\)2

(n +n\ — 4))?

2(n—21)2 7

SR PN TR T

203 (n — 2)2 + 6A(n — 2)(n — 2X) + 3(n — 2))?

B 2(n — 2X)? ’
_ X*n*(n—2)? n(n —2)(n* — 4n — n\ + 6))

No-s2(X) = S =5 X (n — 2))2

(n? — 4n — n\ + 6))?

2(n — 2)\)? ’

Nja(x) = Opentru —2<j<n-—6sauj>n—2.

Caz 6. x € [Xn-2, Xn-1]

_ n’(n—2)? o nA(n—2)° N (n —2)?
Np—ap(x) = m(l—x) _m(l_XH—M’
(nA + 3n — 8\)n?(n — 2)?

Nos2(X) = = 2(nX +n — 4\)(n — 2))2 (1=x)°
A(nA +2n — 6X)(n — 2)

(PA +2n — 6A\)n(n — 2)

! (n—2X)? (=)~ 2(n — 2X)2 )
Nu-22() = 73 +T:z (_714;)2()71 o ) - %(1 —X)
nA+n—4\
T T

Nja(x) = Opentru —2<j<n->5sauj=mn—1

Caz 7. X € [Xn-1, Xn)

(1 —x)*n*(n —2)

N,_ = ,
32(0) Ao+ — 4N

2n n?2n\ +n — 6\
Np-22(x) = 7(1 - X) — ﬁm( —x)%

Nja(x) = Opentru —2<j<n-—4.

Teorema 3.1.1. Momentul de ordinul doi al operatorului spline Schoenberg de gradul
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doi pentru nodurile (3.1.6) este:  (Sa,,(e1 — x€0)?)(x)

([ 9n2—nA(n+2)—2X2(n—1)(n—4)

A (a4 A
X IA(n—2)(nA+n—4X) + X3 X € |0, ;]
2 n(A-1) (1=X)(nA+n—4X)) )
X 2=y T X 2tm-2(n—2n)

A3(n2—6n+4)+nA2(n+2)—n3\ A A n—2\
+ 2 (n—2)(n—2)) ; X€ |wnt n(n—?):|
_ 1 (n—2X)2 A n—2\ A n—2X\
=94 2 w2 X€ | Tamay ! —n n(n—2):|

(1—x)2n(A—1) + (1—x)(1=X) (nA+n—4X)

4(n—2X) 2(n—2)(n—2X\) )
A3(n2—6n+4)+nA2(n+2)—n2) n—2X\ A
+ 12 (n—2)(n—2\) ; xe |l o= ﬁ}

(1—x)%[n?2—nA(n+2)—2X2(n—1)(n—4)]
AA(n—2)(nA+n—4X)

A
+ (1;;‘», X E |1— %,1]

\

Pentru A = 1 se obtine cazul particular al nodurilor echidistante.

Teorema 3.1.2. Momentul de ordinul doi al operatorului Schoenberg de gradul al doilea
pentru noduri echidistante este:

(Snaler — xe0))(x) = 12 X € |+, =1
SR ve [

3.1.2 Compararea ordinului de aproximare cu cazul nodurilor echidistante

Vom face comparatia doar pentru cazul \ = %

Lema 3.1.2. Pentru n > 1 urmatoarele relatii au loc:

i

sup (Snz (e1 — xeo)®) (X) _ (_)’ (3.1.7)
X€(0,1) x(1=x) 2n n
uniform in raport cu x € (0,1).
ii)
A=1

Saaler—xe))(x) 1 1
- (S, 2(er — xeo)?)( ):_+ <_>’ (3.18)
X€(0,1) x(1—=x) dn n

uniform in raport cu x € (0,1).

Teorema 3.1.3. [41] Daca L, : C([0,1]) — C([0,1]) este un operator liniar pozitiv
astfel
incat Ly, (e;) =ej, j € {0,1}, st exista o constanta K > 0 astfel incat

La((er — )% x)
x(1=x)

1
SK—,XE(O,].),
n
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atunci, pentru f € C*([0,1]):

Ln(f, X) - f(X) K " 1
PO ] < Sl o), 319

uniform in raport cu x € (0,1).

Aplicam Teorema 3.1.3 si Lema 3.1.2 pentru A =1 gi A = %

Corolar 3.1.1. Are loc

(&,2}]25)(_) ;) ’ < 001+ 0(%), uniform in raport cu x,
(3.1.10)
pentru f € C?([0,1]),x € (0,1); sau
1
‘ €] — €y fH 01) ||f”||+0< ) (3.1.11)

Pentru nodurile alese (3.1.6) si pentru A = % o Imbunatatire este obtinuta in

urmatorul corolar:

Corolar 3.1.2. Are loc

’( X200 -

1
’ =g |f"( )l +0<—>, uniform in raport cu x,
n

x(1—x)
(3.1.12)
pentru f € C*([0,1]),x € (0,1); sau
A=1
Snaf)—=f 1 1
n,2 < _ 1 Z). 1.

H €1 — €9 H(O,l) B 8n||f H+O<7’L> (31 13)

Corolar 3.1.3. Urmatoarele relatii au loc:

i)
_ 7 1

lesxineo = s, < (5 +om)es (1 7). (3.1.14)

(32000 = 100

(0,1) = (% + 0(1))“);0 <f’ %) (3.1.15)

Asgadar, pentru A = % se obtine o imbunatatire a ordinului de aproximare. Aceasta
imbunatatire se observa in teorema Voronovskaja sgi in evaluarea cu al doilea modul
Ditzian—Totik modulus, de asemenea.
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3.2 Momentul de ordinul doi al operatorilor Schoenberg de gradul doi pe
noduri arbitrare

3.2.1 O prima metoda care utilizeaza o diviziune extinsa auxiliara

In aceasta Sectiune, o mult mai generala diviziune extinsa, o diviziune auxiliara
A, 2 este utilizata:

Y o<y 1<0=9yo<y1...<Yn=1<Ypi1 < Ynyo, n>1. (3.2.1)

Relatiile (3.1.3), (3.1.4), (3.1.5) din Observatia 3.1.1 sunt adevarate de asemenea si
pentru y;, =2 <j <n+2.

Pentru orice numere reale t; <ty < t3 < t4 i x, notam:

1 [ty —t 1
et = 1 (1o —3) (-t 50— 20+ )~ o)
1
4 (ta = t2) (ta — 13). (3.2.2)

Lema 3.2.1. Fie diviziunea extinsd A, o definitd in (3.2.1), n > 1. Fie X € [Yq, Yqr1]
unde 0 < g <n—1. Atunci

(Sx,,(e1 = x€0))(X) = T(Yg-1, Ya» Ygr1, Ygr2) (X)- (3.2.3)

Teorema 3.2.1. Fie diviziunea extinsa N, 2, n > 1 data in (3.1.2) si operatorul co-
respunzator Sa, ,. Fie X € [Xq, Xq+1] unde 0 < g <n — 1. Au loc urmatoarele relatii:

Z) (SAn,2 (61 - X60>2)(X> = F(Xq—lv Xq> Xq+1, Xq+2)(X)7 fOT 1 S q S n— 27'
”) (SAn,2 (61 - X60>2)(X> = F(Oa 07 X1, X2>(X)7 fOT q = 0;'

i) (Sa,.(e1 = x€0)*)(X) = T'(Xn-2, Xn—1,1, 1)(x), for g =n —1.

3.2.2 O a doua metoda cu calcul direct

In continuare, folosind diferentele divizate pe noduri multiple pentru momentul de
ordinul doi al operatorilor Schoenberg de gradul al doilea, sunt obtinute rezultatele
de mai sus. Poate fi verificat prin comparatie ca rezultatele obtinute prin cele doua
metode sunt aceleagi. Consideram diviziunea extinsa A, 5 data in (3.1.2).

Teorema 3.2.2. Fie y € [0,1], si ¢ € {0,1,..n — 1} un numdr natural astfel incat

X € [Xgs Xq+1]- In aceste conditii, momentul de ordinul doi al operatorilor Schoenberg
de gradul al doilea pe noduri arbitrare are urmatoarea forma.

i) Dacaq =0,

(Sa..(er — xeo)?)(x) = X;(% — 3) + gxl. (3.2.4)

ii) Dacaq =1,

(Sausler = xe)00 = (0= =3) = S (2 - )

Z X2 — X1 X2 — X1
X1< X1X3 )

4+ A 3.2.5
4 \x2 —x1 ( )
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iii) Daca 2 < q<mn-—3,

(Sanaler —xeo) ) = A (M- 3)

Z Xq+1 Xq
+ % Xg + Xor1 + Xg—1Xg+1 — Xqu—i—Q)
Xqg+1 — Xq
2 2
n Xq(Xq+1 + Xq+2) - Xq+1(Xq—1 + Xq)‘ (3.2.6)
4(Xg+1 — Xq)
i) Daciq=mn—2,
1- X)2 X3
S e1 — xeo)? = ( ( — 3)
Sansler —xe)) = S (X
I—x ( X1X3 )
- 9 — X1~ X2
X2 — X1
X1 X1X3
+ —(————— ). 3.2.7
4 \x2 —x1 X2 ( )
v) Dacag=mn—1,
1— )2 1—
(Sanaler —xe)00 = S (2 og) s o0 2y

3.3 Momentul de ordinul doi al operatorilor Schoenberg de gradul al doilea
cu noduri in radacinile polinoamelor Cebishev

Teorema 3.3.1. [118] Pentru A, 1, diviziune extinsa de forma (2.1.14), cu

o 2k-1)rm
Xk_Sln 4(n_1) )
1<k<n—1,n>2, x0=0, xp, =1 are loc
x(I—x
(Sa,. (61— xeo)H(x) < - %, n>2 x€0,1]. (3.3.1)

Radacinile polinoamelor Cebishev T), (1) = cos(n arccos u), pn € [—1,1] sunt

b = COS (l—i-kE), 0<k<n-1. (3.3.2)
2n n

Folosind transformarea intervalului [—1,1] in intervalul [0, 1] prin functia v(§) =
%, se obtin urmatoarele noduri:

Xk = V(ttn—k), 1 <k <,
sau, mai explicit,
(2k — 1)m
dn 7
Definim de asemenea, x5 =0 si x;,; = 1.
Consideram diviziunea extinsa Ay, 5

X} = sin® 1<k<n. (3.3.3)

O=x"0 =X = X0 < X1 < - <X < Xng1 = X2 = Xy = L. (3.3.4)
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3.3.1 Metoda care foloseste o diviziune extinsa auxiliara

Din Teorema 3.2.1 obtinem prin particularizare urmatorul Corolar. Inlocuim n cu
n+1, si alegem o diviziune auxiliara extinsa de forma (3.2.1) cuy; = x3, (0 < j < n+1),
Y2 <Y1 <0,8 Uni3 > Yn2 > L.

Corolar 3.3.1. Fie diviziunea extinsd Ay, ,, n > 1 data in (3.3.4) si operatorul
corespunzator Sax, . Fie x € [X;, X;H], 0 < g <n. Urmatoarele relatii au loc:

i) Pentrul < qg<n-—1,

(Saz, 1, (e = xe0)®)00) = D01, Xgs Xo1s Xgr2) (X)- (3.3.5)

ii) Pentru q =0,
(Sar,,,(er = xe0)) () = T(0,0, X7, x3) (x)- (3.3.6)

ii1) Pentru q = n,
(Saz,,,(er = xe0)) () = T(h-1, X5 1, 1) () (3.3.7)

O explicatie a acestor formule va fi facuta in sectiunea urmatoare folosind o metoda
de calcul direct.

3.3.2 Metoda de calcul direct

In continuare, folosind diferentele divizate pe noduri multiple, se ajunge la rezulta-
tele de mai sus. Se utilizeaza diviziunea extinsa Ay, , definita in (3.3.4).

Teorema 3.3.2. Fien > 2, Ay, , si x € [0,1]. Ewista un unic ¢ € {0,1,..n}
astfel incat x € [xq, Xq+1) daca 0 < ¢ < n — 1, respectiv X € [Xn, Xn+1] dacd ¢ = n.
Momentul de ordinul doi al operatorilor Schoenberg de gradul al doilea cu noduri in
radacinile polinoamelor Cebishev are forma de mazi jos.

i) Dacaq =0,

Xginz L. (3.3.8)

X
2 2 4dn

(3 — 12sin? © 4 8sin? 1) i
4n

(SA;H’Q(Gl - XGO)Q)(X) = 4n

ii) Daca q =1,

(Saz,,,(e1 = xe0)*) (x)

@2 T2
- (x —sin” 3;) + 4 sin? 1(51112 T 1) X°
32(1 - sin? ;) (1 - 2sin® ) dn\ o dn
sin? (45in2 T 7) +sint <2 sin? 3> (3.3.9)
in - 2)% in i 2/ >
iii) Daca2 < q<n—2,
L.y

(Saz,,.(e1 = xeo)*)(x) = sin® %x(l —x) — ¢ sin % (3.3.10)
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iv) Daciq=mn—1,
(Saz,,,(e1 = xeo)*) (x)

1— @2 T2
- (1= x—sin"5;) —|—4:si112i<sin2l—1)(1—)()2
32(1—sin? ) (1 - 2sin® £) An\ T dn
7 3
—swﬁ@mﬁiiwfmﬂwﬁ@m%rﬁ. (3.3.11)

v) Daca q = n,
(Saz,,,(e1 = xeo)®) (x)

1 - x)? -
— —< 2X> (3 — 12sin? % + 8sin? %) + TX sin? % (3.3.12)

Rezultatele din Corolarul 3.3.1 coincid cu rezultatele din Teorema 3.3.2.

3.3.3 Rezultate de baza

Teorema 3.3.3. Dacin >1 gi x € [0,1] atunci

~ (=) (3.3.13)

T
4 n2

. 2 . v . U oA v . .
Mai mult, constanta 7 este cea mai bund posibla in aceasta inegalitate.

(Sas,,,(e1 = xe0)*)(x) <

Observatia 3.3.1. Deoarece diviziunea A, , imparte intervalul [0, 1] in n subintervale
si diviziunea A}, , divide intervalul [0, 1] in n + 1 subintervale, este necesar sa luam
n—1,n > 21n (3.3.13), pentru a compara relatia (3.1.1) cu relatia (3.3.13). Se observa
ca

x(1—x)

<

Y

o ()

pentru n > 2.
Corolar 3.3.2. Daca f € C([0,1]), x € [0,1], n > 1, atunci

u x(1—x
1Saz,,,(f,x) = FO)] = (1+-§)uq (f,———ﬁﬁ———2> . (3.3.14)
Observam ca in cazul nodurilor echidistante, pentru k = 2, Teorema 2.2.6 aproxi-
meaza mai slab
x(I—x
1Sn2(fix) = F(X)] < Cun (f, <T)> : (3.3.15)

unde constanta C' este independenta de n, f si x.

Corolar 3.3.3. Pentru orice f € C([0,1]) si orice n > 2, existd o functie spline s de
gradul 2, atasata nodurilor {0 = xo < x1 < ... < Xn = 1}, astfel incat

|ﬂx%—dxﬂ§(hn<ﬂ—¥!%:jz>,XE[QH, (3.3.16)

cu o constanta independenta de f, n si x.
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Observam ca relatia (3.3.16) este formal analoagd cu estimarea punctuald a lui
Teliakovsky, [124] a celei mai bune aproximari polinomiale pe intervalul [0, 1], unde n
are o alta semnificatie:

Teorema 3.3.4. Exzista o constanta C' > 0, astfel incat pentru orice functie f €
C([0,1]) si orice n € N ezista un polinom P de grad cel mult n, astfel incat

n

[f(x) — P(x)| < Cuwy (f, M) , X €[0,1]. (3.3.17)

Corolar 3.3.4. Pentrun > 1, x € [0,1] avem

n

Sap (0 = 10| € (14 5 ) (fM> (3.3.18)

Din nou, o imbunatatire este obtinuta prin compararea cu cazul nodurilor echidis-
tante, din Teorema 2.2.6 se obtine

|f(x) = Sn2(f, )] < Cws (f, M) , (3.3.19)

n

cu o constanta C' independenta de n, f si x.

Formal, estimarea (3.3.18) poate fi comparata cu rezultatul lui Gavrea [34] referitor
la aproximarea polinomiala, care imbunatateste rezultatul lui Teliakovsky.

L,:C([0,1]) —

Teorema 3.3.5. Existd o secventd de operatori liniari pozitivi (Ly,),,
,1]) si oricen € N

I1,, si 0 constanta C > 0, astfel incdt pentru orice functie f € C([0

1700 = (Laf) (0] < Con (f, M) xelol (3320

Folosind al doilea modul Ditzian-Totik se obtine urmatorul rezultat.

Corolar 3.3.5. Pentru f € C([0,1]) sin > 1 avem
32 o 1
5., (0 = £ < (15 )t (£.5) (3.321)
In cazul nodurilor echidistante in [11], a fost obtinuta urmatoarea relatie:

I,0(9) - 11 < gt (=), (3329

unde f € C([0,1]), n > 1.
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4 Momentul de ordinul doi al operatorilor Schoenberg de gra-
dul trei si aplicatii

4.1 Cazul nodurilor arbitrare
4.1.1 Metoda cu o diviziune extinsa auxiliara

Consideram diviziunea extinsa de tipul (2.1.14) cu noduri arbitrare si k = 3 pe care
o notam A, 3

O=x3=X2=X-1=X0<X1 <X2<..<Xn=Xntl = Xnt+2 = Xn+3 = L.
(4.1.1)

Vom aplica identitatea lui Marsden (2.1.16) pentru k& = 3. Pentru aceasta consi-

deram o diviziune aditionala A, 3 cu nodurile:

y*3<y*2<y*1<O:y0<y1<y2<-~-<yn:1<yn+1<yn+2<yn+3a
(4.1.2)

unde nodurile y_3 < y_o <y_1 <081 1 < ypt1 < Ynt2 < Ynss sunt variabile si y; = x;,
pentru 0 < ¢ < n. Tinénd cont ca (Sa,,(e1 — xe0)?)(x), (x € [0,1]) este construit
folosind diferentele divizate cu noduri multiple, se obtine, pentru x € [0, 1]

(Sans(er = xeo)*)(x) = lim — (Sx,,(er — xe0)*) (x)- (4.1.3)

Y—3,9—2,9—1—0
Yn+1,Yn+2,Yn+3—1

In aceasti limitd ordinea punctelor y 3 <y o <y_1 <081 <ypi1 < Ynio < Ynss
este mentinuta.
Pentru orice y € [0,1] exista un intreg 0 < g < n — 1, astfel incat x € [xq, Xq+1] =

[yq7 qurl]'
Pentru diviziunea (4.1.2) si pentru 0 < ¢ <n — 1 si x € [y, Yg+1] definim

L(Yg—2, Yg—15 Ygs Ya+ 15 Ygt2s Ygr3) (X)
_ l{qurS - yqfl . (X - yq)3 _ yq+2 - yq72 . (X - yq+1)3
9 yq+2 - yq yq—H - yq yq+1 - yq—l yq+1 - yq

- Y (x—yi)(x—yj)}, (4.1.4)

q—1<i<j<q+2

mai explicit,

I'(Yg—25 Yg—15 Yg» Yg+1> Yg+25 Yg+3) (X)
3 2

N X Yg+2 — Yg—2  Yg—1 — Yg+3 X Yq+2 — Yg—2
= + - e G
I Ygt1 — Yg) \Ygu1 — Ygt1  Yq — Yg2 3(Yg+1 — Yq) Yg—1 — Yg+1
Yg—1 — Yq+3 X 2 (Ygq+2 — Yg—2
b o)y (BE Tt )] Xy L [ (e
I Yqg — Yg+2 3 a ! Yg+1 — Yq ot Yg—1 — Yg+1
Yg—1 — Yq+3 1
- 1) + y§<M - 1)} } - —{(yq+z + Y1) (Yg + Yas1) + Yol
yq - yq+2 9
Yg+2 — Yg—2 3(Yg—1 — Yq+3
b st [ (B (e[
I i — Y U e — Y TN\ Yy — Ygro
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Observatia 4.1.1. Deoarece y; # y;, Vi # 7, ¢ —2 < 4,57 < ¢+ 2, forma lui I" are
sens.

Teorema 4.1.1. Fie diviziunea A, 3 data in (4.1.1). Dacd X € [Xq Xq+1), cu 0 < ¢ <
n — 1, atunct

(Sans(er — x€0)?)(X) = T(Xg—25 Xg—1: Xa» X1 Xa+2+ Xa+3) (X)- (4.1.6)

Observatia 4.1.2. Cu toate ca in calculul lui (Sx . (e1 — xe)®)(x) se folosesc toate
nodurile y,_3 < ... < y,44 rezultatul final depinde doar de nodurile y,_2 < ... < y4q3.

Forma momentului de ordinul doi va fi stabilita separat in cateva cazuri, din teorema
de mai sus si din relatia (4.1.3) in urmatoarele corolarii. Vom considera doar cazurile
in care y este in partea stanga a intervalului [0, 1], fiilndca in partea dreapta, rezultatul
poate fi obtinut prin simetrie, inlocuind x cu 1 — x si y; cu y,—;, (=3 < i <n+3).

Corolar 4.1.1. Dacin =1 gi x € [0,1], atunci

X X
(SAl,s (61 - X60>2)(X) = ——+ g (417)
Corolar 4.1.2. Fie n = 2. Pentru x € [0, x1] avem

3 2
2 X 1 X 1 X
(Bazaler = xe0 ) ) 9X1( Xl) 3 ( X1> T3

(4.1.8)
Pentru x € [x1,1] expresia (Sa,,(e1 — xeo)?)(x) poate fi obtinutd prin simetrie.

Corolar 4.1.3. Fie n = 3.
i) Pentru x € [0, x1], oblinem

(Sanaler —xe0))00 = 5= (= = 2) = (2= 2) + 3.

(4.1.9)
ii) Pentru x € [x1, X2), avem

(SA3,3 (61 - XeO)Q) (X)

X ( 1 1) X (1—2x1 ) X (2

= —— )+ -2 + —
Mz—x)\l—xvi xo/  30a-x)\1—x1 )T B0n—x) 2
X >+&[ X1 Xi

_ — . 4.1.10
1—x4 9 lxa—x1 (x2—x1)(1—x1) XQ] ( )

- X1+

ii)Pentru x € [x2,1], expresia (Sa,,(e1 — xeo)?)(x) poate fi obtinutd din cazul i)
prin simetrie.
Corolar 4.1.4. i) Pentrun >4 si x € [0, x1] avem:

3 2
X (X3 X2 X X2 X
( An,s(el X€0)”)(x) 9%1 \x2 X1 3 X1
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ii)Pentrun >4 si x € [x1, X2] avem:

3 2
X X3 X4 X 72Xx1 — X3
Sa, ,(e1 — xeo)?)(x :—(—+—) ——[—
(Sana(es ) 9(x1—x2) \X2 X1 — X3 3 Lx1—xs
—x3) +
L xsbe—xs) X1X4] X [Xl PV ¢ <X3 L )]
(1 —x2)(x1—xs)d 3 X1 — X2 X1 — X3
2
X1 X1X3 X1X4
- M+ } (4.1.12)
9 x1—X2  (x1—x2)(x1 — x3)
iii) Pentrun > 5 $i X € [Xgs Xq+1), cu 2 < g <n—3 avem:
(Sa,s(er = x€0)*)(X) = T(Xg-2, Xg—1 Xg» Xa+1> Xa+2> Xq+3) (X)- (4.1.13)

w) Pentrun >4 $i X € [Xn—2, Xn—1] expresia (Sa, ,(e1 — xeo)?)(x) poate fi obtinutd
prin simetrie din cazul ii).

v) Pentru n > 4 si x € [Xn—1, Xn] expresia (Sa,,(e1 — xeo)®)(x) poate fi obtinutd
prin simetrie din cazul 1).

4.1.2 Metoda bazata pe calcul direct

Forma explicita a functiilor B-spline §i a momentului de ordin doi al operatorilor
Schoenberg de gradul trei, pentru noduri arbitrare, respectiv pentru noduri echidis-
tante, pe intervale de tipul [0, x1], [x1, X2], [X2, X3] sunt prezentate in continuare.

Propozitia 4.1.1. Pentru x € [0, x1] st n > 4 avem:

3 2
s ey = X (X3 X2 X X2\ Xy
(Sanaler = xe0))0) = g (3= 2) =5 (2= 1) + Joe (1110

Propozitia 4.1.2. Pentru x € [x1, x2] $i n > 4, momentul de ordinul doi al operato-
rilor Schoenberg de gradul treiv are urmatoarea forma:

3 2
X X3 X4 X“[2x1 — X3
Sa, ,(e1 — xeo)? X:—(——i— )——[—
(Sans(en ")) 91— x2) \X2 X1 — X3 3Lxi—xs
—x3) +
n xs(x2 — x3) X1X4] X [Xl byt X0 (Xs L X )]
(x1 —x2)(x1 — Xx3) 3 X1 — X2 X1 — X3
2
X1 X1X3 X1X4
- M+ } (4.1.15)
9 x1—x2  (x1—x2)(x1—Xx3)
Propozitia 4.1.3. Pentru x € [xz, x3] si n > 5, avem:
3
X X1— X5 X4
S, s(e1 — xeo)H) (x) = ( + )
(Sa,s(er 0 )(X) Ixs —x2) \ X2 — X4 X1— X3
X2 X3 X2(X1 — X2 — X5) X4(X1X2 - X3X4)
EEAT F S + +
3 xs—x2  Os—x2)xa—xa)  Oa—x3) (s —x2)(x2 — Xa)

2 —
L X [X2 st <X1X3 e — oXs  xaxa(xsxa X1X2)>]
3 X3 — X2 X2 — x4 (x1—x3)(xe2 — xa)
1 x2(X1X3 — X3x5)  XaXsXa(X3 — X2X4
_ [Xg(XB +xa) + (x1x3 5X5) 4 (3 )
9(x2 — X4) X3 — X2 (x3 — x2)(x1 — x3)

X1X4(X§ — X1X4 — X2X4 — X1X3)]

4.1.16
X1 — X3 ( )
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Cazuri particulare

Propozitia 4.1.4. Pentrun =1 avem:

2

(Sanaler = xeo)) () = =3 + 3. (4.1.17)
Propozitia 4.1.5. Fie n = 2. Pentru x € [0, x1], obtinem:
3 1 X2 1 %
S ~ yep)? :X—(1——)——(2——> X 4.1.18
si pentru X € [x1, 1], avem (Sa,,(e1 — xeo)?)(x) =
3 2 2 3 1—=2
XX12—X—1+ X1 2]+K[1+ Xi 2}_&[1_%( X;)]'
9(1—-x1)*2 3 (I -x1) 3 (1-x1) 9 (1-x1)
(4.1.19)
Propozitia 4.1.6. Fie n = 3. Pentru x € [0, x1], obtinem:
Pl oxey X X2\ | X
S ~ vep)? :X—<———)——<2 ) 4.1.20
Pentru x € [x1, X2], avem (Sa,,(e1 — x€0)?) (%)
3 2 2
X ( 1 1 ) X (1 —2X7 ) X < 2
9(x2 — X1) =i x2/  80a—x)\1—xi ) T30 — )\
2
X3 ) X1 [ X1 X1 ]
— + + = — — . 4.1.21
A R N R T O ( )
Pentru x € [xa, 1] avem (Says(er — xe0)?) (X)
B X l-xa 1 X X3 x1(1 = x1X2)
- N -t 2 2
MM —x2)ll=x2 1-xa 3 (I—x2)*  (1—x1)(1—x2)
2v2 — 4y, + 3 1-— 11 3y? —6y; +4
i X[3+X2— X1 — 4 Xlz] _[ X1 — 6xa
3 (1—X1)(1 —X2) (1—X2) 9 (1—X1)(1—X2)
I—x1
S N —3] 4.1.22
(1 — X2)2 X2 ( )

Propozitia 4.1.7. Fie n =4. Pentru x € [0, x1] avem:

3

X X3 X2 X X2 X
Sa, ,(e1 — xeo)? —-—(———)——(2——>+— .
(An,3<1 Xo) )(X) 91 \xa Y1 3 1 3X1

(4.1.23)
Pentru x € [x1, x2] obtinem:

(Sa,.4(e1 — xe0)*)(X)

3

_ X 1 X§—X1(X3+1)
9 [<X1 — x2)(x1 — x3) i X2(X1 ] 3 [ ot (x1 = x2)(xa )}
XX+ x) —xald +x3) 38X L xa x1(x1 + xixs — Xg)

i [ (x1 = x2)(x1 — x3) } "9 [ T a - wla ]

X3)
(4.1.24)
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Pentru x € [x2, xs] avem (Sa, ,(e1 — xe0)*)(x)

B —x* [ 1 I Xl} X2 [ —X1X2
IMx2—x3)lxi—x3  1—xo 3 L —x3)(x2 — x3)
Loeba=2e) 2x3 B Xixz — X3 ]
T=x2)lx1—x3) (AT —=x2)(x2—x3) (1 —x2)(x1 —x3)(x2 — x3)
X [ B X3 X Xi
3 (xi—x3)x2—x3) x2—x3  (Oa—x3)(1—x2)
3
X5 x1x3(1 — xixa) ] 1 [
+ +5 = ax
(x2—x3)(1—x2) (T —x2)(x1 —x3)(x2 — x3) 9 Az
3 3 2
Xi Xo(1+x1— x5 — 2x2 + X1X2)
+ — X3(x1+ X ]
a—x2)(xs —x1) O —x2) (I —x2)(x2 — x3) 300t xe)

(4.1.25)

Pentru x € [xs, 1] avem (Sa, ,(e1 — xe0)®)(x)
b% X1 X2 X2 — X3 X

:9(1—X3)[1—X2_1—X3_(1—X2)(1—X3) _3(1—X3)[1_X3

X1 — X2 X3(X2—X3)} X[ 1—x2 X1+ 4xe —2x3 -3 ]
+ - + 2034 -
I—xs  1—x3) 30T =2 (I—x)(l—ys)
2 — 92
L xletxs 2x3) X2t xs—2x3 . X1 ' (4.1.26)
3(1 - Xs) 9(1 - X2)(1 - XS) 9(1 - X2)(1 - Xs)

4.2 Cazul nodurilor echidistante

Consideram nodurile echidistante y; = % cu 0 <7 < n si extra-nodurile x_3 =
X—2 = X—1 = 0 respectiv Xpn+1 = Xn+2 = Xn+3 = L.

Teorema 4.2.1. i) Pentrun =1 avem:

(Sn,s(el - Xeo)z)(X) = A + %

it) Pentrun =2 avem:

—A 4y X €10.3]
(Snaler = xeo)*)(x) =
23 2¥2 1 1

iii) Pentrun = 3 avem:

2 - 2 1 1 92
(Snaler —xeo))0) = —% +% w3 x€[53)



Rezumat—Studiul unor procedee de aproximare a functiilor 31

iv) Pentru n =4 avem:

2x3 1
_%4_1)(_27 X € [071]
2x® 2 1 11
, S oy tsome X€lial
(Sna(er — xeo)”)(x) = L
2 7 13
— t Y - ftm X<l
23 2% | 7 5 3
[ 5~ 3 Tn o xE i
v) Pentrun > 5 avem:
r 3, 1
_Xl_S—i_%’ Xe [07 ﬁ]
3n 2
Xl_g X?—i_%_g}ﬁ’ Xe[l7%]
(Snsler — xe0))(x) = S 3024 X € [2, 2]
(1-x)*n _ (1—x)? 4200 _ 1 € [=2, n
18 3 3n 9n2» X n ' n
1— 3n _ n—
\ = 12) + 33X, x € [%5H1]
Observatia 4.2.1.
1
(Snaler = xeo)*)(x) < - (4.2.1)

4.3 Aplicatii in aproximare

Teorema 4.3.1. Fie A, 3 definita in (4.1.1), n > 5. Fie f € C([0,1]). Daca x €

[Xg: Xg+1), 0< g <n—1,0<h <3, atunci

|(Sa,sf) () = F(X)] < (1 + %”Xq‘?’ XL Xoy ;‘lf;“’ Xat2, Xq+3)<X))w2( £.1), (4.3.1)

3T (Xo—25 Xa—15 Xa> , ,
(Sas 00 — £ < (14 2 T2 Lt e X))o (1, m), (432)

unde in ultima inegalitate avem conditia aditionald x € (0,1).

In cazul nodurilor echidistante, folosind estimarea

(Sns(er — xeo)?)(x) P

< ,n>2 x€ (0,1 4.3.3
T S o -
data in [11] avem din (4.3.2), pentru h = =
3 1
1507 = 11 < 55 (1,52 ).
n—1

unde constanta 2 imbunititeste constanta =2 dati in [11].
2 g 12
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Teorema 4.3.2. Fie A, 3 datd in (4.1.1), cun > 5. Fie f € C?([0,1]). Dacd x €
[Xg» Xg+1], 0 < ¢ <n—1, atunci

(Sa,sf)X) = f(x) — %f”(x)r(xq—z, Xa—1> Xg» Xa+1> Xg+2> Xg+3) (X)

5)
< 6F<Xq—2>Xq—laXq>Xq+lan+27Xq+3)(X)wl(fHa”Ak,i%H)' (4.3.4)

Lema 4.3.1. Pentru x € [%, ”7_2] ,n>5 avem:

(Sualer — xe0) )0 < 511 (43.5)

Observatia 4.3.1. Lema 4.3.1 imbunatateste estimarea (S, 3(e1 — xe0)*)(x) < 5.
X € [0, 1], obtinuta in [120].

Corolar 4.3.1. Pentru operatorii Schoenberg cu noduri echidistante, S, 3, pentru f €
2 - 2 2
C=([0,1]), x € (0,1) si n > max {;, ﬁ"B} avem

w2(Susf)00) — 7] — —f”(x)‘ < g (12). (136

De asemenea, exista limita:

Corolar 4.3.2. Pentru operatorii Schoenberg cu noduri echidistante, S, 3, pentru f €
C?([0,1]) si orice interval compact [a,b] C (0,1) avem

lim n?[(S,3f)(x) — f(x)] = éf”(x), uniform pentru x € [a, b]. (4.3.7)

n—o0

4.4 Operatorii Schoenberg pentru care spatiul polinoamelor de gradul doi
este invariant

Operatorii Bernstein de ordin k au proprietatea de a pastra gradul polinoamelor de
grad mai mic sau egal cu k. Operatorii Bernstein de ordin & pot fi priviti ca operatori
Schoenberg de ordin k cu n = 1, conform [71]. In cazul operatorilor Schoenberg este
cunoscut faptul ca spatiul polinoamelor de gradul intai este invariant. Dar invarianta
spatiului polinoamelor de gradul doi nu este o proprietate generald a operatorilor Scho-
enberg cubici. In teorema urmatoare construim operatori speciali Schoenberg care au
aceasta proprietate.

Teorema 4.4.1. Fien € N, n > 5, n impar. Exista o diviziune extinsa A, 3 :
O=Xs3=X2=X-1=X0 < X1 <. < Xn-1<Xn = Xnt1 = Xnt2 = Xn+3 = 1,

astfel incat
SAn,3(H2> C Hg.
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4.5 Operatori de tip Schoenberg-King

Daca (Lyp)n, Ly : C(la,b]) — C([a,b]) este o secventa de operatori liniari pozitivi
care conserva functiile constante, prin modificare de tip King a lor intelegem sirul de
operatori (LY),, LE : C([a,b]) — C([a,b]), definit de

LE(f.X) = La(f,ma(x)); f € C([a,b]), x € [a,b],

unde 7, € C([a,b]), este o functie astfel incat r,([a,b]) C [a,b] si LE (ey) = es.

Acest tip de modificare este descoperit de King, [62] care l-a aplicat operatorilor
Bernstein B, : C([0,1]) — C([0,1]). Operatorii rezultati, care sunt notati aici BX,
mentin proprietatea aproximarii uniforme a functiilor din C([0,1]). Din acest motiv,
aceasta idee a fost generalizata in mai multe directii. Una dintre ele este aplicabilitatea
la mai multe tipuri de operatori de aproximare [40]. Oricum, acest tip de modificare
nu este posibil sa fie aplicat oricarei secvente de operatori pozitivi. Vom arata ca
modificarea King poate fi aplicata operatorilor Schoenberg.

Teorema 4.5.1. Pentru orice sistem de noduri A, 3
O=x3=X2=X-1=X0<X1 <. < Xn-1<Xn= Xntl = Xnt2 = Xnt3 = 1,

existd o functie unicd ry, : [0,1) — [0, 1], astfel incit SX (e2) = ex. Mai mult, r, este
continud §i

)
||S§n,3f —flII < §W1<f> |1AL3]])- (4.5.1)
Corolar 4.5.1. In conditiile Teoremei 4.5.1, dacd ||A, 3] — 0, (n — 00), atunci

Jim [|S5,,f — f]| = 0. (45.2)

5 O definitie a operatorilor bidimensionali de tip Schoenberg

5.1 Operatori bidimensionali de tip Schoenberg pe noduri arbitrare

Fie f:[0,1] x [0,1] = R, n >0, h >0, m >0, k > 0 si diviziunea A,,

O=X-n=X-ht1=--=Xo< X1 <X2< ... < Xn = Xntl= - = Xnth = 1,
(5.1.1)
respectiv A, x:
O=pi—p=ppr1= . = o < b1 < fo < oo < iy = fhypt1 = «oo = fpptk = L.
(5.1.2)
Abscisele Greville asociate diviziunii A,, j, sunt
i+l T Xit2 T+ ... i .
by o= KT Xir2 TXith o p<i<n—, (5.1.3)
iar abscisele Greville asociate diviziunii A, ; sunt
e e o .
G = it T Ho Hitk oy —k<j<m—1. (5.1.4)

k
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Functiile B-spline N; ,(x) depind de A,, j, si sunt definite prin:
Nin(X) = (Xith+1 = Xa) [Xo> Xit15 s Xitht1) (- — X)ii, —h<i<n-—1, (5.1.5)

iar functiile B-spline NV, ;(p) depind de A,,  si sunt definite prin:
Ni(p) = (et — 03) g sty oo i) (- — )5, =k <j<m—1.  (5.1.6)

Observatia 5.1.1. Dacd x € [Xq, Xg+1] §t 8 € [porspir1] cu 0 < g<n—1,0<r <
m — 1, atunci

Nin(x) =0pentrui < q—h saui > q+1; si N;p(x) > 0 pentrug — h < i < g,
$1

Njr(p) =0 pentruj <r—ksauj >r+1; st Njp(pn) > 0 pentrur —k < j <.
Observatia 5.1.2. Pentru x € [0,1] :

)Y N =1 3 Nop(x) 20

i=—h i=—h
Pentru p € [0,1] :

m—1 m—1
i) > Niw(n) =1, Y Nju(p) > 0.
j=—k j=—Fk

Definitia 5.1.1. Punctele de coordonate (x;, jt;) unde x; € Ay, §i pj € Ay, formeaza
o refea de puncte asociata diviziunilor Ay, $i Ap, .

Utilizam urmatoarele notatii

Ay = {Xi} —h<i<nin, Do = {5} —r<j<mik; (5.1.7)
A = Al X AQ. (518)
A=A = (i), ~h <i<n+h—k<j<m+k} (5.1.9)

Definitia 5.1.2. Operatorii spline bidimensionali de tip Schoenberg asociati cu A au
forma

n—1 m—1

( Z Z N’h )f(fl h?Cj k) (5110)

i=—hj=—k
unde f:[0,1] % [0,1] = R, (x, ) € [0,1] x [0, 1].

Observatia 5.1.3. Tinand cont de Observatia 5.1.1 rezulta ca x € [xg, Xq+1], Cu
0<qg<n-—1sipé€ [, 1] cu0<r <m-—1,siin aceste conditii

( Z Z N’h )f(@h;@k) (5111)

i=q—h j=r—k
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Definitia 5.1.3. Suprafata generata de operatorii spline bidimensionali de tip Schoen-
berg definiti in (5.1.10), se numeste suprafata de tip Schoenbery.

Propozitia 5.1.1. Fie f,g:[0,1] x [0,1] — R. Atunci
Sxlaf +bg) =a(Sxf)+0b(Sx9),Va,b e R. (5.1.12)
Propozitia 5.1.2. Fie f:[0,1] x [0,1] = R, f > 0. Atunci
(Saf) > 0. (5.1.13)

Propozitia 5.1.3. Operatorul bidimensional de tip Schoenberg Sx este un polinom de
grad cel mult h in variabila x si de grad cel mult k in variabila p, pe orice dreptunghi
[Xie1, Xi] X [pj—1, 5] cu0<i<n—1g0<j<m-—1. Mai mult, Sx este o functie
B-spline in fiecare variabila.

Propozitia 5.1.4. Operatorii spline bidimensionali de tip Schoenberg admit derivate
partiale continue pe [0, 1] x [0, 1].

In continuare, sunt considerate functiile e, 7y, m € C2([0,1] x [0,1]), definite de
60(Xa:“> = L 7T-1()(7#) =X 7T1(X,,U) =pcu (Xnu) € [07 1] X [07 ]-]

Propozitia 5.1.5. Pentru operatorii spline bidimensionali de tip Schoenberg si orice
(x,p) €10,1] x [0,1] avem:

i) (Saeo)(x; 1) =1
i) (Sam)(x; 1) =
(1) =

w) Sx(mme)(X, ) = xp.

iii) (Sxma)(x

Propozitia 5.1.6. Fie ¢ : [0,1] x [0,1] = R o functie afina. Atunci
(Sx%) = ¢ (5.1.14)

In propozitia urmétoare, este folositd notatia ei(t) = ¢, ¢ € [0,1], si prin ey se
noteaza functia constanta egala cu 1, pe ambele multimi [0, 1] si [0, 1] x [0, 1].

Propozitia 5.1.7. Pentru operatorii spline bidimensionali de tip Schoenberg si orice
(x,p) €10,1] x [0,1] avem:

i) (Sa(m —xeo))(x, 1) =0,
i) (Sa(me — peo))(x, 1) =0,
iit) (Sa(m — xeo)?)(x, 1) = (Sa,(er — xeo)*) (X),
) (Sa(me — peo)?)(x, 1) = (Sa.(er — peo)?)(w).

Conditia suficientd pentru ca operatorii liniari pozitivi unidimensionali L, (f;) sa
convearga uniform la functia continua fi, [16], se pastreaza gi pentru operatorii spline
bidimensionali de tip Schoenberg dupa cum este demonstrat in urmatoarea teorema.
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Teorema 5.1.1. Pentru ca operatorii spline bidimensionali de tip Schoenberg

n—1 m-—1

(Sx =) NinOONx (1) f (i Gik)

i=—h j=—k

sa convearga uniform pe [0, 1] x [0, 1] la functia continud f este suficient ca pentru orice
ne >0

NinOON (k) = 1, 5.1.15
ZZ||(£¢,h,<j,k)f(x,u)||<ng w () Njk (1) ( )

uniform pentru 0 < x <1, 0 < p <1 unde n — 0o §i m — 0.

Definitia 5.1.4. Consideram diviziunile (5.1.7). Normele corespunzatoare fiecarei di-
veziung sunt

ALl = maz;(xit1 — Xi), respectiv ||As|| = maz;(pir1 — ;). (5.1.16)
In aceste conditii, definim norma
AL = | A+ (1A, (5.1.17)
prin urmare, |Al|2 = maz;((Xi1 — xi)? + (g1 — 111)?)-

O versiune cantitativ a gradului de aproximare poate fi dat folosind primul modul
de continuitate, definit prin:

wi(f,p) = sup{[fxa, ) — flxe, m2)l, (X1, p1), (X2, p2) € [0,1] x [0, 1],
1(Ox1s 1) = (x2, p2) | < o} (5.1.18)

unde f € C([0,1] x [0,1]) si p > 0.

Teorema 5.1.2. Pentru orice f € C([0,1] x [0,1]) operatorii bidimensionali de tip
Schoenberg Sx verifica inegalitatea

1(Saf) = fII < Ver(f, 1A, (5.1.19)
unde V = Fmax{h + 1,k + 1}.
Corolar 5.1.1. Daca
IA] =0,

atunci operatorii bidimensionali de tip Schoenberg

n—1 m-—1

(Sa Z ZNHL )f(&h,@k)

i=—h j=—k

converg uniform pe [0,1] x [0,1] la f, pentru orice functie continua f.
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Teorema 5.1.3. Momentul de ordinul doi al operatorilor bidimensionali de tip Scho-
enberg Sx pentru h = k = 3, este

(SA((Wl — xeo)® + (m2 — M€0)2))(X7 1)
1[Xq+3 — Xg-1 (X — xq)° _ Xg+2 — Xg-2 (X — Xg+1)°
9 Xq-i—? - Xq Xq+1 - Xq Xq+1 - Xq—l Xq—i—l - Xq

frys — pr—1 (0 — p1r)?
- Y =) - xg) R ( ~
q—1<i<j<q+2 Mrg2 — Wy Upg1 — My

Mrt2 — -2 (:u — Hr 1)3
C et il ] (20
Fordt = Hr=1 frp1 = e S

unde (X, 1t) € [Xg> Xq+1] X [y pys1] cu0<g<n—-150<r<m-1.

5.2 Operatori bidimensionali de tip Schoenberg pe noduri echidistante

In continuare se analizeazi cazul h = k = 3, m = n si noduri echidistante.

Mai precis, nodurile echidistante sunt x; = =, 0 <14 < n, iar extra-nodurile sunt
X-3=X-2=X-1= 08 Xnt1 = Xnt2 = Xny3 = 1, respectiv p; = £, 0 < j < n, cu
extra-nodurile i3 = o = pi_1 = 0§ fns1 = sz = Pz = 1.

Abscisele Greville sunt in acest caz

o i€ {=3 . n—1¥\{—2.n—2
Xi+Xi+1+Xi+2 X+27 ZG{ 3? y }\{ y }

5@3 = = 3n7 1= —2, (521)
3 3r§n1 i—n—2
respectiv,

. . . Hj+2; ]E{_377n_1}\{_2an_2}
Cia = Hj & Hjr1 + g2 — %’ j = =2, (5.2.2)

3 3n—1 .
o j=n—2.

Functiile B—spline sunt

Ni,S(X) = (Xi+4 - Xi)[Xia Xi+1y Xi+25> Xi+3) Xi+4](' - X)i» (5-2-3)

respectiv,

Nia(p) = (bgaa — 15) [t Mgy iz, s, firal (- — 10)3 (5.2.4)

Notam cu 5’7%3 operatorii bidimensionali de tip Schoenberg pe noduri echidistante cu
h =k =3, m = n, iar cu S, 3 operatorii unidimensionali Schoenberg de grad trei pe
noduri echidistante.

Definitia 5.2.1. Operatori §n73 bidimensionali de tip Schoenberg, de grad total cel
mult 6, sunt

n—1 n—1

( nsf X 1) Z Z Niz(x (1) f (&3, Gis)- (5.2.5)

1=—3j=-3
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Lema 5.2.1. Momentul de ordinul doi al operatorilor bidimensionali de tip Schoenberg

Sna, cun >5, (x,p) €[0,1] x [0, 1] verifica relatia

5 1
(Sns(m — xeo)?) (x, 1) < 33 (5.2.6)
Mai mult, avem
& 1
(Sna(m = xe0)?) (x, 1) = 32’ (5.2.7)

pentru x € [2,2=2] sip € [0,1].

Relatii similare se stabilesc pentru (Smg(ﬂ'g — x€0)?) (X, ).

Lema 5.2.2. Pentrun > 5, momentul de ordinul patru al operatorilor bidimensionali
de tip Schoenberg S, 3 verifica

(gn,l‘}((ﬂ_l - X60)4 —+ (7T2 - M60)4)><X7/J') S % (528)
Teorema 5.2.1. Avem
~ 82 82
tim (3,0 f)0c 0~ F00) = § [ 000 + 5500 629

pentru orice f € C*([0,1] x [0,1]) si (x,p) € (0,1) x (0,1).

Pentru evaluarea ordinului de aproximare prin operatorii S'mg utilizam evaluari ge-
nerale, exprimate cu moduli de continuitate de ordinul al doilea, demonstrate in lu-
crarea [87]. Acestea dau o evaluare mai fina decat evaluarile cu modulul de ordinul
1. Pentru aceasta introducem urmatoarele notatii. Fie (X, || - ||x) un spatiu normat
si D C X o multime compacta i convexa. Fie ¢y € F(X,R), eo(t) = 1, t € D si
id : X — X functia identica. Fie o familie de masuri Borel pozitive {fi;}.ep pe
D, o, # 0. Pentru orice spatiu Banach (Y, || - ||y) putem considera operatorul liniar
Ly : C(D,Y) — F(D,Y) definit prin relatia

@KﬂuﬁiéfwhfeCUlY%xeD, (5.2.10)

unde integrala se ia in sens Bochner.
Notam cu X* spatiul functionalelor liniare si continue ¢ : X — R.
Daca f € C(D,Y) si h > 0 atunci modulul de ordinul doi uzual se definegte prin

al ) = sup{|| flw) — 27 (52 + ()

Cu aceste elemente se demonstreaza urmatoarea teorema.

meDmu—ng%} (5.2.11)
Y

Teorema 5.2.2. In conditile de mar sus, daca in plus presupunem ca X este are
dimensiune finita p i sunt indeplinite conditiile:

Z) L]R(eo) = €y

i1) Lr(p) = ¢, pentru orice ¢ € X*,

atunci

[(Ly)(f)(x) = f(z)[ly < (pLR(eo,:v) - Q%QLR(H : —m||§(,x))w2(f, h),  (5.2.12)

pentru f € C(D,Y), h >0, = € D [86], [87].
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Prin particularizare, in cazul operatorilor .S, 3 obtinem:

Teorema 5.2.3. Avem

Guah0um) = Foeml < (24 5 )aalfb) (5213)

unde f € C([0,1] x [0,1]), h >0, (x, ) € [0,1] x [0,1], n € N.
In consecinta:

Guaf) = A< 30 (£3) . FeCOAx D e (214

In [87] se definegte si urmatorul modul de continuitate global de ordinul doi:

Definitia 5.2.2.

a5(f.h) = sup{|| Yo Ns0@) = £ x € Dovi € DLl = xlx <
1=1

Ne(0,1), 0<i<n, )\1+...+)\n:1}, (5.2.15)
unde f € C(D,Y), D C X este o multime compacta si convexa din spatiul normat X,
Y este un alt spativ normat, si h > 0.

Pentru aceiasi operatori definiti anterior, se demonstraza o evaluare care nu depinde
de dimensiunea spatiului X:

Teorema 5.2.4. Presupunem ca au loc condifiile i) i i1) din Teorema 5.2.2. Atunci,
pentru orice spaliu Banach'Y operatorul Ly definit in (5.2.10) verifica inegalitatea

[y D))~ F@lly < ((Laleo) @) + a5 (e~ 1) @) 5(F, B,

(5.2.16)
pentru f € C(D,Y), h >0 [87], [88].
Aplicand aceasta teorema operatorilor §n73 obtinem

Teorema 5.2.5. Pentru o functie f continua pe [0,1] x [0,1] si h > 0 avem

Gush)0vm) = FOcml < (14 2 )a3(F ).

In consecinta,

1Gnsf) — fIl < g% (f, %) CFec(o]x[0.1]), neN. (5.2.17)

6 Aplicatii ale operatorilor spline Schoenberg in practica

Principalul parametru in proiectarea sistemelor de conversie a energiei solare este
intensitatea radiatiei solare. O precizie redusa a modelelor teoretice de estimare a
intensitatii radiatiei solare duce la o estimare inexacta a energiei ce va fi obtinuta si
de asemenea, afecteaza durabilitatea sistemelor de conversie a energiei solare. Valorile
intensitatii radiatiei solare directe au fost masurate in Centrul de Cercetare Sisteme
de Energii Regenerabile si Reciclare din cadrul Institutului de Cercetare, Dezvoltare al
Universitatii Transilvania din Bragov.
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6.1 Evaluarea erorilor dintre valorile experimentale ale intensitatii radiatiei
solare directe si valorile calculate cu modelul Meliss

In acest studiu, valoarea maximi a intensitatii radiatiei solare directe dintr-un minut
, este notata cu B.gp. Timpul local standard este transformat in timp solar aparent
folosind ecuatia timpului

IS
1

ET =9.87sin2B — 7.53cos B — 1.5sin B, (6.1.1)
c 360
B=(N-81)— 6.1.2

si corectia longitudinii
AST = LST + ET £ 4(SL—LL) — DS, (6.1.3)

unde LST este timpul local standard, ET este ecuatia timpului, SL este longitudinea
standard, LL este longitudinea locala si DS este un factor care tine seama daca in
perioada analizata se utilizeaza ora de vara sau ora de iarna (este 0 sau 60 minute)
[57].

Studiul utilizeaza valorile masurate B,,, In perioada 2013-2016, pentru imbunatatirea
modelului teoretic, si cele din 2017 pentru validarea noilor formulari ale modelului. Se
calculeaza media aritmetica a valorilor intensitatii radiatiei solare directe in zilele se-
nine din perioada monitorizata, pentru fiecare minut ”i”, medie aritmetica notata cu
Bexp,m'

Energia solara experimentala pentru o perioada [ti,ts] este notata Epes, si se cal-
culeaza cu formula

1

EBemp = ZA Z Bemp °T, [Wh/m2] (614)

considerand B, constanta pe un interval de timp 7 de un minut intre doud masuratori.
Analog se procedeaza pentru energia solara experimentala medie, notata Epeypm, fo-
losind in (6.1.4) media aritmetica a valorilor Be,,,.

Intervalul [y, ts] a fost prima data considerat 04:00-20:00 pentru clasificarea zilelor,
apoi a fost redus la 08:00-16:00, deoarece intre aceste ore apar diferente mari intre va-
lorile experimentale B,,, si intensitatea radiatiei solare directe B obtinuta din modelul
teoretic Meliss.

Pentru a estima in fiecare minut intensitatea radiatiei solare directe la nivelul
solului, B, pentru Bragov, 45.67N latitudine si 25.55F longitudine, folosim modelul
teoretic Meliss pentru cer senin [75]:

99 299
7

B =B, e(@%’ [W/m?] (6.1.5)

Radiatia solara la limita superioara a atmosferei Pamantului, By, ia valori intre
1413 W/m? in 3 ianuarie, corespunzand celei mai mici distante Pamant-Soare gi 1321 W/m?
in 3 iulie corespunzand celei mai mari distante Pamant-Soare. By este calculata con-
form [57] in functie de numarul zilei din an (N) si folosind constanta solara Bge =
1367 W/m? cu formula

Bo = Bsc(1 +0.0334 - cos(0.9856 N — 2.72)) [W/m?]. (6.1.6)
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Factorul de turbiditate Tg reprezinta transparenta atmosferei la radiatia solara,
si este dat in [75] ca avand valori constante lunare, cuprinse intre 1.8 gi 2.7 pentru
zone montane, respectiv intre 2.1 gi 3.5 pentru zone de campie. Pentru orase valorile
factorului de turbiditate sunt cuprinse intre 3.1 si 4.3. Factorul de turbiditate Ty
depinde de conditiile locale ale atmosferei, avand valori lunare cuprinse intre 2.8 si 3.2
pentru Bragov [126].

Unghiul solar de elevatie, «, ia valori zilnice intre zero (la rasarit si la apus) si o
valoare maxima la amiaza; cele mai mari valori sunt inregistrate la solstitiul de vara,
iar cele mai mici la solstitiul de iarna [130]. Acest unghi depinde de timp si de locatie
[31] si este calculat cu

sin o = sin d sin ¢ 4 cos d cos  cosw (6.1.7)

unde ¢ este unghiul de declinatie solara, w este unghiul orar iar ¢ este latitudinea.
Eroarea absoluta, ¢,, este calculata ca diferenta intre o valoare experimentala V.,
0

si cea teoretica V', corespunzatoare minutului ”¢”. Din acest motiv ea poate lua si
valori pozitive gi valori negative pe parcursul unei zile.

€a = Vvexp,i - V; (618)

Eroarea absoluta medie, €,,,, se calculeaza considerand media valorilor experimen-
tale i media valorilor teoretice corespunzatoare minutului ”¢” in (6.1.8).

Eroarea relativa, €, exprimata in procente, este calculata cu

Vvex i ‘/z
g = —2—2.100, [%]. (6.1.9)
V ?

Eroarea patratica medie absoluta dintre o valoare experimentala V., ; si cea teore-

tica V;, pentru n valori in intervalul de timp considerat, este

n RN VAV
RMSE = \/ 2izy(Verpi = Vi) (6.1.10)
n

Eroarea patratica medie relativa dintre o valoare experimentala V., ; si cea teoretica
Vi, pentru n valori in intervalul de timp considerat, este

n \2
rRMSE = % %) (6.1.11)

Un prim pas in analiza propusa a fost studierea lunilor iulie din perioada aleasa
2013-2016. Pentru luna iulie 2016, energia solara directa disponibila este evaluata
pe baza relatiei (6.1.4). Analizand variabilitatea intensitatii radiatiei solare directe,
au fost identificate patru tipuri de zile si anume: zile senine, zile partial senine, zile
partial noroase si zile noroase. Astfel, numai patru zile senine au fost gasite in iulie
2016. Procedura de identificare a zilelor senine a fost repetata pentru lunile iulie din
anii 2013, 2014 si 2015. Au fost selectate 13 zile senine.

In 11 din cele 13 zile senine, modelul supraestimeaza intensitatea radiatiei solare
directe In partea centrala a zilei, mai exact in intervalul orar 8:00-16:00. A fost realizata
o analiza pentru acest interval orar utilizand eroarea absoluta, relativa si respectiv
eroarea patratica medie dintre valorile experimentale si cele calculate cu modelul Meliss.

Similar, a fost realizata o analiza corespunzatoare intervalului orar 4:00-20:00 pen-
tru aceleagi 13 zile senine. Rezultatele obtinute au dus la concluzia ca diferente mari
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intre valorile experimentale gi cele calculate cu modelul Meliss apar in partea centrala
a zilei, in intervalul orar 08:00-16:00. Exceptand doua zile din cele 13 zile senine, mo-
delul supraestimeaza intensitatea radiatiei solare directe, eroarea absoluta medie este
de —140.86 W/m? corespunzand unei erori relative medii de —20.35%, in intervalul
orar 08:00-16:00.

O analiza similara a fost realizata pentru luni de iarna, noiembrie, pe aceeasi pe-
rioada 2013-2016. Concluziile studiului lunilor noiembrie din perioada 2013-2016 ne
indica faptul ca, exceptand doua zile din cele 11 zile senine identificate in perioada
mentionata anterior, modelul subestimeaza intensitatea radiatiei solare directe, eroa-
rea absolutd medie este 135.14 W/m? corespunzand unei erori relative medii de 29.54%
in intervalul orar 08:00-16:00. Eroarea absoluta medie intre energia solara directa
masurata si cea calculatd in acelasi interval de mai sus, este 0.56 kW h/m?, iar eroarea
relativd medie este 9.49%. Pentru intervalul orar 07:00-17:00, eroarea absoluta medie
cregte la 0.65 kWh/m?, ardtand importanta acuratetii estimarii energiei solare directe
in partea centrala a zilei.

Se poate concluziona, in urma analizei de mai sus, ca modelul Meliss subestimeaza
valorile experimentale in lunile de iarna, in contrast cu lunile de vara cand modelul
supraestimeaza intensitatea radiatiei solare directe in zilele senine.
tea centrala a zilei, repectiv in intervalul orar 08:00-16:00. Folosind operatorii spline
Schoenberg, a fost imbunatatit modelul Meliss, studiul fiind extins la toate lunile din
perioada 2013-2016. Valorile experimentale masurate in 2017 au fost folosite pentru
validarea noilor formulari ale modelului Meliss.

6.2 Utilizarea operatorilor spline Schoenberg de gradul trei in scopul imbu-
natatirii acuratetii modelului Meliss

Pentru a imbunatati modelele teoretice utilizate pentru estimarea intensitatii radia-
tiei solare, factorul de turbiditate considerat constant in timpul unei luni a fost inlocuit
cu polinoame de gradul patru care depind de timpul solar. Valorile intensitatii radiatiei
solare directe experimentale au fost folosite pentru a crea functii spline cubice, folosind
operatorii Schoenberg intr-un program construit in Wolfram Mathematica 10.1. Aceste
functii spline sunt folosite pentru a obtine doua polinoame de interpolare pentru facto-
rul de turbiditate, unul pentru sezonul cald si unul pentru sezonul rece. Forma noua a
modelului a fost validata folosind masuratorile din 2017, acuratetea a fost imbunatatita,
reducand eroarea relativa de la 8.12% to 4% 1n sezonul cald si de la 5.02% la 4.15%
in sezonul rece. Aceste imbunatatiri influenteaza atat evaluarea mai corecta a energiei
solare ce urmeaza a fi captata cat si procesul de proiectare a sistemelor.

A fost dezvoltat un algoritm general pentru imbunatatirea modelelor pentru cer
senin. Acest algoritm a fost aplicat modelului Meliss, care estimeaza in fiecare minut
”7” intensitatea radiatiei solare directe cu formula (6.1.5). Algoritmul consta in pasii
prezentati in continuare.

1. Achizitia de date si prelucrarea lor

Pe baza valorilor experimentale ale intensitatii radiatiei solare directe sunt identifi-
cate si selectate zilele senine.

Pentru zilele senine identificate, in vederea evaluarii acuratetii modelului pentru
cer senin, sunt calculate pentru fiecare minut ”¢”, erorile absolute si relative dintre
valorile experimentale B.,, ale intensitatii radiatiei solare directe si valorile calculate
B cu modelul teoretic.
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2.Crearea functiilor spline zilnice corespunzatoare valorilor experimentale, utili-
zand operatorii Schoenberg

Pentru zilele senine, in cazul bazelor de date cu valori masurate cu o frecventa de
un minut, se considera in continuare valorile masurate din 10 in 10 minute de-a lungul
intervalului dintre rasaritul si apusul Soarelui. Aceste valori sunt stocate intr-o baza
de date si utilizate la crearea functiilor spline cubice.

Intervalul orar [t,,t,] este normalizat la [0,1] folosind

(6.2.1)

unde: z este timpul solar normalizat, ¢, este timpul solar exprimat in minute, ¢, re-
prezinta timpul exprimat in minute corespunzator rasaritului, iar ¢, reprezinta timpul

exprimat in minute corespunzator apusului. In continuare, cele [%] valori norma-

lizate ale timpului solar sunt considerate noduri in procedura de creare a functiilor
spline zilnice.

Crearea functiilor spline folosind operatorii Schoenberg a fost posibila prin constru-
irea unui program in Wolfram Mathematica 10.1. Noduri echidistante au fost folosite
pentru a construi functiile spline cu ajutorul operatorilor Schoenberg, aceste noduri

10
Programul construit in Wolfram Mathematica 10.1, lucreaza cu numarul de noduri

echidistante sunt cele [@} valori ale timpului solar normalizat.

n = [%}, gradul functiilor spline ¥ = 3 gi cu x € [0,1], obtinandu-se in final

expresiile analitice ale functiilor spline cubice s(z).

Tinand cont de faptul ca unghiul solar de elevatie v depinde de timpul solar, in-
tensitatea radiatiei solare directe poate fi calculata ca o functie cu variabila timp solar
normalizat x € [0, 1], utilizand modelul Meliss (6.1.5),cu factor de turbiditate constant
prezentat in [75]. Energia solara directd masurata este obtinuta din valorile experi-
mentale ale intensitatii radiatiei solare directe din (6.1.4).

Energia solara directa Eps calculata considerand o functie f, corespunzatoare unei
perioade de timp [t1,ts], este

Epy — /t CH@)dz [Whm?). (6.2.2)

Valorile energiei solare obtinute din (6.1.4) si din (6.2.2) sunt folosite pentru deter-
minarea erorii absolute si erorii relative. Prin aceste erori se evalueaza cat de bine sunt
aproximate valorile masurate de catre functiile spline create.

Utilizarea functiilor spline are avantajul ca aceste functii mediaza valorile masurate
ale intensitatii radiatiei solare directe, eliminand deviatiile accidentale datorate varia-
bilitatii intensitatii radiatiei solare.

3.Determinarea unui polinom de interpolare zilnic pentru intensitatea radiatier
solare directe folosind functia spline creata

Pentru a simplifica expresia analitica a functiei spline s(x), care contine [%}

polinoame de gradul trei, este obtinut in Wolfram Mathematica 10.1 un polinom de
interpolare de grad scazut By, ().

Este recomandat un polinom de gradul patru deoarece un polinom de grad trei
sau mai mic decat trei nu aproximeaza destul de bine, iar un polinom de gradul cinci
sau mai mare decat cinci nu aduce Imbunatatiri semnificative fata de cel de gradul
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patru. Aceasta concluzie este bazata pe analiza unui mare numar de date experimentale
inregistrate in zilele cu cer senin, date pentru care s-au obtinut erori relative mai mici

de 1%.
Acest polinom de interpolare zilnic este obtinut folosind functia spline. Daca se

aplica direct interpolarea pentru [%] de valori masurate ale intensitatii radiatiei

solare directe, se obtine in Wolfram Mathematica 10.1 un polinom de interpolare de
gradul [%} , ceea ce nu este convenabil. Acesta este un alt motiv care demonstreaza

necesitatea crearii functiilor spline, pentru ca astfel este obtinut un polinom de inter-
polare de grad mic.
4.Determinarea factorului de turbiditate ca un polinom de interpolare zilnic
Pentru a reduce eroarea dintre datele experimentale si valorile calculate, polinomul
de interpolare B, () este folosit in continuare pentru determinarea variatiei zilnice a
turbiditatii

Tr(z) = f(Bpa(z))- (6.2.3)

Pentru simplificarea expresiei analitice a turbiditatii calculata cu (6.2.3), un polinom
de interpolare Ty () este obtinut in Wolfram Mathematica 10.1 aproximand variatia
zilnica a turbiditatii.

Similar cu modul de stabilire al gradului polinomului de interpolare B,y (z), un
polinom de gradul patru este recomandat. Erorile relative dintre Txr(x) si Trpoi(z) sunt
foarte mici, mai mici decat 0.1%.

5. Determinarea polinomului de interpolare corespunzator factorului de turbiditate
pentru sezonul cald, respectiv pentru sezonul rece

Pentru fiecare luna din intervalul monitorizat, este obtinut un polinom de inter-
polare lunar care aproximeaza turbiditatea, polinom notat Tgys(z). Acest polinom
se obtine mediind coeficientii omologi ai polinoamelor de interpolare zilnice T, ()
dintr-o luna.

Din polinoamele de interpolare Ty (z) stabilite pentru lunile din sezonul cald,
mediind coeficientii termenilor omologi, este obtinut polinomul de interpolare pentru
sezonul cald, notat Tgws(x). In mod similar, pentru lunile din sezonul rece, este
obtinut un polinom de interpolare Tros ().

6.Noi formulari ale modelului pentru zile senine

Utilizand Trws(z) este obtinuta o noua formulare a modelului pentru intensitatea
radiatiei solare directe din sezonul cald, si anume

BTRWS(x) = f(TRws(ZL‘)), [W/mQ], (624)

respectiv pentru sezonul rece
Brros(x) = f(Tros(x)), [W/m?). (6.2.5)

Energia solara directa pentru sezonul cald, notata Epy g, obtinuta cu ajutorul mo-
delului imbunatatit, este calculata cu (6.2.2) considerand functia Tgys. Similar se
calculeaza, folosind Trcg, energia solara directa zilnica pentru sezonul rece, notata
Epcs.

Algoritmul de mai sus a fost aplicat pentru imbunatatirea modelului Meliss (6.1.5),
folosind datele masurate in zilele senine identificate intre anii 2013 si 2017.

1. Achizitia de date si prelucrarea lor
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Pentru acest studiu s-au prelucrat datele experimentale inregistrate in fiecare minut,
pentru fiecare zi din perioada 2013-2016. Din intreaga perioada monitorizata, au fost
identificate 121 zile senine.

2.Crearea functitlor spline zilnice corespunzatoare valorilor experimentale, utili-
zand operatorii Schoenberg

Pentru zilele senine, din valorile masurate la fiecare minut, se considera in continuare
valorile masurate ale intensitatii radiatiei solare directe din 10 in 10 minute de-a lungul
intervalului orar [4:00, 20:00], ceea ce Inseamna 16 ore cu 6 valori masurate considerate
intr-o ora, deci 96 de valori masurate selectate pentru o zi. Aceste valori sunt stocate
intr-o baza de date si utilizate la crearea functiilor spline de gradul trei. Intervalul orar
[4:00, 20:00] corespunzand timpului solar ¢, — ¢, este normalizat la [0,1] folosind relatia
(6.2.1).

Crearea functiilor spline folosind operatorii Schoenberg a fost posibila prin constru-
irea unui program in Wolfram Mathematica 10.1. Noduri echidistante au fost utilizate
pentru a crea functiile spline cu operatorii Schoenberg, mai precis aceste noduri echi-
distante sunt cele 96 de valori ale timpului solar normalizat. Programul construit in
Wolfram Mathematica 10.1, lucreaza cu n = 96,k = 3 gi € [0, 1] timpul solar norma-
lizat, rezultand cate o functie spline de gradul trei pentru fiecare zi senina. Expresia
fiecarei functii spline contine 96 de polinoame de gradul trei.

In Tabelul 6.1, este prezentatd expresia functiei spline (fragment) corespunzatoare
valorilor masurate in 28 August 2015.

Tabela 6.1: Expresia functiei spline creata pe baza valorilor masurate ale intensitatii radiatiei
solare directe din 28.08.2015 (fragment)

Expresia functiei spline Timp solar Timp solar
normalizat
s = 1.47423 [0, 1/96] [4:00, 4:10]
s = —0.165 + 47.71z — 4580.17x% + 1465672° [1/96, 2/96] [4:10, 4:20]
s = 3.81 — 524.822x + 22901.422% — 29313823 [2/96, 3/96] [4:20, 4:30]
s = —9.608 + 763.384x — 18321.22% + 1465702° [3/96, 4/96] [4:30, 4:40]
s = 2.06 — 76.87 + 1843.2x2 — 14745.623 [4/96, 5/96] [4:40, 4:50]
s = —4.189 + 283.2z — 5068.87% + 29491.22° [5/96, 6/96] [4:50, 5:00]
s = 137612 — 893649x + 1.943 - 10%2% — 1.407 - 10523 [45/96, 46/96] | [11:30, 11:40]
s = —539555 + 3.346 - 10%z — 6.904 - 10522 4 4.747 - 10%23 | [46/96, 47/96] | [11:40, 11:50]
s = 411395 — 2.481 - 10%2 + 4.997 - 1022 — 3.355 - 10%23 [47/96, 48/96] | [11:50, 12:00]
s = —308449 + 1.837 - 10%z — 3.64 - 10%2% + 2.403 - 10523 | [48/96, 49/96] | [12:00, 12:10]
5 = 57870.9 — 3150952 + 57789422 — 35168323 [49/96, 50/96] | [12:10, 12:20]
s = 641683 — 3.677 - 10%2 + 7.034 - 10522 — 4.483 - 10%23 [50/96, 51/96] | [12:20, 12:30]
s =—4.263-10% +1.39 - 1072 — 1.51 - 10722 + 5.465 - 1023 | [89/96, 90/96] | [18:50, 19:00]
s=7.339-10% — 2.322 - 107z + 2.45 - 1072 — 8.615 - 10°2° | [90/96, 91/96] | [19:00, 19:10]
s = —11460.9 + 37187.5x — 40172.52% + 14450.723 [91/96, 92/96] | [19:10, 19:20]
s = 91585.5 — 285392z + 296433z% — 10262927 [92/96, 93/96] | [19:20, 19:30]
s = —81753.4 + 2513992 — 2576752% + 88031.223 [93/96, 94/96] | [19:30, 19:40]
s = 28437.4 — 86206.8z + 87114.22% — 29343.723 [94/96, 95/96] | [19:40, 19:50]
5 =1.093 — 1.164 - 107103 [95/96, 96/96] | [19:50, 20:00]
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For[k=0, k<n+1, k++,
If[k<1l, 2[-3, x ] :=n*4 (1/n-x)}*3;
c[-2, x ] = (n*4)/8(2/n-x)"*3-n"4 (1/n-x)}*3;
c[-1, ] = (n*4} /18 (3/n-x)"*3-(n*4) /4 (2/n-x)"*3+ (n*4)/2({(1/n-x)"3;
c[0, x] :=(n*4) /24 (4/n-x)"*3-(n*4) /6 (3/n-x)"*3+(n*4)/4(2/n-x)"3
-(n*4) /6 {1/n-x)*3;
For[i=1, i<n, 1++,
cli ,x] :=(n*4) /24 ((1+4)/n-x)"*3-(n*4)/6({{(1+3)/n-x)"3
+(n*4) /4 ({(1i+2)/n-=)*3-n*4) /6 ((i+1)/n-x)"3+(n*4) /24 (i/n-x)"3]:
For [1]=-3, J<n, J++, H3[J_, x ] :=4/nec[J, x]]:
S5fi[x ] = Sum[£[], 3] N3[J, x], {3, -3, n-1}];
Print["k=", k]:
Print[CoefficientList[Sf1[x], x]]:
w = CoefficientLlist[S£f1[x]), x]
Tll[x ] =w.{1, x, x*2, x*3}:
Print["T1(0,1/96)=", T11[x]],
If[k<2, c[-3, x ] :=0;
c[-2, x ] = (n*4) /8 (2/n-x)"3;
c[-1, =] = (n*4) /18 (3/n-x)"*3-(n*4) /4 (2/n-x)"3;
c[0, 2] :=(n*4) /24 (4/n-x)"*3-(n*4) /6 (3/n-x)"*3+(n*4) /4 (2/n-x)"3;
c[l, x] :=(n*4) /24 {({(1L+4)/n-x)*3-(n*4)/6({1+3)/n-x)"3
+(n*4) /4 ({{(1+2)/n-=x)*3-(n*4)/6((1+1)/n-x=x)"3;
For[i=2, i<n, 1++,
c[i , x]:=(n*4) /24 ({{1+4)/n-x)"*3-(n*4)/6 {({(1+3)/n-x)"*3
+(n*4) /4 ({(1i+2)/n-=)*3-n*4) /6 ((i+1)/n-x)"3+(n*4) /24 (i/n-x)"3]:
For [1=-3, J<n, J++, Na[J_, x ] :=4/nec[J, x]]:
SE2[x ] =Sum[£[J, 3] Na[J, x], {J, -3, n-1}]:
Print["k=", k]
Print[CoefficientList[SE£2([x], x]]:
w = CoefficientList[S5£2([x], x]
Tl2[x ] =w.{1, x, x~2, x*3}:
Print["T1(1/96,2/96)=", T12[x]],
If[k<3, c[-3, =] :=0;

Figura 6.1: Program construit pentru crearea functiilor spline zilnice (fragment)

In Figura 6.2 sunt reprezentate pentru 28.08.2015 si « € [0, 1]: intensitatea radiatiei
solare directe B calculata cu modelul Meliss; valorile experimentale ale intensitatii
radiatiei solare directe B.,, si functia spline s. Analizand aceste date, diferentele cele
mai mari sunt in intervalul orar [8:00, 16:00] corespunzand timpului solar normalizat

[0.25, 0.75].
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Figura 6.2: Intensitatea radiatiei solare directe B calculata cu modelul Meliss, valorile expe-
rimentale B, si functia spline s in 28.08.2015

In Figura 6.3 este un detaliu al Figurii 6.2 corespunzitor intervalului orar [10, 14].
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Figura 6.3: Detaliu pentru intensitatea radiatiei solare directe B calculata cu modelul Meliss,
valorile experimentale B, si functia spline s

Energia solara directa din 28.08.2015 pe timp solar normalizat [0, 1], corespunzatoare
datelor experimentale este Ep.,, = 8184.26 Wh/ m?, iar cea corespunzatoare functiei
spline este Ep, = 8187.23 Wh/m?. Eroarea relativa dintre aceste valori este ErE =
0.03%, ceea ce evidentiaza o excelenta aproximare facuta de functia spline valorilor
experimentale.

Deoarece functiile spline aproximeaza foarte bine evolutia intensitatii radiatiei solare
directe, in pagii urmatori ai algoritmului vom folosi functia spline in locul valorilor
masurate.

3. Determinarea unui polinom de interpolare zilnic pentru intensitatea radiatier
solare directe folosind functia spline creata

Pentru a simplifica expresia analitica a functiei spline s(x), care contine 96 de
polinoame de gradul trei, este obtinut in Wolfram Mathematica 10.1 un polinom de
interpolare By, (x). Acest polinom are gradul patru si este obtinut folosind functia
spline.
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In continuare, studiul este centrat pe intervalul orar [8:00, 16:00] corespunzand
timpului solar normalizat [0.25, 0.75].

Polinomul de interpolare By, (x) care aproximeaza functia spline pentru 28.08.2015,
este corespunzator lui x € [0.25,0.75] si are expresia

Byoi(z) = —558.707 + 7282.269x — 13630.299x% + 11786.0112° — 4941.108z". (6.2.6)

Acest polinom de interpolare B,y () aproximeaza foarte bine functia spline s(x) in
partea centrala a zilei, dupa cum se poate observa in Figura 6.4 pentru 28.08.2015, spre
deosebire de modelul Meliss cu factor de turbiditate constant. Maximul erorii absolute
dintre s(x) si Bpoi(z) este —32.28 W/m? si maximul erorii relative este —0.58% obtinute
la 0.72 timp solar normalizat.

Timp solar normalizat
0 0.25 0.5 0.75 1
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=

L N T = T |
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28 August 2015

Figura 6.4: Intensitatea radiatiei solare B calculatad cu modelul Meliss, functia spline s si
polinomul de interpolare By, in 28.08.2015

4.Determinarea factorului de turbiditate ca un polinom de interpolare zilnic
Polinomul de interpolare By, (x) este folosit pentru a calcula variatia zilnica a tur-
biditatii, pe baza modelului Meliss (6.1.5)

B
Tr(z) = —(0.9 + 9.4sina) - ln%@). (6.2.7)
0

Utilizand in relatia (6.2.7) polinomul de interpolare B, din relatia (6.2.6) pentru
ziua senina 28.08.2015 si By al acestei zile calculat cu (6.1.6), turbiditatea rezulta ca o
functie cu variabila x (timpul solar normalizat).

Tr(z) =—(0.9+9.4sina) -
—558.707 + 7282.269z — 13630.29922 + 11786.01123 — 4941.108z*
1340.05

(6.2.8)

Pentru a reduce complexitatea relatiei (6.2.8) este obtinut in Wolfram Mathematica
10.1 un polinom de interpolare T,y () pentru turbiditate

Trpot(7) = 2.654 + 22.39z — 94.5852% + 151.806x° — 83.791z". (6.2.9)
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5. Determinarea polinomului de interpolare corespunzator factorului de turbiditate
pentru sezonul cald, respectiv pentru sezonul rece

Pagii anteriori ai algoritmului au fost aplicati tuturor zilelor senine din perioada
2013-2016, obtinandu-se cate un polinom de interpolare Tg,y(z) pentru fiecare zi.
Pentru lunile august 2013-2016, mediile aritmetice ale coeficientilor acestor polinoame
sunt calculate pentru fiecare termen in parte si este obtinut un polinom de interpolare
mediu lunar Trazaug ().

Tritaug(z) = 8.336 — 41.6487 + 143.4372% — 200.092° + 95.9032*.  (6.2.10)

Utilizand Trasaug(x) in (6.1.5) se obtine Brrayg().

Energia solara directd calculata folosind functia spline s este Ep, = 6087 Wh/m?,
folosind modelul Meliss este Ep = 6871 Wh/m? iar folosind polinomul de interpolare
mediu lunar este Eprrauwy = 6025 Wh/mQ. Astfel, eroarea relativa descreste de la
12.9% (intre Ep, si Eg) la 1% (intre Ep, si EprrAug)-

Toti pasii anteriori ai algoritmului sunt aplicati pentru fiecare zi senina din fiecare
luna din perioada 2013-2016.

Un polinom de interpolare Trws(z) a fost obtinut pentru turbiditate in sezonul
cald, calculand media aritmetica a coeficientilor omologi ai polinoamelor de interpolare
lunare din lunile aprilie, mai, iunie, iulie, august. Similar, a fost obtinut Trog(z) pentru
sezonul rece (septembrie, octombrie, noiembrie, decembrie, ianuarie, februarie, martie).

Trws(r) = 7.03 — 32.08z + 110.942% — 157.282% + 77.692*, (6.2.11)
Tres(z) = 23.96 — 170.04x + 507.452° — 656.422° + 308.62z".
(6.2.12)

6.Noi formulari ale modelulur Meliss

Utilizand Tgrws(z) in (6.1.5) este obtinuta o noua formulare a modelului pentru
intensitatea radiatiei solare directe din sezonul cald, si anume

—(7.03—32.082+4+110.94x“ —157.28x°+477.69x
7.03—32.082+110.9422 —157.282° +77.69z%

Brrws(z) = By - e 0.9+9. st a , (6.2.13)

respectiv inlocuind Tres in (6.1.5), obtinem o noua formulare a modelului pentru
intensitatea radiatiei solare directe pentru sezonul rece

—(23.96—170.042+507.4522 —656.422° +308.62z%)

Brres(z) = Bo - e 0.079.45m : (6.2.14)

Energia solara directa, corespunzatoare intervalului [0.25, 0.75] timp solar normali-
zat, este Eps = 6087 Wh/m?, energia solard determinata cu ajutorul modelului Meliss
este Eg = 6871 Wh/m?, iar energia solard Epwys = 6323.76 Wh/m?. Eroarea relativa
descregte de la —12.9% (intre Eps si Ep) la —3.85% (intre Eps si Epws).

Validarea noilor formulari folosind masuratorile din 2017

Pentru validare, au fost analizate zilele din 2017 si identificate cele senine. Au fost
selectate astfel 31 de zile senine si pentru fiecare s-au aplicat pagii 1-6 din algoritmul
de mai sus.

Pentru fiecare zi senina din sezonul cald 2017 a fost realizata o analiza a erorilor,
comparandu-se energia solara directa masurata Epg,, cu energia solara Eg obtinuta cu
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modelul Meliss considerand factorul de turbiditate constant Tg. Energia solara Epg, a
fost de asemenea comparata si cu energia solara zilnica Egw g calculata cu (6.2.2) unde
functia este intensitatea radiatiei solare determinata cu relatia (6.2.13).

Prin urmare, pentru fiecare zi senina din sezonul cald 2017 au fost calculate erorile
relative €, g (intre Ep, si Ep), iar din valorile absolute ale acestora s-a obtinut eroarea
relativa medie €, g, = 8.12%.

Pentru aceleasi zile, au fost calculate erorile relative e, pws (Intre Eps si Epws).
Valorile absolute ale acestor erori relative au fost utilizate pentru calculul erorii rela-
tive medii €, pwsm = 4%. Aceasta a fost utilizatd pentru estimarea acuratetii noilor
formulari ale modelului Meliss.

Astfel, pentru sezonul cald 2017, folosind noile formulari se obtine o imbunatatire
a acuratetii de 4.12%. Acest rezultat, obtinut pentru o scara temporala de 10 mi-
nute bazata numai pe valorile masurate ale intensitatii radiatiei solare directe, este
comparabil cu cele mai bune imbunatatiri ale acuratetii obtinute in alte studii, cum
ar fi 4.3% in [58] unde mai multe variabile sunt considerate ca intrari (temperatura
aerului, umiditatea relativa, presiunea barometrica gi durata zilei) sau 4.33% in [63]
unde aceasta imbunatatire este obtinuta in estimarea intensitatii radiatiei solare zilnice
medii lunare. Mai mult imbunatatirea obtinuta de 4.12% este semnificativ mai mare
decat 0.22% si 0.37% obtinute in [48] pentru estimarea intensitatii radiatiei solare orare.

In cazul platformelor fotovoltaice cu o putere instalata de 50 MW, care intr-o regiune
cu climat temperat continental (Bragov, Roméania) produce de-a lungul sezonului cald
aproximativ 40000 MWh, imbunatatirea acuratetii cu 4.12% reprezinta o diferenta in
estimarea productiei de energie de 1648 MWh/an, ceea ce corespunde unei sume de
412000 euro avand in vedere actualul Sistem de Promovare a Producerii Energiei din
Surse Regenerabile in Romania, bazat pe Certificate Verzi.

A fost facutd o analiza similard si pentru sezonul rece, obtinandu-se o scddere a
erorii relative de la 5.02% la 4.15%. In cazul platformei fotovoltaice considerate (cu
puterea instalata de 50 MW), care produce in sezonul rece aproximativ 28500 MWh,
acuratetea se imbunatateste cu 0.87% ceea ce reprezinta o diferenta in estimarea ener-
giei de 248 MWh, corespunzand unei sume de 62000 euro. Prin urmare, deoarece
diferente mari sunt inregistrate in sezonul cald, trebuie sa tinem cont ca energia solara
in zona analizata este semnificativ mai mare in lunile din sezonul cald (6 kWh/zi) decat
in lunile din sezonul rece (1 kWh/zi).

Ca o recomandare, noile formulari pot fi anual innoite folosind noile masuratori si
largind astfel numarul de ani monitorizati. O mai buna estimare a intensitatii radiatiei
solare directe conduce la importante beneficii financiare, ceea ce este esential pentru
un bun management al platformelor fotovoltaice.

Un mare avantaj al acestui algoritm este ca el poate fi aplicat in orice locatie.

Algoritmul prezentat are caracter general si a fost dezvoltat in vederea imbunatatirii
acuratetii modelelor pentru zile senine care estimeaza intensitatea radiatiei solare di-
recte bazandu-se pe factorul de turbiditate considerat variabil in timpul unei zile.
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Concluzii

Studiul operatorilor Schoenberg este important i din punct de vedere teoretic si
din punct de vedere al aplicabilitatii lor practice.

Operatorii Schoenberg constituie o metoda specifica a aproximarii spline, si, pentru
practica, este de preferat sa fie utilizate functiile spline deoarece ele au un foarte bun
ordin de aproximare gi de asemenea, aceste functii sunt suficient de netede. Teza
de doctorat are un caracter unitar, fiind in special concentrata pe studiul teoretic al
operatorilor Schoenberg.

Operatorii Schoenberg continua sa fie o zona de mare interes in cercetare, un do-
meniu in care intentionam sa focalizam munca noastra in viitor.
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Short abstract (english / romanian)

Chapter 1 contains general notions from the theory of approximation, notions used in the
Doctoral Thesis. Chapter 2 presents specific results about the Schoenberg operators, opera-tors
that form the essence of the research done in the Doctoral Thesis. Chapters 3, 4, 5 and 6
represent entirely the original contribution of the author of the Doctoral Thesis. In Chapter 3
the author presents the results established in the field of second degree Schoenberg operators,
namely the improvement of the approximation order, using another way of choice of nodes for
Schoenberg operators, equidistant nodes being usually used; Voronovskaja type theorems; the
second moment of second degree Schoenberg operators with arbitrary nodes, respectively with
nodes in the roots of Chebyshev polynomials. In Chapter 4 the author presents the exact form
of the second moment of third degree Schoenberg operators on arbitrary knots, respectively
equidistant knots, the applications in approximation, Schoenberg operators for which the
space of second degree polynomials is invariable and Schoenberg—King type op-erators. In
Chapter 5, a definition of two-dimensional Schoenberg type operators and their properties are
presented. The definition was obtained by generalizing the one-dimensional Schoenberg
operators’ formula. The second moment of two-dimensional Schoenberg type op-erators on
arbitrary knots, and on equidistant knots, respectively, alongside a Voronovskaja type
theorem and estimates with moduli of continuity are given. Applications of Schoenberg spline
operators in practice are presented in Chapter 6, where a general method to improve the
accuracy of clear sky models through replacement the constant turbidity factor with an
interpolation polynomial which depends of solar time, for estimating the direct solar irra-
diance is presented. Data measured between 2013 and 2016 in Renewable Energy Systems and
Recycling Research Center of R&D Institute of Transilvania University of Brasov were
analyzed and used to improve the clear sky model Meliss. The improved model was validated
based on the data measured in 2017. Daily spline functions were built corresponding for each
clear sky day from 2013 to 2017. The analytical expressions of these spline functions were
created using the Schoenberg operators.

Capitolul 1 contine notiuni cu caracter general din teoria aproximarii, notiuni folosite
in teza de doctorat. Capitolul 2 prezinta rezultate specifice despre operatorii Schoenberg,
operatori care formeaza esenta cercetarilor efectuate in teza de doctorat. Capitolele 3, 4,
5 si 6 reprezinta in Intregime contributia originala a autorului tezei de doctorat. In Capi-
tolul 3 autorul prezinta rezultatele stabilite in domeniul operatorilor Schoenberg de gradul
doi, §i anume imbunatatirea ordinului de aproximare, folosind un alt mod de alegere a
nodurilor pentru operatorii Schoenberg, uzual fiind folosite nodurile echidistante; teoreme
de tip Voronovskaja; momentul de ordinul doi al operatorilor Schoenberg de gradul doi cu
noduri arbitrare, respectiv cu noduri in rddicinile polinoamelor Cebishev. In Capitolul 4
autorul prezinta forma exactd a momentului de ordinul doi al operatorilor spline Schoenberg
de gradul trei pe noduri arbitrare, respectiv echidistante, aplicatii in aproximare, operatorii
Schoenberg pentru care spatiul polinoamelor de gradul doi este invariabil si operatori de tip
Schoenberg-King. In Capitolul 5 este prezentatd o definitie a operatorilor bidimensionali de
tip Schoenberg construiti considerand noduri arbitrare, respectiv echidistante. Sunt studiate
momentul de ordinul doi ai operatorilor bidimensionali de tip Schoenberg, teorema de tip
Voronovskaja gi evaluari folosind moduli de continuitate. Aplicatii ale operatorilor spline
Schoenberg in practica compun continutul Capitolului 6, unde este prezentata o metoda gen-
erala de imbunatatire a acuratetii modelelor de cer senin prin inlocuirea factorului de turbid-
itate constant cu un polinom de interpolare care depinde de timpul solar, pentru estimarea
intensitatii radiatiei solare. Au fost analizate si utilizate pentru imbunatétirea modelului
Meliss, date masurate in perioada 2013-2016, in cadrul Centrului de Cercetare Sisteme de
Energii Regenerabile si Reciclare din Institutul de Cercetare Dezvoltare al Universitatii Tran-
silvania din Bragov. Modelul imbunéatatit a fost validat pe baza datelor masurate in 2017. Au
fost construite functiile spline zilnice corespunzatore fiecarei zi senina din perioada 2013-2017.
Expresiile analitice ale acestor functii spline au fost create folosind operatorii Schoenberg.
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Abstract—The Study of Some Functions Approximation Procedures 1

Preface

The Approximation Theory is an important part of Mathematical Analysis, being
of interest in the actual mathematics. The approximation of real functions has been
a concern for mathematicians such as Chebyshev, Weierstrass, Bernstein, Lorentz, De
Vore. This can be seen in the many papers written on this topic, among which, we
mention some: Bernstein [10], Lorentz [67], De Vore [29].

In 1950 Tiberiu Popoviciu, in 1952 Harald Bohman and in 1953 Pavel Petrovich Ko-
rovkin, laid the bases of the approximation theory by positive linear operators. There is
an ample bibliography focused on the study of specific operators, such as: Kantorovich
operators, Bernstein operators, Schoenberg operators, Baskakov operators, Mirakjan—
Favard—Szasz operators, Stancu operators, Lupas operators, Meyer—Konig—Zeller oper-
ators, Bleimann—Butzer—-Hahn operators, Gauss—Weierstrass operators, Post—Widder
operators, Landau operators, Picard operators.

Numerous scientific results are related to the approximation by classes of positive
linear operators. For example, using moduli of continuity, evaluations of the order of
approximation can be made, and here we also mention Shisha, Mond, Ditzian, Totik,
and more recently Gonska, Paltanea, Tachev.

With concerns in the category of Schoenberg operators and spline functions we
mention Schoenberg [100], [102], [107], Boor [18], [20], Marsden [73], [74], Goodman
[42], [43], Greville [45]. Schoenberg spline operators are currently studyied, the recent
results obtained by Gonska [11], [12], [13], Paltanea [76], [77], Tachev [119], [120], [121]
proving that it is an area of interest and a topical issue.

Chapter 1 contains general notions from the theory of approximation, notions used
in the Doctoral Thesis. Chapter 2 presents specific results about the Schoenberg op-
erators, operators that form the essence of the research done in the Doctoral Thesis.

Chapters 3, 4, 5 and 6 represent entirely the original contribution of the author
of the Doctoral Thesis and results contained in these chapters were published in the
journals: ”Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales,
Serie A. Matematicas”, [76], " Numerical Functional Analysis and Optimization”, [77],
”Symmetry”, [78], ”Bulletin of the Transilvania University of Brasov” [82], " Renewable
Energy”, [79], ” The Annals of the West University of Timisoara—Physics” [80], ” Annals
of Dunarea de Jos University of Galati, Mathematics, Physics, Theoretical Mechanics”
[81].

In Chapter 3 the author presents results established for the second degree Schoen-
berg operators in the general case of the choice of the knots as well for particular
choices of the knots. Beside the case of equidistant knots, which is the most common
choice of the knots other improved choices of the knots are studied including the knots
given by the roots of Chebyshev polynomials. The order of approximation is estimated
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using moduli of continuity. The results presented in this Chapter have been partially
published in [76] and [82].

In Chapter 4 the author obtain the exact form of the second moments for the third
degree Schoenberg operators, with application in obtaining quantitative estimates and
in construction of operators which preserve the space of polynomials of degree two and
in construction of Schoenberg-King type operators. The results from Chapter 4 have
been partially published in [77].

In Chapter 5, a definition of two-dimensional Schoenberg type operators and their
properties are presented. The definition was obtained by generalizing the one-dimensio-
nal Schoenberg operators’ formula. The second moment of two-dimensional Schoenberg
type operators on arbitrary knots, and on equidistant knots, respectively, alongside a
Voronovskaja type theorem, are given. Also, this chapter contains estimates with mod-
uli of continuity. These results have been partially published in [78].

Applications of Schoenberg spline operators in practice are presented in Chapter 6,
where a general method to improve the accuracy of clear sky models through replace-
ment the constant turbidity factor with an interpolation polynomial which depends
of solar time, for estimating the direct solar irradiance is presented. Data measured
between 2013 and 2017 in Renewable Energy Systems and Recycling Research Center of
R&D Institute of Transilvania University of Brasov were analyzed and used to improve
the clear sky model Meliss. The results presented in Chapter 6 have been published in
[79], 80], [81].

I would like to express my gratitude to Professor Dr. Radu Paltanea for the constant

guidance, for the patience and for the support given throughout during my activity as
a Ph.D. student.
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1 Introduction

1.1 Fundamental notions

1.1.1 Notations

From the usual notations are specified here some of those that appear in the thesis,
such as: the set of natural numbers N = {1,2....}; the set of real numbers that we
denote by RR; the space R"=R x R x ... x R, where n € N.

n tzrrnes

IT,, represents the space of real polynomials with a variable with degree at most n,
and II" is the space of real polynomials in m variables with the total degree less than
or equal to n, where n,m € NU {0}. We denote with [a] the integer part of the real
number a.

Let A a Banach space and J C A. We note with F(.J) the space of all real functions
defined on J, with B(J) the space of bounded functions, and with C(J) the space of
continuous functions on J, with the norm

1] 1= sup WICORR (1.1.1)

We note with e; the monomial functions e;(y) = x* where xy € R and i € NU {0}.
The notation (- — x)4 is used for

| h=x, h—x>0
(h_X)-l—_{O’ h_XSO

1.1.2 Divided differences

A. Divided differences on simple knots

Let f:]a,b] = R, a,b € R, a <b and a system of distinct points (knots) from the
interval [a, b]

X1, X25 ---» Xnt1, Where x; # x; for ¢ # j. (1.1.2)

Definition 1.1.1. The divided difference of the function f on the knots (1.1.2) noted
with [X1, X2, s Xns1]f is defined by

n+1 A
X1 Xas oo Xt L = ) /) : (1.1.3)

i=1 H (i — x5)

J=Lint1, ji
The recurrence formula of divided differences on simple knots is

[Xla X2y oo Xn+1]f _ [X27 X3, "'7Xn+1]f - [Xlu X2y ey Xn]f7 (114)
Xn+1 — X1

where [x;|f = f(xi), i1 =1,2,...,n+ 1]90].
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B. Divided differences on multiple knots

Let the interpolation knots (1.1.2), to each knot x; we attach a natural number a;
called his multiplicity order x;, i = 1,2,....,n+ 1. Let f : [a,b] = R, a,b € R, a < b,
derivable a sufficient number of times on [a, b].

Definition 1.1.2. [90] The divided difference by order 1 on the double knot
Xi 1S
[ xalf = lim 10 = 7a) _ f), i=1,2,.,n+1. (1.1.5)
X—7Xi X — Xi
In general,

- ] 1)
[\Xl?Xl?"'7X1/2(27X27"‘7X217"'72<n+lvxn+17"‘axn+1]f 1111 X1, X1 500

J )
a1times astimes an1times X Xi
a;—1 1 a;—1 1 ani1—1
Xgl )’7XZ7X§ )77X§ )77Xn+17X7(H)—177X'E7,+f1 )i|f (116)

where ng) # X,(Cl) for i # k;1 # 5 [90].

If f is derivable of k-times in y, the next equality takes place

f(k) Xi

k+1times

The recurrence formula of the divided differences on multiple knots

Llele "'7X1/72<27X27 "'7X%7 "'72<n+17Xn+17 7Xn+1jf

a1times asgtimes ap+1times
1
- 2(17 X1y -+ey XL)2<27 X2y -0y X%7 cooy Xn41y Xmnd1 -5 Xnd1 f
Xn—‘,—l - Xl ~~ "~ ~ ~~ -
a1—1 times astimes ap+1times
- |:2<1aX17"'>X172<27X2a--'>X27"'72(n+17Xn+17"'7Xn+1]f] [90] (118)
TV VvV TV
a1times astimes an+1—1 times

Definition 1.1.3. [95](Tiberiu Popoviciu)

Let E a set which has at least k + 2 distinct points. The function f : E — R
is called convex of order k > —1, if [x1, X2, -, Xer2]f = 0 for any distinct points
X15 X2 ++y Xk+2 f7’0m E.

From this definition it follows that a function is convex of order —1, if it is positive,

it is convex of order 0 if it is monotone, and it is convex of order 1, if it is ordinary
convex.

1.1.3 Interpolating sets. Chebyshev system

We consider a points system x1, x2, ..., X» from the interval [a, b] called interpolation
knots, and a some real value system \; € R, 1 <1 < n. The problem of interpolation
consists in finding from a given set F' C JF([a, b]) a function ¢ € F for which

exi) =X, 1<i<n. (1.1.9)
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Definition 1.1.4. [93] A set F' C F([a,b]) is called interpolating set of order n, on
the interval [a,b], if for any system of distinct points X1, X2, ---» Xn € |a,b] and any real
numbers \; € R, 1 < i < n there is a unique function @ € F so that the system of
equations (1.1.9) takes place.

In the particular case where interpolating set F' is a linear subspace of size n from
C([a,b]), then F' is called the Haar subspace of size n. Moreover, any algebraic basis
of F' consisting of n functions {y1, @2, ..., } is called the Chebyshev system of order
n on the interval [a, b] [93].

If {¢1, P2, ...¢0n } forms a Chebyshev system, then any linear combination of them is
called a polynomial as in the case of the most important example of the Chebyshev
system which is the algebraic system consisting of the functions eg, 1, s, ..., €,,. These
generalized polynomials retain a part of properties of algebraic polynomials.

Definition 1.1.5. [60] Let a normed space (X, ||-||) and Y a subspace of X. The number
E(x,Y)=inf || x —
(O Y) = inf I —yll,

is the best approximation of x with elements from Y. If y € Y satisfies the
property ||x — yl| = E(x,Y) then y is element of the best approximation of x through
elements from 'Y .

Theorem 1.1.1. [60] Let the n+ 1 order subspace Haar T' on |a,b], where n > 0. Let
f € C(la,b]) and p € T. The following conditions are equivalent:

i) the function ¢ is an element of the best approximation of f, with elements from T,
ii) there are the points a < xo < X1 < ... < Xnt1 < b and a sign ¢ € {—1,1} such that

) = fa) =e(=1)'[If =l 0<i<n+ 1

Definition 1.1.6. The points system a < xo < X1 < ... < Xn+1 1S called alternation.

1.1.4 Lagrange Interpolation

Definition 1.1.7. [90] Let f € F([a,b]). The algebraic polynomial P,, with mazimum
degree n, which on the knots xi, X2, ..., Xns1 takes the values P,(x;) = f(x:), with
1 < i< n+1 is called the Lagrange interpolation polynomzial attached to the
function f on knots x1, X2, ---, Xn+1-

Theorem 1.1.2. [90] For f1, fo € F([a,b]) and o, f € R we have

L[XlaX27"'7Xn+1](af1 +6f2)(X)
= aL[x1, X2, - Xnt1]f1(X) + BL[X1, X25 -+ Xnt1] f2(X)- (1.1.10)

Theorem 1.1.3. [90] If f is a polynomial of mazimum degree n, we have:

Llx1, X2, - Xn1]f(X) = f(x), VX € R. (1.1.11)

Definition 1.1.8. [90] Let f : [a,b] — R, a,b € R, a < b. The divided difference
by order n of the function f, on the knots (1.1.2) it is the coefficient of X" from the
Lagrange interpolation polynomial of the function f on the specified knots.
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The Lagrange polynomial can be written in the form

n+1

L{x1, X2, s Xn+1) f(X) = Zli(X)f(Xi>7 (1.1.12)

where [;(y) are n degree polynomials which verify the conditions P(x;) = f(xi), 1 <
1 < n+ 1, therefore

Li(x) = — ,1<i<n+1 [90]. (1.1.13)

(X — xi) H(Xi - Xj)
o

Theorem 1.1.4. [90] If f € F([a,b]) and x1, X2, ---s Xn+1 are distinct points from the
interval |a, b], then

L[X17X27X37-”7Xn+1]f<x>
(¢ — X1) LIx2s X35 -+ Xt ]S (X) — (X = Xns 1) LIX15 X2 -5 X f (X)
Xn+1 — X1 '

(1.1.14)
Theorem 1.1.5. [90] For any f € F([a,b]) and any system of distinct points

X1, X25 -3 Xn+1

from [a,b] and any x € [a,b] the next equality takes place

f(X) - L[Xla X25 X35+ XnJrl]f(X)
[ X1 X250 X1 (X = X1) (X — X2) -+ (X — Xnt1)- (1.1.15)
Theorem 1.1.6. [97] For any set of distinct interpolation points Xo, X1, X2, X3+ Xn

from [a,b] and for any f € C""([a,b]), and for any x € [a,b], the error (1.1.17) has
the value:

{00 = T T =™ te) (1116
where
e(x) =f(x) = P(x), a < x <0, (1.1.17)

and £ s a point from [a,b] which depends by x.

1.2 Convergence theorems
1.2.1 Weierstrass’s Theorems. Approximation by sequences of projectors

We will say that a function f is uniformly approrimable through elements from a
space Y C C([a, b]) if there is a sequence of functions from Y that converges uniformly

to f.
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Theorem 1.2.1. (Weierstrass)
Any function f € C([a,b]) is uniformly approzimable with algebraic polynomials.

Theorem 1.2.2. (Weierstrass)
Let Cs; the function space 2w continuous periodicals f : R — R. Any function
f € Cor(R) is uniformly approximable with trigonometric polynomials.

Proposition 1.2.1. [87] Let a sequence of linear and bounded operators (Ly)n, Ly :
C(la,b]) = C([a,b]). If the next conditions are fulfill
i) there is a subspace B C C([a,b]), dense in C([a,b]), such that

Jim [|L,(f) ~ ]| = 0.7 € B,
ii) there is M > 0 such that ||L,|| < M,n € N, where

| Lnl| == sup I Ln (),
fec(lad)) lflI<1
then
i [IL,(7) = £ =0, ¥ f € C(la. 1), (12.1)

Theorem 1.2.3. [87] Let the sequence of linearly bounded operators (Ly)n, Ly : X —
Y, where X is a Banach space, and Y is a normed space. If

sup || Ln (x)|| < o0, Vx € X,
neN
then
sup || Ly, || < oo.
neN

Corollary 1.2.1. Let the sequence of operators L, : C([a,b]) — C([a,b]) which uni-
formly approzimates the functions from a dense space B C C([a,b]), from C([a,b]).
Then the fact that the sequence (Ly,), has uniformly bounded norms is equivalent to the
fact that the sequence (Ly,), uniformly approximates all the functions from C([a,b]).

Definition 1.2.1. [89] Let X a vector space and Y a linear subspace of it. A linear
operator U : X — Y is the projector on subspace Y if U(y)=y, Yy € Y.

Theorem 1.2.4. [97] (Lonzinski-Harshiladze)
For any sequence of projectors (Uy)n, U, : C([a,b]) — 11, there is a constant C' > 0
such that

|U.|| > C Inn, (1.2.2)

Consequently, exists a function f € C([a,b]) such that U, f does not converge uniformly
to f on the interval |a, b].

Theorem 1.2.5. [33](Faber)

FEither one it would be an infinite triangular matriz of knots (X?)lgjgm where either
one n we have a < X7 < x4 < ... < x» < b, for the sequence of operators (U,),, with
Up = L[X?, X5, -, X1, n > 1 there is a function f € C([a,b]), for which U, f does not
converge uniformly on |a,b] to f.
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1.2.2 Positive linear operators

Definition 1.2.2. [5] Let A and B two vector spaces of functions with real values on
an interval J. An application L : A — B, which is additive and homogeneous, is called
linear operator, meaning

L(af + Bg) = oL(f) + BL(g), Vf,g€ A, a,B€R. (1.2.3)

Definition 1.2.3. [5] Operator L is positive if for Vf € A with f > 0 we have
L(f) = 0.

Let (A,d) a compact metric space.

Definition 1.2.4. [5] An application F' : C(A) — R is called the positive linear
functional on the space C(A) if:

DF(af + 89) = aF(f) + BF(9),¥f, g € C(A) and Yo, 8 € R;

W)F(f) > 0,VfeC(A),f>0.

Proposition 1.2.2. [87] Let A a linear subspace of F(J) and F\, : A — R a linearly
positive functional. We have

F(f)<F(g), f.9€ A, [<y, (1.2.4)
| F()ISFE( D, feA | fleA (1.2.5)

Proposition 1.2.3. [87] Let a linear positive functional F : C(J) — R, J interval.
Let x € J fized. We assume that one of the following conditions it is holds:

oF(ej) =¢€j(x),j=0,1,2 or

oF(e;) =ej(x),j =0,1 and x is the left end or the right end of the interval J.

Then

F(f) = f(x), VfeC(J).

Definition 1.2.5. [87] The moments of linearly positive functional F': A — R,
where A is a linear subspace of F(J) and x € J are the numbers F((e; — xeo)’), j €
NU {0} which are well defined if II; C A.

Theorem 1.2.6. [96](Popoviciu)
Let the next form of linear and positive operators

La(f 0 = 3 S Wuil), S €Clatl x €, (126)

where &, ; € [a,b] and V,,; are positive polynomials.
Let suppose

L,(eo) = eo, (1.2.7)
and
ILm (Ln(e1 — xeo)?)(x) = 0, uniformly with regard to x € [a, b).
o (1.2.8)
Then
lim L,(f) = f,uniformly on [a,b], for any f € C([a,b]). (1.2.9)

n—oo
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Theorem 1.2.7. [16](Bohman)
Let the positive linear operators (Ly,),, Ly : C([a,b]) — C([a,b]), with the form

Ln(fv X) = Z f(gn,i)\llmi(X)v f € C([a7 b])> X S [av b]v (1'2'10)

/L‘eI’VL

where I is a set at most countable, &, ; € [a,b], and V,,; are positive analytic functions.

If

lim L,(e;) = ej, uniform forj =0,1,2, (1.2.11)
then
lim L,(f) = f, uniform for any f € C([a,b]). (1.2.12)

Theorem 1.2.8. [64], [65](Korovkin)

Let the sequence of positive linear operators (L), L, : V. — F([a,b]), where
V C F([a,b]) is a linear subspace which containing the functions g, @1, 2 € C([a,b]),
functions that form a Chebyshev system on the interval [a,b]. If

lim L, (¢;) = ¢; uniformly on [a,b], with j =0,1,2, (1.2.13)
n— o0
then
lim L, (f) = f uniformly on [a,b], for all f € C([a,b]) NV. (1.2.14)

n—oo

Remark 1.2.1. For the test functions ey, e1, e; the Bohman’s theorem is obtained.

Theorem 1.2.9. [41](Voronovskaja)
If L, : C([a,b]) — C(la,b]) is a positive linear operator such that L,(e;) =e; ,j €
{0,1}, then, for f € C?*[a,b] and x € [a, b]

LaF) = F0) = 5(Ealer = xe)) 007" () + 0 (Euler = xe0)) ().
(1.2.15)

uniformly in relation with x € |a,b].

1.2.3 Moduli of continuity

Definition 1.2.6. [87](Paltanea)

Let X C F(J) a linear subspace such that II;, C H, k € N. A function Q. :
H x (0,00) — [0,00) U{occ} is the modulus of continuity of order k on 3 if the
following conditions are fulfilled:

Qk(f, hl) < Qk(f, hg), f € g‘f, 0 < hy < hy (1216)
Q(f+p.h) =Q(f h), fE€H, pellyr, h>0 (1.2.17)
0,(0,h) =0, h > 0. (1.2.18)
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We define the following moduli of continuity:
o the usual first order modulus

wi(¥,A) = sup{[¢(u) = ¢(v)], u,v € [0,1], Ju—v] <A}, (1.2.19)

e the usual second order modulus

wa (1, A) = sup{[v(u — p) = 2¢(u) + Y(u+p)|, up € [0,1], [p| < A},
(1.2.20)

e the second order modulus Ditzian-Totik
wi (1, A) = sup{|[¢(u—p) = 2¢(u) + P(u+p)|, uEp€[0,1], [p] <
Ap(u)}, (1.2.21)
where ¢ € C([0,1]), A > 0 and p(t) = /t(1 —t) [87].

The main properties of moduli of continuity of order £ = 1,2 are presented below

1) wil(f,0) = (1.2.22)
2) wi(f,-) is a positive function and continues on R, (1.2.23)
3) wi(f,h1 + he) <wi(f, k1) + wi(f, ha), hi,ha >0, (1.2.24)
1) wen (f,h) < 2wi(f,h), Yh >0, (1.2.25)
5) wesi(fh) < hwp(f',h), h >0, f € C*([0,1]), (1.2.26)
6) wi(f,nh) < nfwp(f,h), Yh >0 andn € N. (1.2.27)

Theorem 1.2.10. [114](Shisha, Mond)
Let the linear and positive operator L : C(la,b]) — C(la,b]), f € C([a,b]). For
h >0 and ¥x € [a,b]:
L) = FOOL < 1F00E(eo,x) = 1]+ (L(eo, )

/Lo ) (Eer — xeoP) 00 )wr(F.0). (1.2.28)

Theorem 1.2.11. [83](Mond)
Let the linear and positive operator L : C([a,b]) — C([a,b]) and f € C([a,b]). For
h >0 and x € [a,b] we have:

LU0 = FOOL < 1F00IE(e0,) = 1+ (Eleo, )
(Lo = xe0)) () ) (. ). (1.229)

The following two theorems are found in the works [84], [85] and [87].

Theorem 1.2.12. [87] (Paltanea)

We consider a real interval I and L : V' — F(I) a linear and positive operator on the
subspace V- C C(I), such that Il C V', then forVf e V,x €l and 0 < h < %length([)
we have:

IL(f,x) = F(X)

+

£ OOl L(eo, ) — 1+ A7 (L(ex — xeo)) () wi(f, )

<
+ (L(eo, v) 2h2(L(el— XeO)Z)(X))w2<f,h). (1.2.30)
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Theorem 1.2.13. [87|(Paltanea)
Let the linear positive operator L : F([0,1]) — F([0,1]). For x € (0,1), h € (0, 3]
and Vf € B([0,1]) we have:

|(L(e1 — x€0)) ()|

IL(f.0) = FO)I < |Leo, ) =11~ [IfIl + A7 2200) wi (f,2h)
+ B0 )+ ; ’(L(ezh;?;;;)(w WS (f,h). (1.2.31)

A first variant of this theorem was established in the paper [36].

Definition 1.2.7. [91] Let (X, || - ||) @ normed space and' Y C X a subspace endowed
with semi-norm | - |y. Let be f € X and t > 0. It is called K-functional

K(f,t,X,Y) = inf{||f — gll + tlgly, g € Y}. (1.2.32)

For example, for X = C([a,b]), ||f|]| = max,cap |f(X)| Chebyshev norm, Y =
C"([a,0]), lgleramy = lg™ [91].

K, (f,t,C((a, b)), C"([a,0))) = inf {|[f — gl +¢"[g"]l, g € C"([a,0])}.  (1.2.33)

Theorem 1.2.14. [56](Johnen)
Let [a,b] an interval. There are ¢; > 0, ¢o > 0 such that

c1-wa(f,h) < Ky(f, h,C([a,b]), C*([a,b])) < ¢z - walf,h), (1.2.34)
Vf e C(la,b]) and ¥ h > 0.

2 Spline functions. Schoenberg operators

2.1 Polynomial spline functions. B-splines
2.1.1 The general case of the splines functions on multiple knots
Let the interval [a, b] and a knot sequence A,, = {x;}§ with
a=xo<X1<..<Xno1<Xn=0>0 (2.1.1)

Let k be a positive integer and M = (ky, ko, ..., k,—1) be a vector consisting of
integers with the property 1 < k; < k+ 1, with ¢« = 1,2,...,n — 1, vector called
multiplicity vector [111].

Definition 2.1.1. [111] The space of polynomial spline functions of order k
on the knots x1, ..., xx, with the order of multiplicity k,, ko, ..., k,_1 it is

S(ITg, M, A,) : = {s € F([a,b])| Iso, $1, ..., Sn_1 € Iy, such that s(x) =
forj=0,1,.k—Fkyi=1,..n—1} (2.1.2)

Theorem 2.1.1. [111] Let
n—1
H=> k. (2.1.3)
i=1

Then 8(I1;, M, A,,) is a linear space of dimension k + H.
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Construction of a local base

Definition 2.1.2. [111] Let a < x1 < ... < Xp—1 < band 1 < k; < k+1,1i =
1,2,...,n —1 given. Let suppose that

Y1 S Y2 < oo < Yokt 1)+ H (2.1.4)

such that
1 <y < ... <y < a, b< YrH+2 < .0 < Yo(k+1)+H (2.1.5)

and
kl knfl
—T
Ytz < oo S YktHAL = X1 oy XD oo X 1r ooy X1 (2.1.6)
k+1)+H

Then, we will name {y; }3
S(Hka M7 An) .

extended knot sequence associated with the space

Theorem 2.1.2. [111] Let {y; ?(HIHH an extended knot sequence associated with the
space 8(II, M, A,,) and let suppose that b < yoey1)rm. Fori=1,2,.. . k+ H +1 let

Noi0O) = D" Wirnrr — Y) Wiy oo Yinra ) (x — )E, a < x <. (2.1.7)
Then {N,;}i ™+ forms a basis for §(Ily, M, A,,) with
Nu,i(x) = 0 for X & [yi, Yirwr1], (2.1.8)
and
Noi(x) > 0 for x € (Yi, Yiskt1)- (2.1.9)
Moreover,
ket HA1

Z Npa(x) =1, (2.1.10)

forall a < x <b.
The functions Ny, 1, Ny,2, ..., Ny k+m41 are called B-splines.

Remark 2.1.1. Using the identity

[Wir oo Yirns )= )5 = (D" iy ooy Y] (- — 204 (2.1.11)
the functions N, ; also have the representation
Nii(X) = With+1 — Yi) [Yir s Yirrr ] (- — X)’L 1<i<k+H+1. (2.1.12)

2.1.2 Spline functions on simple knots

Definition 2.1.3. Let a knot sequence be given A, = {x;}y defined as in the relation
(2.1.1). A spline of order k, k > 1 on the interval |a,b] attached to the knot
sequence A, is a function of class C*~1([a,b]), which on each subinterval defined by
two consecutive knots is a polynomial of degree k. A function k order splines with
simple knots we will call it k order spline function. The set of k order spline
functions attached to the knot sequence A,, is denoted by S(A,).
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It follows from the above definition

2

8k(An) ={s € C" (@, b]) | 5[, €M 1<i<n} (2.1.13)

Definition 2.1.4. If A, = {x;}{ is a knot sequence of the interval [a,b] and k > 1,
then we define the extended knot sequence A, ;= {x; "+kk with knots of form

O=Xt=Xdkt1=--=Xo<X1<X2< .. < Xn=Xnt1l= -+ = Xntk = L.
(2.1.14)

Definition 2.1.5. [11] The B-splines attached to the extended knot sequence A,y
have the expression

Nik(X) = (Xjrr1 — X)) XG> Xg1s oo Xk} — )5, =k <j<n—1
(2.1.15)

Proposition 2.1.1. [11], [72], [97] For any extended knot sequence A,r, n,k €
N, n,k > 1 we have

i) Njx(x) =0 for x < x; and for X > Xjipy1, —k <j<n—1,

i) Njk(x) >0 for xj < x < Xjtht1, =k <j<n-—1

Theorem 2.1.3. [97] For any knot sequence A, = {x;}§ of the interval [a,b] and for
any integer k > 1, the space 8i(A,) has the dimension n + k, and a base of his it
consists of functions Nj, —k <j <mn—1.

Theorem 2.1.4. [71] For any extended knot sequence A, of the interval [a,b], n >
1, k> 1 and for any t € R and for any x € [a,b] we have

n—1

(t—x)* = Z (t — xjr) (t = Xjra) - (t = X5a) Njr(X)- (2.1.16)

Corollary 2.1.1. In the conditions of the Theorem 2.1.4 for any 0 < r < k we have

n—1

SN0 = X" x € la,b), (2.1.17)

where
A
(r) — s .
¢ <T) | Z XXX (2.1.18)
1<i1<i2<...<i <k

Proposition 2.1.2. [71] If Ay, n > 1, k > 1 is an extended knot sequence of the
interval [a,b], the functions N;j, —k < j <mn — 1 verify the properties:

1) Njx(x) 20; =k <j<n—1, x €[a,b]; (2.1.19)
n—1

2) > Nj(x) =1 a<x<bh, (2.1.20)
j=—k
n—1

3) Y &GNuw(x)=x;i a<x<bh. (2.1.21)

j=—k
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2.2 Schoenberg operators

Definition 2.2.1. [71] Let A, a knot sequence of the interval [a,b] and k > 1 an
integer. Schoenberg operator Sx ., : F([a,b]) — Si(A,), attached to the extended
knot sequence A\ is defined by

n,k

(S, N0 = 3 FENN; ) (2.2.1)

j=—k
where f: |a,b] - R, x € [a,b] and

_ Xt X2t Xk

$iok ’ , —k<j<n-1, (2.2.2)

are Greville abscissas.

In the case when A, ; contains equidistant knots and we have k£ > 1, then instead
of Sa, , we will denote Sy, .

Theorem 2.2.1. [11], [71], [72], [97]

i) Sa, . (f) is a spline function of degree k on the knots xo < x1 < ... < Xn, that
means, it is a polynomial of degree k on each interval [x,_1,x,], (1 < v < n),
and admits continuous derivatives of order k — 1 on whole interval [0, 1];

i) SAM 1S a positive linear operator;

i1) (Sa,,.f)(x) is for any x € [a,b] a convex combination of a finite number of values
of the function f.

) Sa, [ interpolates the function f at the ends of the interval, that means (Sa, , f)(a)
= f(a) and (Sa, , f)(b) = f(b).

v) Sa, . (€a) = €q, for a=0,1.

Theorem 2.2.2. [71] For any integer k > 1, and for n = 1, Schoenberg operators
attached to the extended knot sequence Aqy:

Xk =X-bt1=---=Xo=0<1=x1=X2=...Xkst1
of the interval [0, 1] coincides with Bernstein operator By.

Theorem 2.2.3. [71] (Schoenberg)

For any extended knot sequence A,y of an interval [a,b] the operator Sa, , has the
property of diminishing the variation of the sign. This means that for any function
f € C([a,b]) and for any affine function h(x) = cx + d, with the property f — h has a
finite number of sign changes over the interval [a, b] result that the function (Sa, , f)—h
has a number of sign changes at most equal to the number of sign changes of the function
f — h on the interval [a,b].

Definition 2.2.2. The second moment of Sa,, is defined by (Sa, ,(e1 — xeo0)*)(x).
where e;(t) =1/, j=0,1,..., t €[0,1].
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Theorem 2.2.4. [29] For an extended knot sequence A,y of an interval [a,b] with
k > 1, the next relation takes place:

0 < (Sa,,.(e1 — xe0)*)(x) = Z_: m > (e — X+ Nir(x). (2.2.3)

Corollary 2.2.1. [72] In the conditions of the Theorem 2.2.4 we have

) 1 k+1
0% Sa, e~ xea)(0) < min{ 50— % AR (2:2.4)

where || Ap k|l = maxi<jcn(X; — Xj-1)-

Theorem 2.2.5. [71] Let a sequence of extended knot sequence of the interval [a,b],
of the form A, k., m = 1,2,..., where k,, > 1 for all m. If we have fulfilled the
condition

A,
lim VBl g (2.2.5)

m—r00 ko, ’

then it takes place

lim (Sa, .. f)(x) = f(x), uniformly with regard to x € [a,b], Vf € C([a,b]).

m— 00

Theorem 2.2.6. [11] Fork>1,n>1

min {2)((1 - X), S}

(Sualer = xeo)(x) < L =2

3 Improving the approximation order

Further on, in Section 3, it is worked on the interval [0, 1]. We consider the extended
knot sequence A, ; given in (2.1.14), Greville abscissas (2.2.2), B-splines (2.1.15) and
Schoenberg operators (2.2.1) and k = 2.

3.1 Second degree Schoenberg operators on particularly chosen knots

In literature, [11], if the extended knot sequence A, consists of equidistant knots
and k = 2, the following result is establish:

(Snaler —xeo)?)(x) 5y < 1
x(1—x) l—x = 2n’
and that imply
1
(Snaler = xe0)?)(x) < 5- - x(1=x), n>1, x € [0,1], (3.1.1)

2n

1

5. in front of x(1 — x) is the best possible.

where the constant
For n > 1 and k = 2 the extended knot sequence A,, 5 is:

O=X2=X1=Xo<X1 <X2<..<Xn=Xntl= Xnio= 1. (312)
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From the formula (1.1.3), for four knots and for a function f : [0, 1] — R, it follows:

[X1, X2, X3, X4l f = 24: ( II Ge- xu)‘1>f<xp),

p=1  1<v<dv#p
where y; < x2 < x3 < X4 are points from [0, 1].
Remark 3.1.1.
(X1, X2, X3, Xal f = 0 if f € T

[Xla X2, X3 X4](' - X)%r =0, for x < min{Xl, X25 X3 X4},

and

[X15 X25 X3, Xa) (- — X)2 = 0, for x > max{x1, X2, X3, X4} (3.1.5)

3.1.1 The second moment of second degree Schoenberg operators on particu-
larly chosen knots

We consider a knot sequence A,, formed from the following particularly knots:

Xo = 07
A
X1 = -,
n
A n— 2\
= 21T fr2<ji<n-—2
X; 0 )n(n_2)7 or 2<j<n-2,
A
Xn—-1 = 1__7
n

where X\ € (0,1]. For A = 1 the particular case of equidistant knots is obtained.

Lemma 3.1.1. Let n > 7, A € (0,1) and the knots chosen in (3.1.6) and the extra-
knots given in (3.1.2). The following relations take place:
Case 1. x € [xo0, x1]

2n  n?2nA+n—6) ,

N _ R _ M aRATT T OA
1,2(x) T R )
n?(n —2)
N 2
02(x) A(nA +n — 4)\)X ’
N;a(x) 0for1<j<n-—1
Case 2. x € [x1, X2
n2(n — 2)? ,  2n(n—2) nA+n— 4\
N2l = (n)\+n—4)\)(n—2)\)X =2\ X+ n—2\
Nogly) = _(TAFSR—8Nni(n =27 ,  (nA+2n—6X)n(n—2)
02\X) = 2(n\ +n — 4A)(n — 2))2 (n—2X)?
_)\(n/\ +2n —6\)(n — 2)
2(n — 2)2 ’
(=27 , mA\n-2*  N(n-2)?
N _ _
1.2(X) 2(n — 2)\)2X (n —2X)? X 2(n —2X)?’

Nja(x) =

0for2<j<n—1lorj=-2.
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Case 3. X € [x2, 3]

n?(n — 2)? n(n —2)(nA + 2n — 6\ nA + 2n — 6X1)?
2

Noa(x) = X5, =90z ~X (n—2\)? HETCI=INE
,n(n —2)? n(n —2)(2nA + 3n — 10X)
Mol = = gy T (n— 2))?
203 (n — 2)2 +6A(n — 2)(n — 2X) + 3(n — 2))?
B 2(n —2X)? ’
_ ,n*(n—2)? n(n—2)(n+nA—4X\)  (n+n\—4))?
Naal) = x 2(n— 202 X (n —2)\)? * 2(n —2))2

Nis(x) = O0for3<j<n—1lorje{-2—1}.

Case 4. X € [Xg: Xg+1] with3 < g <n—4
n%(n —2)% & o n—2\ A
Nah) = SO ZZES (G4 - )2 A )
i=0

forq—2 <4 <q, where

d[):—l, d1:3, d2:—3, d3:1

Nja(x) =0 for2<j<qg—-3orq+1<j<n-1
Case 5. X € [Xn-3, Xn—2]

oni(n—2)* n(n—2)(n+n\ —4\)

Nps2(x) = (1—=X) ICEEINE (I—x) (n—2))?
(n+nX\ —4))?
2(n —2M)2 7’
Noakt) = Ot
202 (n — 2)2 +6A(n — 2)(n — 2X) + 3(n — 2))?
a 2(n —2X)? ’
_ X*n*(n—2)? n(n —2)(n* — 4n — n\ + 6)
Nos20) = S50 =50 X (n— 2))2
(n* —4n — n)\ + 6))?
2(n —2X)? ’

Nija(x) = 0for =2<j<n—6orj>n—2.

Y

17
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Case 6. x € [Xn—2, Xn_1]

_ n’(n—2)? o nA(n—2)° A (n —2)
Np-12(x) = m(l—x) —m( —X)‘Fma
Ny so(x) = — (nA+ 3n — 8\)n(n — 2) (1— )

2(nA +mn —4X)(n — 2X)?

(nA 4+ 2n — 6X\)n(n — 2) A(nA +2n —6X)(n — 2)

" R A AT VR
No-22(x) = (n)\+:lz(—n4_>\)2()n—2/\)<1_x>2_%(1_”
nA +mn — 4\
+ n—2\

Njs(x) = O0for —2<j<n—-5orj=n—1.
Case 7. x € [Xn-1, Xn]
(1= (0 —2)

Ny = >
32(0) AnA + 1 — 4N)

2n n? 2n\ +n — 6\
No2a00) = FU=X0) = H o= =%

Nja(x) = 0 for —2<j<n-—4

Theorem 3.1.1. The second moment of the second degree Schoenberg spline operator
for the particularly chosen knots (3.1.6) has the next form: (Sa,,(e1 — xe0)?)(x)

([ 2n2—nA(n+2)—222(n—1)(n—4) A A
=2 (ain—an) T Xane X € 10,5
2 n(A—1) (1=X)(nAn—4)) -
X itn—2n) T X 2m—2)n—2n)
A3(n2—6n+4)+nA2(n+2)—n3) A A n—2\
+ 4n2(n—2)(n—2X\) ’ X € _E’ n + n(n—2)]
_ 1 (n—2X)2 A n—2\ A n—2\
=9 2 2 XE | tamay =0~ n(n72)i|
(1—x)%n(A-1) + (1=x)(1=X)(nA+n—4X)
4(n—2X) 2(n—2)(n—2M) )
A3(n2—6n+4)+nA2(n+2)—n2) A n—2)\ A
+ 2 (n—2)(n—2)) ; X € _1 IR Pl ﬁ}
(1—x)2[n?2—nA(n+2)—2X2(n—1)(n—4)] (1—x)A p
\ S yY oy wEr—y Y +37 XE€ L= 1]

For A =1 the particular case of equidistant knots is obtained.

Theorem 3.1.2. The second moment of the second degree Schoenberg spline operators
for equidistant knots is:

2
(Snaler — xe0)) () = 122 x € |+ =1
SRR e B

3.1.2 Comparing the order of approximation with the equidistant case

We make the comparison only for case A = %
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Lemma 3.1.2. For n > 1 the next relations have place:

i)
(Sp3'(er —xe0))(x) 1 1
sup =-+o(-), 3.1.7
x€(0,1) x(1—x) 2n <n> ( )
uniformly regarding to x € (0,1).
(Sh,2(e1 —xe0)?)(x) 1 1
Sup =-—+o(—), 3.1.8
X€(0.1) x(1—=x) in <n> (3.1.8)

uniformly regarding to x € (0,1).

Theorem 3.1.3. [41] If L, : C([0,1]) — C([0,1]) is a positive linear operator such
that L,(e;) = e;, j € {0,1}, and exists a constant K > 0 such that

(Ln(er — xe0)*)(x) 1
X(l_X) SK'E>X€(071)7
then, for f € C*([0,1]) :
(Lnf> (X) — f(X) K " 1
| S gl +o(). (3.1.9)

uniformly regarding to x € (0,1).

We apply Theorem 3.1.3 and Lemma 3.1.2 for A = 1 and A = % in the following two
corollaries.

Corollary 3.1.1. One has
(Sn2f)(x) — f(x)’ <L
x(1=x) ~4n
for f € C%(]0,1]), x € (O, 1); or

1
I ()| + 0(5)’ uni formly regarding to x, (3.1.10)

fH "
3.1.11
A1) Lol suin
Corollary 3.1.2. One has
S : 1
‘( AM]Z) ‘ < \f” H—O( ) uni formly regarding to x,
x(1 X

(3.1.12)
for f e C*(0,1]),x € (0,1); or

=1

HMHM < 8in||f"|y +0<%). (3.1.13)

€1 — €2
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Also we can make the comparison of the cases A = 1 and A = % in estimates with
Ditsian-Totik modulus. For this we apply Lemma 3.1.2 and Theorem 1.2.13 and we
obtain:

Corollary 3.1.3. The next relations take place:

i)

lesxin00 - s, < (5 + o)t (7 7). (3.1.14)

1
NG

SN0 -l < (B om)es(f, =) (3.1.15)
(0,1) 8 NLD

So that, for A = % an improvement of the order of approximation is obtained in
both comparisons.

3.2 The second moment of second degree Schoenberg operators on arbi-
trary knots

3.2.1 A first method which use an auxiliary extended knot sequence
In this Section, a more general extended knot sequence an is used:
Y o<y 1<0=y<y1...<Yn=1<Ynsr1 < Ynio, n>1 (321)

The relations (3.1.3), (3.1.4), (3.1.5) from Remark 3.1.1 are validate for y;, —2 < j <
n + 2, too.

For any real numbers t; <ty < t3 < t4 and y, we note:

1 /[ty —t 1
[(t1,to, t3,ta)(x) = 1 (; tl - 3) (x —t3)> + 5(754 — 2t3 +t2)(x — t3)
3 — 02
1
+z_1(t3 — tg)(ts —t3). (3.2.2)

Lemma 3.2.1. Let the extended knot sequence A, defined in (3.2.1), n > 1. Let
X € [Ygs Ygr1] where 0 < g <n—1. Then

(Sx,,(e1 = x€0)?)(X) = T(Yg-1, Ya» Ygr1: Ygr2) (X)- (3.2.3)

Theorem 3.2.1. Let the extended knot sequence A, 2, n > 1 given in (3.1.2) and the
appropriate operator SAW,. Let x € [Xq> Xq+1) where 0 < g <n —1.
The next relations take place:

i) (Sa,z(er —xeo)®)(X) = T(Xg-1, Xg» Xa+1 Xgt+2) (X), for 1 < g <n—2;
i) (Sa,.(e1 — xeo)?)(x) =T(0,0,x1, x2)(x), for ¢ =0;

i) (Sa,..(e1 = xe0)*)(x) = I'(Xn-2, Xn-1, 1, 1)(x), forg=n—1.
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3.2.2 A second method with the direct calculation

Further on, using divided differences on multiple knots for the second moment of
second degree Schoenberg operators, the above results are reached. It can be verified
by comparison that the results obtained by the two methods are the same. We consider
the extended knot sequence A,, 5 given in (3.1.2).

Theorem 3.2.2. Let x € [0,1], and ¢ € {0,1,..n — 1} a natural number such that
X € [Xgs Xq+1]- In these conditions, the second moment of second degree Schoenberg
operators on arbitrary knots has the next form.

i) Ifq =0,
2
(Sanaler =xeo))(0) = 4 (32 =3) + S (3:2.4)
4 X1 2
i) Ifq =1,
2
X X3 X({ X1X3
S e1 — xeo)? = —( —3)——(—— — )
Xl( X1X3 )
+ = — 3.2.5
4 \x2 — x1 ( )
ii) If 2<q<n-3,
2
X [ Xq+2 — Xg-1
Sa. . (e1 — xeo)? - _<¥ _ 3>
i g Xo -+ Yor1 + Xq—1Xg+1 — Xqu+2>
Xq+1 - Xq
n Xg(XqH + Xq+2) - X3+1 (qul + Xq). (3.2.6)
4(Xq+1 - Xq)
w) Ifg=n—2,
11— X)2 X3
S o)) = ( - 3)
( An,2(€1 xeo)”)(x) 1 2 — X1
I—x ( X1X3 >
- — X1~ X2
2 X2 — X1
Xl( X1X3 )
+ =|—— - ) 3.2.7
4 \x2—x1 X2 ( )
'U) ]fq =n— 17
1—yx)? 1—
(Sanaler —xe)(0) = L (2 _g) LLoX (30
’ 4 X1 2

3.3 The second moment of second degree Schoenberg operators on knots
in the roots of Chebyshev polynomials

Theorem 3.3.1. [118] For A, ;, extended knot sequence of form (2.1.14), with

5 2k — D)

Xk = sin —4(n— )
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1<k<n—1,n>2, x0=0, x, =1 it takes place

> x(1—x)

(San.(er —xe)?)(x) <m st > 2, x €10,1]. (3.3.1)

The roots of Chebyshev polynomials T),(u) = cos(n arccos u), u € [—1, 1] are
[l = COS (l—i-kE), 0<k<n-1. (3.3.2)
2n n

Using the transformation of the interval [—1, 1] in interval [0, 1] by function v(¢) = &£,
the following knots are obtained

or, more explicitly,

L 1<k<n. (3.3.3)

We define also, xj = 0 and x;;, . ; = 1.
We consider the extended knot sequence Ay 5:

0=xT=x1 =X0 <XI < <Xh < Xng1 = Xig2 = Xnus = L. (3.3.4)

3.3.1 The method which use an auxiliary extended knot sequence

From Theorem 3.2.1 we get by particularization the next Corollary. We replace
n with n 4+ 1, and we choose an auxiliary extended knot sequence in a given form in
(321) withy; = x5, (0<j<n+1),y2<y1 <0, and Yny3 > Yn2 > 1.

Corollary 3.3.1. Let the extended knot sequence Ay, ,, n > 1 given in (3.3.4) and
the appropriate operator Sax ., ,. Let X € [Xg Xg1), 0 < g <n.
The next relations take place:

i) For1<qg<n-—1,

(SA:L-!—I,Q (61 - XeO)Q)(X) = F(X;-la X;, X;_Ha X2+2>(X) (335)

ii) For q =0,
(Saz,,.(er = xe0)?)(x) = T(0,0,x3, x3) (x)- (3.3.6)

ii1) For g =n,
(Sas,,,(er = x€0)) () = TO¢h-1, X5 L D(X)- (3.3.7)

An explanation of these formulas will be made in the next section using a direct
calculation method.
3.3.2 The direct calculation method

Further on, using divided differences on multiple knots the above results are ob-
tained. We use the extended knot sequence A%, , defined in (3.3.4).
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Theorem 3.3.2. Letn > 2, Ay, and x € [0,1]. Erists a unique q € {0,1,..n} such
that X € [Xqs Xq+1) f 0 < ¢ < n — 1, respectively X € [Xn, Xn+1] if ¢ = n.The second
moment of second degree Schoenberg operators with knots in the roots of Chebyshev
polynomials has the next form.

i) If ¢ =0,
(Saz,,,(e1 — xeo)?) (x) = X? (3 — 12sin® 4— + 8 sin* %) + >2< sin? E (3.3.8)
i) If g =1,
(SA;HQ(@l - x€0)*)(x)
2 T2
_ (X Sin 4n) + 4SIH l <Sin2 1 - 1) X2
32(1 —sin? ) (1 - 2sin? ) dnl o dn
sﬁi@mﬁll)+mu%mﬁi—% (3.3.9)
4n an 2N 4n dn 2/ o
iii) If2<q<n-—2,
1
(Sag a1 = xeo))(x) = sin® Tx(L—x) = 7sin’ = (33.10)
w) Ifg=n—1,
(SA;H,Q(el - x€0)*)(x)
1_ 102 w2
- ( Sin 4n) +4Sln —(Sinzl o 1)(1_X)2
32(1 — sin® ¥ ) (1 — 25sin? i ) n 4n
3
sin n<451n2%—§>(1—X)+Sin4%<251n2%—§> (3.3.11)

v) Ifg=n,
(SA;H,Q(el — x€0)*)(x)

1 - x)? 1-
= —( 2X) <3 — 12sin? % + 8 sin* %) + TX sin® % (3.3.12)

The results from Corollary 3.3.1 coincide with the results from Theorem 3.3.2.

3.3.3 Basic results

Theorem 3.3.3. Ifn > 1 and x € [0,1] then
* x(1=x)

(Sag,, (e = xe0))00) < - T (3.3.13)

Moreover, the constant %2 15 the best possible in this inequality.
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Remark 3.3.1. Because the extended knot sequence with equidistant knots divide
the interval [0, 1] in n subintervals and the extended knot sequence A, , divide the
interval [0,1] in n + 1 subintervals, it is necessary to take n — 1, n > 2 in (3.3.13), to
compare the relation (3.1.1) with the relation (3.3.13). It is observed that

X(1—x) n \ x(@-x) _ x(1-x)
An—1)2 (n — 1> 4n? = n?

for n > 2.
Corollary 3.3.2. If f € C(]0,1]), x € [0,1], n > 1, then

[Sas,,,(fix) = fF()] < (1 + g)m <f, —VX(l_X)> . (3.3.14)

n

We observe that in the case of equidistant knots, for £ = 2, Theorem 2.2.6 approx-
imates weaker

1Sn2(f,x) = F(X)] < Cun <f, @) , (3.3.15)

where the constant C' is independent of n, f and y.

Corollary 3.3.3. For any f € C([0,1]) and any n > 2, there is a spline s of degree 2,
attached to the knots {0 = xo < x1 < ... < xn = 1}, such that

[f(x) = s(x)| < Cwy (f, y) , X €10,1], (3.3.16)

with a constant independent of f, n and .

We notice that the relation (3.3.16) is formally analogous to Teliakovsky’s estimate,
[124], of the best polynomial approximation on the interval [0, 1], where n has another
meaning:

Theorem 3.3.4. There is a constant C' > 0, such that for any function f € C([0,1])
and for every n € N, exists a polynomial P of degree at most n, such that

f(x) = P(X)| < Cwy <f, y> . x €[0,1]. (3.3.17)

Corollary 3.3.4. Forn > 1, x € [0, 1] we have

Spali) — 10| < (145 ) (fy) (3319

Again, an improvement is obtained by comparing it with the case of equidistant
knots, from the Theorem 2.2.6,

|f(x) = Sn2(f, X)] < Cws (f, w> , (3.3.19)

with a constant C' independent of n, f and x.

Formally, the estimation (3.3.18) can be compared to Gavrea’s result [34] regarding
the polynomial approximation, which improves Teliakovsky’s result.



Abstract—The Study of Some Functions Approximation Procedures 25

Theorem 3.3.5. Ezists a sequence of positive linear operators (Ly,),, L, : C([0,1]) —
I1,, and a constant C > 0, such that for any function f € C([0,1]) and any n € N

1f(X) = (L) (X)| < Cu (f, —W) , X €10,1]. (3.3.20)

Using the second Ditzian—Totik modulus the following result is obtained.

Corollary 3.3.5. For f € C([0,1]) and n > 1 we have

32 1
15854, (f) = fll < (1 + 7)% (f, —) . (3.3.21)
In the case of equidistant knots in [11], the following relation was obtained:

I,a(9) - 711 < gt (1 (5:5.29

)

where f € C([0,1]), n > 1.

4 The second moment of third degree Schoenberg operators
and applications

4.1 The case of arbitrary knots
4.1.1 The method with an auxiliary extended knot sequence

We consider the extended knot sequence of type (2.1.14) with arbitrary knots and
k = 3 which we denote A, 3

O=x3=X—2=X-1=X0 < X1 <X2< .. <Xn=Xntl = Xnt2 = Xnt3 = L.
(4.1.1)

We will apply Marsden’s identity (2.1.16) for k = 3. We consider an auxiliary knot
sequence A, 3 with the knots:

Y3<y o<y 1<0=yo<y1 <y2<..<Yn=1<Yns1 < Yns2 < Yns3,
(4.1.2)

where the knots y 3 < y_ o <y 1 <0 and 1 < y,11 < Ynio < Yni3 are variable and
Yi = Xi, for 0 < i < n. By taking into account that in (Sa,, , (e1—xe0)*)(x), (x € [0,1])
is build using divided differences with multiple knots, we obtain, for x € [0, 1]

(Sa,s(er — xe0)®)(x) = lim (Sx, (€1 = xeo))(x)- (4.1.3)
Y—3,Y—2,y—1—0 ’
Yn+1,Yn+2,Yn+3—1

In this limit the order of the points y_3 <y o <y_1 <0and 1 < y,11 < Ynio < Ynis
is maintained.

For any x € [0, 1] exists an integer 0 < ¢ < n — 1, such that x € [x4 Xgt+1] =
[yqv yq+1]'
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For knot sequence (4.1.2) and for 0 < ¢ <n —1 and x € [y,, Ys+1] we define

T (Yg—2,Ya-15 Yg» Yat1, Yar2s Ygr3) (X)
- l{yq-i-?» - yq—l . (X - yq)3 . yq—i—? - yq—? . (X - yq+l)3
yq+2 - yq yq—‘rl - yq yq+1 - yq—l yq+1 - yq

9
- Y (X—yi)(x—yj)}, (4.1.4)

q—1<i<j<q+2

more explicitly,

F(yq—27 Yg—15Yq> Yq+15 Yg+2, yq+3) (X)

o X3 Yg+2 — Ygq—2 | Yg—1 — Yg+3 X2 Ygq+2 — Yg—2

9<yq+1 - yq) Yg—1 — Yg+1 Yqg = Yg+2 Yg+1 — yq) Yg—1 — Yg+1
Yq—1 — Yq+3 X 2 ([ Yg+2 — Yg—2
T N (Rt S RS PR Sy g e
I yq - yq+2 3 a I yq-i—l - yq ot yq—l - yq—H
Yg—1 — Yq+3 1
+ 1) + yg(u - 1)} } - _{(yq+2 + Yg—1) (Yg + Ygr1) + Yg¥gt1
Yqg — Ygq+2 9
1 Yg+2 — Yg—2 3( Yg—1 — Yq+3
+ Ygo1Ygre + —[y3 (—) +y <—)] } (4.1.5)
a o yq+1 - yq ot yq—l - yq—H ¢ yq - yq+2

Remark 4.1.1. Because y; # y;, Vi # j, ¢ —2 < 4,5 < q+ 2, the form of I have
sense.

Theorem 4.1.1. Let the knot sequence A, 3 given in (4.1.1). If X € [Xg Xq+1], with
0<qg<n-—1, then

(Sans(er — x€0)?)(X) = T(Xg=2, Xg—1+ Xa» Xg15 Xa+25 Xag+3) (X)- (4.1.6)

Remark 4.1.2. Although in the computation of (Sx ,(ex — xeo)?)(x) we use all the
knots y,—3 < ... < Y44 the final results depends only on the knots y,_2 < ... < yg43.

The form of the second moment will be established separately in some cases, from
the above theorem and relation (4.1.3) in the following corollaries. For simplicity in
most of the situations we consider only the case where y is in the left part of the interval
[0, 1], since on the right part the result can be obtained by symmetry, replacing x with
1 — x and y; with y,,—;, (=3 <71 <n+3).

Corollary 4.1.1. If n =1 and x € [0,1], then

(Savsler — xen))() = 2 + (4.17)

w0

Corollary 4.1.2. Let n =2. For x € [0, x1] we have
3 2
X Ly X Ly X
Sster e = X (1- D) X e- ) p X s
(Saza(er = xeo))(x) = g 3 o) Ty (L)

For x € [x1,1] the expression (Sa,,(e1 — xeo)?)(x) can be obtained by symmetry.
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Corollary 4.1.3. Let n = 3.
i) For x € [0, x1], we obtain

1
(Sass(e1 — xeo)?)(x) = =— (— - &) - X? (2 _ §> n %Xl- (4.1.9)
it) For x € [x1, X2, we have

(Sass(er — xe0)*)(x)
_ X ( 1 1 > L X (1 2x
IMxz2 —x1) \1—x1 X 3xa—x1)\1—x1

3 9
X1 ) X1 [ X1 X1 ]
- + + — — — . 4.1.10
u I —x1 9lxa—x1 (e—x1)1—x1) X2 ( )

2

w1) For x € [x2,1], the expression of (Sa,,(e1—xeo)?)(x) can be obtained from case
i) by symmetry.

Corollary 4.1.4. i) For n >4 and x € [0, x1] we have:

3 2
X" (X3 X2 X X2 X

S e1 — xeo)? ———(———>——(2——)+— .

( An,s( 1~ Xxe0)”)(x) 9 \x2 1 3 1 3X1

(4.1.11)

it) Forn >4 and x € [x1, x2| we have:

X (£+ X4 ) X2[2X1_X3

S e1 — xep)? = Y
(An,3(1 x€0)”)(X) 9(x1—x2) \x2 X1 — X3 3 Lxi—xs

—x3) +
n xs(X2 — x3) X1X4} e [Xl PV ¢ <X3 L XaXs )}
(x1—x2)0x—x3) ! 3 X1 = X2 X1 = X3

2
X1 [ X1X3 X1X4
— Mg+ + | (4.1.12)
9 xi—x2  (xa—x2)0a —xs)
iii) Forn >5 and X € [Xqs Xq+1], with 2 < g < n — 3 we have:
(Sans(er = x€0)*)(X) = T(Xg-25 Xg—1 Xa» X1, Xg+25 Xg+3) (X)- (4.1.13)

w) Forn >4 and X € [Xn—2, Xn_1] the expression of (Sa, ,(e1 — xeo)?)(x) can be
obtained by symmetry from case ii).

v) For n > 4 and X € [Xn-1,Xn] the expression of (Sa,.(e1 — xeo)?*)(x) can be
obtained by symmetry from case i).

4.1.2 The method based on direct calculation

The explicit form of B-splines and of second moment of third degree Schoenberg
operators, for arbitrary knots, on intervals of the type [0, x1], [x1, X2], [x2, x3] are pre-
sented below.

Proposition 4.1.1. For x € [0, x1] and n > 4 we have:

3 2

X X3 X2 X X2 X
Sa (e — veg)? :-(-—-)——(2——)+— . (4.1.14
(Sans(er —xeo)™)(x) e 3 ) T3 ( )
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Proposition 4.1.2. For x € [x1, x2] and n > 4, the second moment of third degree
Schoenberg operators has the following form:

3 2
X X3 X4 X“[2X1 — X3
Samsler —xeo))0) = (g X ) XPPuc
—x3) +
N xs(x2 — x3) X1X4] X [Xl byt X0 <X3 L X )]
(x1 —x2)(x1 — Xx3) 3 X1 — X2 X1 — X3
2
X1 X1X3 X1X4
- M+ + | (4.1.15)
9 x1—xz  (x1—x2)(x1—Xx3)

Proposition 4.1.3. For x € [xs, x3] and n > 5, we have:

3

S e — ven)? _ X X1~ X5 4 X4

(Sanaler = xeo))(0) = 5= =0+ 2)

_ X_2 [1 n X3 i xz(x1 — X2 — Xxs) Xa(X1X2 — X3X4) }
3 Xs— X2 (xs—x2)(x2—xa) O —x3) (s — x2)(x2 — xa)

Xaxs  xaxalxsxa — X1X2))]

X
+ = [X2 + X3+ <X1X3 — X2X4 —

3 X3 — X2 X2 — X4 (X1 - X3)(X2 - X4)
1 X2(X1X3 — X3X5) | XaXaXa(X3 — X2X4)
[ + ) + A 3
9(x2 — Xx4) X3 — X2 (x3 — x2)(x1 — x3)
2 _ _ _
N X1Xa(X3 — X1X4 — X2X4 X1X3)]‘ (4.1.16)
X1 — X3
Particular cases
Proposition 4.1.4. For n =1 we have:
2
X X
(Sasaler — xeol)) = =% + 2. (4.1.17)
Proposition 4.1.5. Let n = 2. For x € [0, x1], we obtain:
3 2
X 1 X 1 X
Sa, 4 (€1 — xeo)? :—(1——)——(2——) X, 4.1.18
(Sass(er —xeo)”)(x) o o 3 o +3x ( )

and for x € [x1,1], we have (Sa,,(e1 — xeo)?)(x) =

3 2 2 3 1—2
XXlz_X_[l_'_ Xi 2]+5[1+ Xi 2]_&[1_><1( x;)

9(1 —x1) 3 (1 —=x1) 3 (1—=x1) 9 (1 —=x1)

(4.1.19)
Proposition 4.1.6. Let n = 3. For x € [0, x1], we obtain:
3 2
LA CAN ¢ X2\ , X

S ~ veo)? :—<———)——<2——> X 4.1.20

For x € [x1, x2], we have (Sa,,(e1 — xe0)®)(X)
3 2

X < 1 1) X (1—2X% ) X ( 2
Mz—x)\M—x1 xo/ 30e—x)\T—-xvi T 30— )\
3 2
X1 > X1 [ X1 X1 ]
4+ &L — — ysl. 4.1.21
1—x1 9 Ixa—x1 (X?‘Xl)(l_Xl) X2 ( )

- X1+
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For x € [x2,1] we have (Sa,,(e1 — x€0)?)(x)

_ X [1—X1 1 } x2[1 X3 Xl(l_X1X2)]
— — - = + —
91 —x2)ll—=x2 1—x1 3 (1—=x2)? (1—x1)(1—x2)?
2x2 — 4y, + 3 1— 11 3x2 -6y, +4
i X[3+X2— X1 — 4 X12] _[ X1 — 6xa
3 (1=x)(1=x2)  (I—x2) LT —x1)(I = x2)
I—x1
S S S —3] 4122
Tz Y (4.122)

Proposition 4.1.7. Let n = 4. For x € [0, x1] we have:

2

S _ 2 X" (X3 X2 _X_2_& X '
(An’3(€1 xeo) ) = 9X1(X2 X1> 3( )+3X1

For x € [x1, x2] we obtain:

(Sans (61 — xe0)2)(x)
3 1 2—xilxa+1)
X?[oa—m)(xl X3 | xalui — ]+ 3 [ (é X><X }

X3)
N g[x?(lﬂa) X1(x2+><3)+x2><3} +%[ o >(<)1((1x1+>><<1><3—x3)]

(Xl X2)(X1 X3) )
(4.1.24)
For X € [x2, xs] we have (Sa, ;(e1 = xe0)*)(x)
_ _XS 1 I—x1 X_2 —X1X2
~ 9(x2 — x3) [XI_X3+1_X2} T3 [( — x3)(x2 — Xx3)
i xz(x1 — 2x3) 2X3 _ XiX2 — X3 ]
(1=x2)(x1—x3)  (IT—=x2)(x2—x3) (I—x2)(x1 —x3)(x2 — x3)
X [ B X3 X2 Xi
3 i —x3)x2—x3) x2—x3  (xa—x3)(1—x2)
i X xixs(1 — xixz) } 1[_ X1X
(X2 )(1 —x2)  (IT—=x2)0—x3)(xa—x3)d 9 e
Xi B+ X — X —2x + xixe)
e e R e e e R SRR

(4.1.25)

For x € [xs, 1] we have (Sa, ,(e1 — xe0)?)(x) =

3 2

X [ X1 X2 X2 — X3 _ X [1 ~ xs
9(1 - Xs) I—x2 1—x3 (1 - X2)(1 - XS) 3(1 - Xz)
X1 — X2 X3(X2—X3)} x[ I—x2  xa+4x2—2x3—3 ]
- —~ + 2|3+ - +
I 1oy 173070 w2 -wl-xw "
a2 -9 2
" Xs(xe+Xxs—x3)  Xetxs—2x3 X1 (4.1.26)

3(1 = xa)? 91— x2)1 —xs)> 91 —x2)(1 —x3)
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4.2 The case of equidistant knots

Let us now consider the equidistant knots x; = % with 0 < 7 < n and extra-knots
X-3 = X—2 = X—1 = 0, respectively Xn11 = Xn+2 = Xn43 = 1.

Theorem 4.2.1. i) For n =1 we have:

(Sn,3(€1 - X€0)2)(X) = X + g

i1) For n = 2 we have:

_§ + %’ X € [07 %]
(Snaler — xeo)*)(x) = o
2 2
TS +i-m xel]]
iii) For n = 3 we have:
3
2
(Snaler =xe))0) = ~¥+3 - x€[5 3
3 2

iv) For n =4 we have:

2 1
_% + 1X27 X € [07 Z]
23 2 1 11
, S osts o X€lhal
(Snaler — xeo)”)(x) = L
2 7 13
—5 tS -ttt x €l
2x3 2x2 7
(-3 T3 5% x€ll
v) For n > 5 we have:
r 35 1
Xl_S—{_%’ X € [Oa E]
3n 2
R S X € [ 2]
(Snsler — xe0)®)(X) = {50 x € [2,22]
1-x)3n 1—x)? 2(1— n—2 n—
( fé) ( 3X) + (3nX) #v X € [7277]
1—x)3n — n—
L ! 1>z<3) +13_nx’ XG[Tlvl]

Remark 4.2.1.
(4.2.1)
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4.3 Applications in approximation

Theorem 4.3.1. Let A, 5 defined in (4.1.1), n > 5. Let f € C([0,1]). If x € [Xg> Xg+1);
0§q§n—1,0<h§%, then we have

(SansF)(X) = F(X)] < (1 v %FO‘“’X‘I1’Xq’>2‘3“’X"“’X‘I*:”)(X))wQ(f, h), (4.3.1)

3P(Xq—2;Xq—1’Xq7Xq 17Xq 27Xq 3>(X) ©
(S8,0 )00 = 7001 < (145 IR g (1, h), (432)

where in the last inequality we have the additional condition x € (0,1).
In the case of equidistant knots, using the estimate
(Sualer — xeo))) _
Y- S3m-1)

1 .
n—1"

n>2, x€(0,1) (4.3.3)

given in [11] we get from (4.3.2), for h =

3 1
1Snaf = fll < 50050 <f7 ﬁ) ;
9

where the constant 2 improves the constant 3 given in [11].

Theorem 4.3.2. Let A, 3 given in (4.1.1), with n > 5. Let f € C?([0,1]). If x €
[anXq—H]; 0<qg<n—1, then

1
- éf”(X)F(XH, Xg—1> Xgs Xa-+1> Xg+25 Xq+3) (X)

5
< EF(Xq—QyXq—laXq7Xq+1an+27Xq-‘r?))(X)wl(f”a||Ak,3||>- (4-3-4)

n’> n

Lemma 4.3.1. For x € [2 ”—’2] , n>5 we have:

(Swaler — veo) ) () < s (4.3.5)

— 3n*
Remark 4.3.1. Lemma 4.3.1 improves the estimation (S,3(e; — xeo)?)(x) < T
X € [0, 1], obtained in [120].
Corollary 4.3.1. For Schoenberg operators with equidistant knots, S, 3, for f € C?*([0,1]),
x € (0,1) and n > max{2 2 5} we have

X X

(5§00 = 1001 = 00| < g (11, (436

Finally there exists the limit:
Corollary 4.3.2. For Schoenberg operators with equidistant knots, S, 3, for f € C?*([0,1])

and any compact interval [a,b] C (0,1) we have

lim n?[(S,3f)(x) — f(x)] = %f”(x), uniformly for x € [a,b]. (4.3.7)

n—oo
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4.4 Schoenberg operators for which the space of polynomials of degree two
is invariant

The preservation of certain class of functions is a natural question which can be
considered for the positive linear operators. For instance, Bernstein operators of degree
k have the property of preservation of the degree of polynomials of degree smaller or
equal to k. In the case of Schoenberg operators it is well known that the space of
polynomials of degree 1 is invariant. But the invariance of the space of polynomials of
degree 2 is not a general property of Schoenberg cubic operators. In the next theorem
we construct special Schoenberg operators which have a such property.

Theorem 4.4.1. Let n € N, n > 5, n odd. There is an extended knot sequence A, 3 :

O=x3=X2=X1=X0<X1 <. - <Xn-1<Xn=Xntl = Xn+2 = Xnt3 = 1,

such that
SAR’S(HQ) C HQ.

4.5 Schoenberg-King type operators

If (Ly)n, Ly : C(la,b]) — C(la, b)) is a sequence of positive linear operators that
preserves the constant functions, by King type modification of them we mean a sequence
of operators (LX), LK : C([a,b]) — C([a,b]), defined by

LE(f.X) == La(f, (X)), f € C([a,b]), x € [a,b],

where 7, € C([a, b]), is a function such that r,([a,b]) C [a,b] and LE(ey) = e,.

This kind of modification is due to King, [62] who applied it to Bernstein operators
B, : C([0,1]) = C([0,1]). The resulting operators, which are noted here BX maintain
the property of the uniform approximation of the functions in C'([0, 1]). Since then, this
idea was generalized in several directions. One of them is the application to several
type of approximation operators, in [40]. However this kind of modification is not
possible to be applied to any sequence of positive operators. We show that the King
modification can be applied to Schoenberg operators.

Theorem 4.5.1. For any knot sequence A, 3
O=X3=X2=X1=X0<X1 <+ <Xn-1<Xn = Xntl = Xn42 = Xnt3 = 1,

exists a unique function ry, : [0,1] — [0,1], such that SX (es) = es. More 1y, is
continuous and

3
IS o £ < S (£ 12l (45.)
Corollary 4.5.1. In the conditions of Theorem 4.5.1, if ||A, 3|l = 0, (n — 00), then

lim 1S, ../ = /]| = 0. (452
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5 A definition of two—dimensional Schoenberg type operators

5.1 Two—dimensional Schoenberg type operators on arbitrary knots

Let f:]0,1] x[0,1] = R, n >0, h >0, m > 0, k> 0 and the knot sequence A,,

O=Xh=X-ht1=--=X0< X1 <X2< oo <X = Xn+l = -+ = Xnth = 1,
(5.1.1)
respectively A, i
O=pp =pfotg1 = . = o < i1 < g < oo < g = g1 = - = Mtk = 1.
(5.1.2)
The Greville abscissas associated with knot sequence A,, ;, are
£op 1= it + Xi+2h+ ot Xith with —h <i<n—1, (5.1.3)
and the Greville abscissas associated with knot sequence A,, ; are
1 e e . .
G = Bt B Hitk ith —k<j<m—1. (5.1.4)

k
The B-splines N, 5 (x) depending on A,, , are defined through:
Nin(X) = (Xith41 = Xa)[Xi» Xit1s s Xitht1) (- — X)}}r, —h<i<n-1, (5.1.5)
and the B-splines NV; ;(p) depending on A, ; are defined through:
Ni(p) = (garsr — 3) g st oo ] (- — ), =k <j<m—1.  (5.1.6)

Remark 5.1.1. If x € [Xg: Xq+1] and o € [por, pr1] with0 < g <n—-1,0<r <m-—1,
then

Nin(x)=0fori<q—hori>q+1; and N;p(x) >0 forq—h <i<g,
and
Nji(p) =0 forj<r—korj>r+1; and Nju(p) >0 forr —k < j<r.

Remark 5.1.2. For x € [0,1] :

n—1 n—1

i) Z Nin(x) =1, Z Nin(x) 20,
i=—h i=—h
For € [0,1] :

i) S Nisli) =1, 3 Nysl) 2 0.

j=—k j=—k

Definition 5.1.1. Points with coordinates (X;, j1;) where x; € Ny and p; € Ay,
forms a network of points associated with knot sequence A, and A, k.
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We use the following notations

Av = {Xi} —h<i<nin, Do = {,U/j}fkgjgm+k, (5.1.7)
A=A x A,. (5.1.8)
A=AV = {(xi, 1), —h <i<n+h—k<j<m+k}. (5.1.9)

Definition 5.1.2. Two-dimensional Schoenberg type operators associated with A, are
defined as follows:

n—1 m-—1

( Z Z N’h )f(gz h?Cj k) (5110)

i=—hj=—k
where f:[0,1] x [0,1] = R, (x,p) € [0,1] x [0,1].

Remark 5.1.3. By taking into account Remark 5.1.1 it follows that if x € [x,, Xq+1];
with 0 < g <n—1and u € [, ftr41] with 0 <r <m — 1, then

(5a Z Z Nin OO Njik (1) f (& Gk - (5.1.11)

i=q—h j=r—k

Definition 5.1.3. The surface generated by the two-dimensional operators of Schoen-
berg type defined in (5.1.10) is called the Schoenberg type surface.

Proposition 5.1.1. Let f,g:[0,1] x [0,1] = R. Then
Sxlaf +0bg) = a(Sxf)+b(Srg),Va,b e R. (5.1.12)
Proposition 5.1.2. Let f:[0,1] x [0,1] = R, f > 0. Then
(Sxf) = 0. (5.1.13)

Proposition 5.1.3. Two-dimensional Schoenberg type operator Sx is a polynomial of
degree at most h in the variable x and degree at most k in variable i, on each rectangle
[Xi—1, Xi] X [pj—1, ;] with0 <7 <nm—1and 0 < j <m—1. Moreover, Sx is a B-spline
in each variable.

Proposition 5.1.4. Two-dimensional Schoenberg type operators admait partial contin-
uous derivatives on [0, 1] x [0, 1].

Further on, the functions ey, m,m € C?*([0,1] x [0,1]), defined by eg(x,p) =
L m(x, p) =x, mi(x, 1) = p with (x, ) € [0,1] x [0, 1] are considered.

Proposition 5.1.5. For two-dimensional Schoenberg type operators and any (x,p) €
[0,1] x [0,1] we have:

i) (Sxeo)(x, 1) =1
i) (Sam)(x, 1) = X
iii) (Sam2)(X, 1) = p
i) Sx(mma)(x, 1) = xp.
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Proposition 5.1.6. Let ¢ : [0,1] x [0,1] — R an affine function. Then

(Sxp) = . (5.1.14)

In the next proposition the notation e;(t) = ¢, ¢t € [0, 1] is used, and ey denotes the
constant function equal to 1, on the both sets [0, 1] and [0, 1] x [0, 1].

Proposition 5.1.7. For two-dimensional Schoenberg type operators Sx and each (x, 1) €
[0,1] x [0, 1] we have:

i) (Sa(m — xeo))(x, ) =0,

i) (Sa(m2 — peo))(x, 1) =0,

i) ( )?)(x; 1) = (Sa, (er — xe0)*)(X),
)?)

Xo 1) = (
X 1) = (Say(er — peo)®) ().

The sufficient condition for one-dimensional positive linear operators L,(fi) to
uniformly converge at the continuous function f;, [16], it is also preserved for two-
dimensional Schoenberg type operators as shown in the following theorem.

Theorem 5.1.1. For that two-dimensional Schoenberg type operators

n—1 m-—1

(SaNOGm) =Y > NinGONik(1) f (Ens G

i=—h j=—Fk

to converge uniformly on [0,1] x [0, 1] to the continuous function f(x, u) it is sufficient
that for any n. > 0

Nipn )Nk (i) =1, 5.1.15
Zle(gi,h,cj,k)—<x,p>u<n5 h(OX)Njin (1) ( )

uniformly for 0 < x <1, 0 < u <1 when n — co and m — 0.

Definition 5.1.4. We consider knot sequence (5.1.7). The norm corresponding to each
knot sequence 1s:

|AL|| = maz;(xiv1 — Xi), Tespectiv || Aq|| = max;(pis1 — ). (5.1.16)
In these conditions, we define the norm
A = (1A + [[Aell, (5.1.17)

therefore | A||? = mazi((Xit1 — Xi)* + (fiv1 — 1)?).-

A quantitative version of the degree of approximation can be given using the first
order modulus of continuity, defined as follows:

wi(f,p) = sup{|f(x1, 1) — fxa, )|, (xa,m), (xa, p2) € [0,1] x [0, 1],
1(xas 1) = (x2, 2) || < p}, (5.1.18)

where f € C([0,1] x [0,1]) and p > 0.
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Theorem 5.1.2. For any f € C([0,1] x [0, 1]) two-dimensional Schoenberg type oper-
ators Sx satisfies inequality

1(Saf) = fIl < Ver (£, IA]), (5.1.19)
where V = L max{h + 1,k + 1}.
Corollary 5.1.1. If
IA]l = o,

then two-dimensional Schoenberg type operators

n—1 m-—1

(SaN0C) =D 3 Newl)Njw(w) f s Gie)

i=—h j=—k
converge uniformly on [0,1] x [0,1] to f, for any continuous function f.
Theorem 5.1.3. The second moment of the two-dimensional Schoenberg type operators
Sx forh=Fk =3, is
(Sa((m1 — xeo)® + (m2 — peo)*) ) (x, 1)
_ 1[Xq+3 —Xo-t (X = X0’ Xer2 = Xe2 (X = Xgr1)?
Xg+2 — Xq Xg+1 — Xgq Xg+1 — Xg—1 Xg+1 — Xgq

9
3
Horg3 — Hr—1 H— [y
Y ) ¢ e B
q—1<i<j<q+2 Hrg2 — fr Mg — Uy

Hry2 — Hr—2 (/L — My 1)3
" ' - Y (e )| (5.1.20)
Hred = Hr=t Hret = M G

where (X, 1) € [Xq» Xq+1] X [ty ftry1] with0 < g<mn—1and0<r <m—1.

5.2 Two—dimensional Schoenberg type operators on equidistant knots

Now the case h = k = 3, m = n and equidistant knots is analysed. More precisely,
the equidistant knots are x; = +, 0 < ¢ < n, and the extra-knots are x 3 = x 2 =
X—-1 = 0and Xnt1 = Xnt2 = Xnt+3 = 1, respectively p; = %, 0 < j < n,with extra-knots
pz = pog = p—1 = 0 and fmi1 = fmi2 = fmis = 1.

The Greville abscissas are in this case

it2, 1E€{=3,...,n—1 —2.n—2
:Xi+Xi+1+Xz‘+2_ X1+2 { P\ }

51',3 - 3_n’ Z - —27 (521)
3 37;":1 i—n_2
respectively
. . . Hj+2; je{_37"'7n_1}\{_2an_2}
g =it “J+31 Thive )L =2, (5.2.2)
= j=n-2

The B—splines are

Ni,3(X) = (Xi+4 - Xi)[Xiy Xi+15 Xi+25 Xi+3» Xz‘+4]<' - X)i? (5-2-3)
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respectively

Njia(p) = (a — 1) (15 11 B2y 43y fhira) (- — p)3 (5.2.4)

We denote with S'mg two-dimensional Schoenberg type operators on equidistant knots
with h = k = 3, m = n, and with S, 3 one-dimensional third degree Schoenberg
operators on equidistant knots.

Definition 5.2.1. Two-dimensional Schoenberg type operators Sn’g, total degree at
most 6, are:

n—1 n—1

SnsH)06 1) =Y D Nia(O)Na(u) f (s, Gs). (5.2.5)

1=—3 j=-3

Lemma 5.2.1. The second moment of the two-dimensional Schoenberg type operators
Snz, withn > 5, (x,p) € [0,1] x [0, 1] verifies the relation

1

(Sna(m = xeo)*) (X 1) < 55 (5.2.6)
Moreover,
& 1
(Sna(m = xeo0)?) (x, 1) = 32 (5.2.7)

Jor x € [2,22] and p € [0,1].
Similar relations are true for ( Spa(my — x€0)?) (X, ).

Lemma 5.2.2. Forn > 5 it results

& 8
(Sns((m1 — xeo)* + (w2 — peo)t)) (x, ) < Ewve (5.2.8)
Theorem 5.2.1. The following limit is true

im 1 ((57) ) = £ ) = g [5 000 + 5 em]. (529

for any f € C?([0,1] x [0,1]) and (x, ) € (0,1) x (0,1).

To evaluate the approximation order through the operators 3,173 we use general
evaluations, expressed with second order moduli of continuity, demonstrated in the
paper [87]. These give a finer evaluation than the evaluations with the first order
modulus. For this we introduce the following notations. Let be (X, || - ||x) a normed
space and D C X a compact and convex set. Let be ¢y € F(X,R), eo(t) = 1,t € D
and ¢d : X — X the identical function. Let be a family of positive Borel measures
{fiz}zep on D, 0, # 0. For any Banach space (Y, || - ||y) we can consider the linear
operator Ly : C(D,Y) — F(D,Y) defined by the relation

(Ly f)(x / fdo,, f€C(D,Y), z €D, (5.2.10)

where the integral is taken in the Bochner sense. Denote by X*, the space of linear
continous functionals ¢ : X — R.
If feC(D,Y)and h > 0 then the usual second order modulus is defined by

a1 1) = w10 255"

With these elements the following theorem it will prove.

)+ f(v)Hy,u,v €D, Ju-vlx <2h}. (5.2.11)
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Theorem 5.2.2. In the above conditions, if in addition we assume that X has a finite
dimension p and the conditions are fulfill:

Z) LR(eo) = €y

ii) Lr(p) = ¢, for any ¢ € X,

then

[(Ly)(f)(x) = f(z)[ly < (pLR(eo,:x) + 2LhQLR(H - —:c||§(,x))a;2(f, h),  (5.2.12)

for f € C(D,Y), h>0, z €D [86], [87].
In the case of operators S, 3 we get:

Theorem 5.2.3. We have

N 1 N\
Buahlem) = Foeml < (2+ g3 ) @a(f. 1), (5.2.13)
where f € C([0,1] x [0,1]), A > 0,(x, ) € [0,1] x [0,1], n € N.
Consequently:
1(Snaf) — fll < gaﬂg (f,%) , f€C(]0,1] x[0,1]), n € N. (5.2.14)

In [87] the following second order global continuity modulus is also defined:

Definition 5.2.2.
a3(f.h) = sup{|| Yo nr0@) = £ x € Do e Dl = xllx < b
=1

n€(0,1), 0<i<n, /\1+...+/\n:1}, (5.2.15)
where f € C(D,Y), D C X it is a compact and convez set in the normed space X, Y
1s another normed space, and h > 0.

For the same previously defined operators, an evaluation that does not depend on
the size of the space X is demonstrated:

Theorem 5.2.4. We assume that conditions i) and i) of Theorem 5.2.2 are fulfilled.
Then for any Banach space Y, the operator Ly define in (5.2.10) satisfies the inequality

Iy D)~ F@l < ((Ealeo)@) + 35 (all- —lR)@) )50, b),

(5.2.16)
for f e C(D,Y), h>0 [87], [88] .
Applying this theorem to operators 5’,13 we obtain

Theorem 5.2.5. For a function f continue on [0,1] x [0,1] and h > 0 we have
Gua D)) = Tl < (Lt 5o )5S 1),
’ 3n2h?
Consequently

1Gnsf) = fIl < g@; <f7 %) Fec(0]x [0,1]), neN. (5.2.17)
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6 Applications of Schoenberg spline operators in practice

The main parameter in the design of solar energy conversion systems is the solar
irradiance. A low accuracy of the theoretical models for estimating the solar irradi-
ance leads to an inaccurate estimation of the energy that will be obtained and also
affects the durability of the solar energy conversion systems. The values of the direct
solar irradiance were measured in the Research Center Renewable Energy Systems and
Recycling from R&D Institute of Transilvania University of Brasov.

6.1 Evaluation of the errors between the experimental values of the direct
solar irradiance and the values calculated with the Meliss model

)]

In this study, the maximum value of the direct solar irradiance in one minute 74",
is denoted by B.,p,. Standard local time is transformed into apparent solar time using
the equation of time

ET =9.87sin2B — 7.53cosB — 1.5sinB, (6.1.1)

with 260
B=(N-81)—/— 1.2
(N —s1) 200, (6.1.2)

and longitude correction
AST = LST + ET +4(SL— LL) — DS, (6.1.3)

where LST is the standard local time, ET is the equation of time, SL is the standard
longitude, LL is the local longitude, and DS is a factor that takes into account whether
the time in the analyzed period is summer time or winter time (it is 0 or 60 minutes)
[57].

The study uses the measured values B.,, from the period 2013-2016, for the im-
provement of the theoretical model, and those of 2017 for the validation of the new
formulations of the model. The arithmetic mean of the values of the direct solar irra-
diance in the clear days of the monitored period was calculated for each minute ”7”,
noted with Begp -

Experimental solar energy for the period of time [¢;,?,] is note Ep.,, and is calcu-
lated with the formula

to
> Bewp- 7 [Wh/m?), (6.1.4)

i=t1

1
EBewp - 60
considering B.,, constant over a period of time 7 of one minute between two measure-
ments. Analogous proceeded for the average experimental solar energy, noted Epcyp m.,
using in (6.1.4) arithmetic mean of values Be).

The interval [t1,t5] was first considered between 04:00-20:00 for the classification
of days, then was reduced to 08:00-16:00, because between these hours there are big
differences between the values B.,;, and the direct solar irradiance, denoted by B,
obtained from the theoretical Meliss model.

To estimate every minute ”¢” the direct solar irradiance at ground level, B, for
Bragov, 45.67N latitude and 25.55F longitude, we use the theoretical clear sky Meliss
model [75]:

B =B, e(@%, [W/m?] (6.1.5)
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Solar irradiance at the upper limit of the Earth’s atmosphere By, take values be-
tween 1413W/m? on January 3, corresponding to the shortest distance from Earth to
the Sun and 13217W/m? on July 3, corresponding to the greatest Earth-Sun distance.
By is calculated [57] depending on the number of the day (N) and using the solar
constant Bgc = 1367W/m? with the formula

By = Bsc(1 4 0.0334 - cos(0.9856 N — 2.72)) [W/m?). (6.1.6)

The turbidity factor Tz represents the transparency of the atmosphere to the solar
radiation, and is given in [75] as monthly constant values with values between 1.8 and
2.7 for mountain areas, respectively between 2.1 and 3.5 for plain areas, and for cities
the values are between 3.1 and 4.3. T depends on local atmospheric conditions, with
monthly values between 2.8 and 3.2 for Bragov [126].

The elevation solar angle, «, takes daily values between zero (at sunrise and sunset)
and a maximum value at noon; the highest values are recorded at the summer solstice
and the lowest values are recorded at the winter solstice [130]. This angle depends on
time and location [31] and is calculated with

sin v = sin d sin ¢ + cos d cos ¢ cosw (6.1.7)

where ¢ is the angle of solar declination, w is the hour angle, and ¢ is the latitude.

The absolute error, ¢,, is calculated like the difference between an experimental
value V., and the theoretical one V, corresponding to minute ”¢”. For this reason it
can take both positive and negative values during a day.

o = Viepi — Vi (6.1.8)

The absolute average error, €, ,,, is calculated by considering the average of the exper-
imental values and the average of the theoretical values corresponding to the minute

747 in (6.1.8).
The relative error, ¢, expressed as a percentage, is calculated with
‘/eac i V;
Ep = p’T =100, [%)]. (6.1.9)

The absolute mean square error between an experimental value V., ; and the theoretical
one V;, for n values in the considered time interval, it is

n . 1/)2
RMSE = \/ 2izy(Verps = Vi) (6.1.10)
n

The relative mean square error of an experimental value V,,,,; and the theoretical one
V;, for n values in the considered time interval, is

rRMSE = % 1%). (6.1.11)

A first step in the proposed analysis was the study of July in the period 2013-2016.
For July 2016, the available direct solar energy is evaluated based on the relation
(6.1.4). Analyzing the variability of the direct solar irradiance, four types of days were
identified, namely: clear sky days, partially clear sky days, partially cloudy days and
cloudy days. Only four clear sky days were found in July 2016. The procedure for
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identifying clear days was repeated for July 2013, 2014 and 2015. Therefore, 13 clear
sky days were selected.

In 11 from those the 13 clear days selected, the model overestimates the direct solar
irradiance in the central part of the day, more precisely in the time interval 8:00-16:00.
An analysis was performed for this time interval using the absolute, relative error
and respectively the mean square error between the experimental values and those
calculated with the Meliss model.

Similarly, an analysis was performed corresponding to the time interval 4:00-20:00
for those 13 clear days. The obtained results lead to the conclusion that there are
big differences between the experimental values and those calculated with the Meliss
model appear in the central part of the day, in the time interval 08:00-16:00.

Except for two of the 13 clear days, the model overestimates the direct solar irradi-
ance, the absolute average error is —140.86 W/m? corresponding to an average relative
error of —20.35%, in solar time interval 08:00-16:00.

A similar analysis was conducted for a winter month, November, on the same period
as 2013-2016. The conclusions of the November months study from the period 2013—
2016 indicates to us that, except for two days out of the 11 clear sky days identified in
the period mentioned above, the model underestimates the direct solar irradiance, the
absolute average error is 135.14 W/m? corresponding to an average relative error of
29.54% in solar time interval 08:00-16:00. The absolute mean error between the direct
solar energy and the calculated one in the same range as above is 0.56 kKWh/m?, and
the average relative error is 9.49%. For the solar time interval 07:00-17:00, the absolute
average error increases to 0.65 kWh/m?, showing the importance of your accuracy in
estimating the area in the central part of the day.

We deduce that the Meliss model underestimates the experimental values in the
winter months, in contrast to the summer months when the model overestimates the
direct solar irradiance on clear sky days. Therefore, the accuracy of the Meliss model
needs to be improved, mainly in the solar time interval 08:00-16:00.

Using the Schoenberg spline operators, the Meliss model was improved, the study
being extended to all months of the years 2013-2016. The experimental values mea-
sured in 2017 were used to validate the results obtained.

6.2 The use of third degree Schoenberg spline operators in the purpose
improve the accuracy of the Meliss model

To improve the model, the turbidity factor considered constant during a month
was replaced by time dependent fourth degree polynomials. Experimental direct solar
irradiance values were used to determine cubic spline functions, using Schoenberg op-
erators in a program created in Wolfram Mathematica 10.1. These spline functions are
used to obtain two interpolation polynomials for the turbidity factor, one for the warm
season and one for the cold season. The new form of the model has been validated
using the 2017 measurements, the accuracy has been improved, reducing the relative
error from 8.12% to 4% in the warm season and from 5.02% to 4.15% in the cold season.
These improvements influence both the more accurate assessment of the solar energy
to be captured and the design process of the systems.

A general algorithm has been developed to improve the accuracy of clear sky models.
This algorithm was applied to the Meliss model, which estimates it every minute ”¢”
direct solar irradiance with the formula (6.1.5). The algorithm consists of the following
steps.
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1. Data acquisition and processing

Based on the experimental values of the direct solar irradiance, clear days are iden-
tified and selected. For the identified clear days, in order to evaluate the accuracy
of the model for clear sky, they are calculated for each minute 74", absolute and rel-
ative errors between experimental values B, of the direct solar irradiance and the
calculated values B with the theoretical model.

2.Creating daily spline functions corresponding to experimental values, using
Schoenberg operators

For clear days, in the case of databases with measured values at a rate of one minute,
the measured values are still considered every 10 minutes along the interval between
the sunrise and the sunset. These values are stored in a database and used to create
third degree spline functions.

The solar time interval [t,,,] is normalized to [0,1] using

ti—ty
Cty—t,

T

(6.2.1)

where: z is the normalized solar time, t, is the solar time expressed in minutes, ¢,

represents the time corresponding to sunrise, and t, represents the time corresponding

ta—tr
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the procedure of creating daily splines.

Creating spline functions using Schoenberg operators was made possible by writing
a program in Wolfram Mathematica 10.1. Equidistant knots have been used to build
spline functions with Schoenberg operators, more precisely these equidistant knots are

to the sunset. Further, [ ] normalized values of solar time are considered knots in

those [%} normalized solar time values.

Hence, the program built in Wolfram Mathematica 10.1, works with the number of

ta—1tr
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analytical expressions of the cubic splines s(x).

Considering that the solar elevation angle depends on time solar, the direct solar
irradiance can be calculated as a function with normalized solar time as variable,
x € [0, 1], using the Meliss model (6.1.5), with constant turbidity factor, presented in
[75]. The measured direct solar energy is obtained from the experimental values of the
direct solar radiation from (6.1.4).

Direct solar energy Eps calculated by considering a function f that corresponds to
a period of time [tq, 5], is

knots n = }, degree of splines k = 3 and with = € [0, 1], finally obtaining the

Epy — /t (@) da[Wh/m?). (6.2.2)

The values of solar energy obtained from (6.1.4) and from (6.2.2) are used to deter-
mine absolute error and relative error. These errors evaluate how well the measured
values are approximated by the created spline functions.

Using splines has also the advantage that, the spline function mediates the measured
values of direct solar irradiance, eliminating accidental deviations due to the variability
of the solar radiation.

3. Determination of a daily interpolation polynomial for direct solar irradiance
using the spline function created
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To simplify the analytical expression of the spline function s(x), which contain

[%] of third degree polynomials, in Wolfram Mathematica 10.1 an interpolation

polynomial of degree low B, (z) is obtained.

The fourth degree of the polynomial is recommended because the third or lower
degree interpolation polynomials do not approximate well enough, and the fifth or
higher degree interpolation polynomials do not bring a significant improvement over
those of the fourth degree. This conclusion is based on the analysis of a large number of
experimental data for clear sky days for which relative errors below 1% were obtained.

This daily interpolation polynomial is obtained using the spline function. If the

10
ance, we obtain in Wolfram Mathematica 10.1 an interpolation polynomial of degree

ta—tr
10

create spline functions, because in this way a small degree interpolation polynomial is
obtained.

4. Determination of the turbidity factor as a daily interpolation polynomial

To reduce the error between the experimental data and the calculated values, the
interpolation polynomial B, (z) is used further to determine the daily variation of
turbidity

interpolation is applied directly to [ﬁ] of measured values of direct solar irradi-

] , which is not convenient. This is another reason that demonstrates the need to

Tr(x) = f(Byo)(2). (6.2.3)

To simplify the analytical expression of turbidity which is calculated with (6.2.3),
an interpolation polynomial Tx,. () is obtained in Wolfram Mathematica 10.1 approx-
imating the daily variation of the turbidity.

Similar to way for determining the degree of the interpolation polynomial By, (),
a fourth degree polynomial is recommended. The relative errors between Tr(z) and
Trpot(x) they are very small, smaller than 0.1%.

5. Determination of the interpolation polynomial corresponding to the factor of
turbidity for the warm season, respectively for the cold season

For each month in the monitored interval, a monthly interpolation polynomial is
obtained that approximates the turbidity, a polynomial denoted T (x). This poly-
nomial is obtained by averaging the homologous coefficients of the daily interpolation
polynomials Tgye () from a month.

From interpolation polynomials Ty (x) established for the warm season months,
averaging the coefficients of the homologous terms, the interpolation polynomial for
the warm season is obtained, noted Trys(x). Similarly, for the cold season months,
an interpolation polynomial Tros(x) is obtained.

6.New formulations of the model

Using Trws(z) a new formulation of the model for direct solar irradiance for the
warm season is obtained, namely

BTRWS(x> == f(TRws)(l‘) [W/mQ], (624)
respectively for the cold season
Brres(t) = f(Tres)(x) [W/m?). (6.2.5)

Direct solar energy for the warm season, noted Egy g, obtained with the help of the
improved model, it is calculated with (6.2.2) considering the function Tgyg. Similar
is calculated, using Trcyg, direct solar energy for the cold season, noted Epcgs.



44 Abstract—The Study of Some Functions Approximation Procedures

The above algorithm was applied to improve the model Meliss (6.1.5), using data
measured on clear days identical between the years 2013 and 2017.

1.Data acquisition and processing

For this study, the experimental data recorded every minute, for each day of the
period 2013-2016, were processed. From the whole monitored period, 121 clear sky
days were identified.

2.Creating daily spline functions corresponding to experimental values, using
Schoenberg operators

For clear days, from the values measured every minute, the measured values of the
direct solar irradiance every 10 minutes during the hourly interval are still considered
[4:00, 20:00], which means 16 hours with 6 measured values considered in an hour,
therefore 96 measured values selected for a day. These values are stored in a database
and used to create third degree spline functions. The solar time interval [4:00, 20:00]
corresponding to solar time ¢, — ¢, is normalized to [0,1] using the relation (6.2.1).

Creating spline functions using Schoenberg operators was made possible by writing a
program in Wolfram Mathematica 10.1, in the Figure 6.1 an excerpt from this program
is presented. Equidistant knots were used to build spline functions with Schoenberg
operators, more precisely these equidistant knots are the 96 values of the normalized
solar time. The program built in Wolfram Mathematica 10.1, works with n = 96, k = 3
and = € [0, 1] normalized solar time, resulting a third degree spline function for each

clear day, spline function which contains 96 third degree polynomials.
In the Table 6.1, the excerpt of spline function for 28 August 2015 is presented.

Table 6.1: Spline function created based on the measured values from 28.08.2015 (excerpt)

Expression of spline function Normalized Solar time
solar time
s = 1.47423 0, 1/96] [4:00, 4:10]
s = —0.165 + 47.71z — 4580.172% + 1465672° [1/96, 2/96] [4:10, 4:20]
s = 3.81 — 524.822x + 22901.42% — 29313823 [2/96, 3/96] [4:20, 4:30]
s = —9.608 + 763.384x — 18321.22% + 1465702° [3/96, 4/96] [4:30, 4:40]
s = 2.06 — 76.87 + 1843.2x2 — 14745.6x3 [4/96, 5/96] [4:40, 4:50]
s = —4.189 + 283.2z — 5068.8x2 + 29491.2x3 [5/96, 6/96] [4:50, 5:00]
s = 137612 — 893649z + 1.943 - 10%2% — 1.407 - 10523 [45/96, 46/96] | [11:30, 11:40]
s = —539555 + 3.346 - 10%z — 6.904 - 10%22 + 4.747 - 1023 | [46/96, 47/96] | [11:40, 11:50]
s = 411395 — 2.481 - 1052 + 4.997 - 1022 — 3.355 - 10%23 [47/96, 48/96] | [11:50, 12:00]
s = —308449 + 1.837 - 10%z — 3.64 - 10°2% + 2.403 - 10%23 | [48/96, 49/96] | [12:00, 12:10]
s = 57870.9 — 3150952 + 5778942% — 35168323 [49/96, 50/96] | [12:10, 12:20]
s = 641683 — 3.677 - 10%2 + 7.034 - 1022 — 4.483 - 10%23 [50/96, 51/96] | [12:20, 12:30]
s =—4.263-10% + 1.39 - 1072 — 1.51 - 10722 + 5.465 - 1023 | [89/96, 90/96] | [18:50, 19:00]
s =7.339-10% — 2.322- 107z + 2.45 - 1072% — 8.615 - 10°2° | [90/96, 91/96] | [19:00, 19:10]
s = —11460.9 + 37187.52 — 40172.522 + 14450.723 [91/96, 92/96] | [19:10, 19:20]
s = 91585.5 — 285392x + 296433z% — 10262923 [92/96, 93/96] | [19:20, 19:30]
s = —81753.4 + 2513992 — 2576752% + 88031.223 [93/96, 94/96] | [19:30, 19:40]
s = 28437.4 — 86206.8z + 87114.22% — 29343.723 [94/96, 95/96] | [19:40, 19:50]
5 =1.093 — 1.164 - 10~ 1043 [95/96, 96/96] | [19:50, 20:00]
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For[k=0, k<n+1, k++,
If[k<1l, 2[-3, x ] :=n*4 (1/n-x)}*3;
c[-2, x ] = (n*4)/8(2/n-x)"*3-n"4 (1/n-x)}*3;
c[-1, ] = (n*4} /18 (3/n-x)"*3-(n*4) /4 (2/n-x)"*3+ (n*4)/2({(1/n-x)"3;
c[0, x] :=(n*4) /24 (4/n-x)"*3-(n*4) /6 (3/n-x)"*3+(n*4)/4(2/n-x)"3
-(n*4) /6 {1/n-x)*3;
For[i=1, i<n, 1++,
cli ,x] :=(n*4) /24 ((1+4)/n-x)"*3-(n*4)/6({{(1+3)/n-x)"3
+(n*4) /4 {((1+2)/n-x}*3-(n*4) /6 ((1+1)/n-x)"*3+(n*4) /24 (i/n-x)"3]:
For [1]=-3, J<n, J++, H3[J_, x ] :=4/nec[J, x]]:
S5fi[x ] = Sum[£[], 3] N3[J, x], {3, -3, n-1}];
Print["k=", k]:
Print[CoefficientList[Sf1[x], x]]:
w = CoefficientLlist[S£f1[x]), x]
Tll[x ] =w.{1, x, x*2, x*3}:
Print["T1(0,1/96)=", T11[x]],
If[k<2, c[-3, x ] :=0;
c[-2, x ] = (n*4) /8 (2/n-x)"3;
c[-1, =] = (n*4) /18 (3/n-x)"*3-(n*4) /4 (2/n-x)"3;
c[0, 2] :=(n*4) /24 (4/n-x)"*3-(n*4) /6 (3/n-x)"*3+(n*4) /4 (2/n-x)"3;
(n~4) /24 ((1+4)/n-x)"*3-(n"4)/6 ({(1+3)/n-x}"3
+(n*4) /4 ({{(1+2)/n-=x)*3-(n*4)/6((1+1)/n-x=x)"3;
For[i=2, i<n, 1++,
c[i , x]:=(n*4) /24 ({{1+4)/n-x)"*3-(n*4)/6 {({(1+3)/n-x)"*3
+(n*4) /4 {((1+2)/n-x}*3-(n*4) /6 ((1+1)/n-x)"*3+(n*4) /24 (i/n-x)"3]:
For [1=-3, J<n, J++, Na[J_, x ] :=4/nec[J, x]]:
SE2[x ] =Sum[£[J, 3] Na[J, x], {J, -3, n-1}]:
Print["k=", k]
Print[CoefficientList[SE£2([x], x]]:
w = CoefficientList[S5£2([x], x]
Tl2[x ] =w.{1, x, x~2, x*3}:
Print["T1(1/96,2/96)=", T12[x]],
If[k<3, c[-3, =] :=0;

cfl, =] :

Figure 6.1: Program built to create daily spline functions (fragment)

In Figure 6.2 are represented for 28 August 2015 and x € [0,1]: the direct solar
irradiance B calculated with the Meliss model; the experimental values of direct solar
irradiance B.,, and the spline function s. Analyzing these data, the biggest differences
are in the solar time interval [8:00, 16:00] corresponding to the normalized solar time
[0.25, 0.75]. In Figure 6.3 is a detail of Figure 6.2 for the solar time interval [10, 14].

On the normalized solar time [0, 1], in 28 August 2015, the direct solar energy
corresponding to the experimental data is Epe,, = 8184.26 Wh/m? and the one
corresponding to the spline function is Fp, = 8187.23 Wh/m?. The relative error of
these values is ¢,, = 0.03%, which highlights the excellent approximation made by the
splines s to the experimental values.

Because the spline functions approximate very well the evolution of the direct solar
irradiance, in the next steps of the algorithm we will use the spline function instead of
the measured values.
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Figure 6.2: The direct solar radiation B calculated with the Meliss model, experimental values
Beyp and the spline function s in 28 August 2015
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Figure 6.3: Detail for direct solar radiation B calculated with the Meliss model, experimental
values By, and the spline function s

3. Determination of a daily interpolation polynomial for direct solar irradiance
using the spline function created

In order to simplify the analytical expression of the function of the spline s(z), which
contains 96 third degree polynomials, it is obtained in Wolfram Mathematica 10.1 an
interpolation polynomial B, (z). This polynomial has degree four and is obtained
using the spline function.

Further, the study is focused on the time interval [8:00, 16:00] corresponding to
normalized solar time [0.25, 0.75]. The interpolation polynomial By, (x) which approx-
imates the spline function for 28 August 2015, it corresponds to x € [0.25,0.75] and
has the expression

Byoi(z) = —558.707 + 7282.269x — 13630.299x% + 11786.0112° — 4941.108z*. (6.2.6)

This interpolation polynomial B, (x) approximates splines s very well in the central
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part of the day, as can be seen in Figure 6.4 for 28 August 2015, unlike the Meliss model
with constant turbidity factor. Maximum absolute error between s(z) and B,y (z) is
max &, = —32.28 W/m? and the maximum relative error is max &, = —0.58% obtained
at 0.72 normalized solar time.

Normalized solar time
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8 9 10 11 12 13 14 15 16
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Direct solar irradiance |W/m?|
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Figure 6.4: The solar radiation B calculated with the Meliss model, spline function s and the
interpolation polynomia B,y in 28 August 2015

4. Determination of the turbidity factor as a daily interpolation polynomial
The interpolation polynomial B, (z) is used to calculate the daily variation of
turbidity, based on the Meliss model (6.1.5)

B
Tr(z) = —(0.9+9.4sinq) - zn%@. (6.2.7)
0

Using in relation (6.2.3) the interpolation polynomial B, from (6.2.6) for 28 August
2015 and By of this day calculated with (6.1.6), turbidity results as a function of the
variable x (normalized solar time).

Tr(z) =—(09+94sina) -

—558.707 + 7282.269x — 13630.2992% + 11786.01123 — 4941.108z*
1340.05

n

(6.2.8)

To reduce the complexity of the relation (6.2.8) an interpolation polynomial Ty, ()
for turbidity

Trpot(7) = 2.654 + 22.397 — 94.5852° + 151.806x" — 83.791x", (6.2.9)

is obtained in Wolfram Mathematica 10.1.

d. Determination of the interpolation polynomial corresponding to the factor
of turbidity for the warm season, respectively for the cold season

The previous steps of the algorithm were applied to all clear sky days in the period
2013-2016, obtaining an interpolation polynomial Tg,.(z) for each day. For August
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2013-2016, averages of the homologous coefficients of these polynomials are calculated
for each term, and in this way, an average monthly interpolation polynomial Trasaue ()
is obtained.

Tritaug(z) = 8.336 — 41.6487 + 143.437x% — 200.092° + 95.903z*.  (6.2.10)

Using Traraug(x) in (6.1.5) it is obtain Brrayg(x).

The direct solar energy calculated using the spline function is Eg, = 6087 Wh/m?
using the Meliss model is Ep = 6871 Wh/m? and using the average monthly interpo-
lation polynomial is Eprrau, = 6025 Wh/ m?. Thus, the relative error decreases from
12.9% (between Ep, and Eg) to 1% (between Ep, and Eprraug)-

All previous steps of the algorithm are applied to each clear sky day of each month
of the period 2013-2016.

An interpolation polynomial Try () was obtained for turbidity in the warm sea-
son, calculating the average of the homologous coefficients of the monthly interpolation
polynomials from April, May, June, July, August. Similarly, it was obtained Trcgs(7)
for the cold season (September, October, November, December, January, February,
March).

Trws(r) = 7.03 — 32.08z + 110.942% — 157.282% + 77.692*, (6.2.11)
Tres(z) = 23.96 — 170.04x + 507.452% — 656.422° + 308.62z*.  (6.2.12)

6.New formulations of the Meliss model
Using Trws(x) in (6.1.5), a new formulation of the model for direct solar irradiance
for the warm season is obtained, namely

—(7.03—32.082+110.9422 —157.28x° +77.69z%)

BTRWS('I:) g BO - e 0.949.4sin o , (6213)

respectively replacing Trog in (6.1.5), we get a new formulation of the model for direct
solar irradiance for the cold season

—(23.96—170.0424507.4522 —656.422° +308.622%)

Brres(z) = Bo - e 0.9+ dsina : (6.2.14)

The direct solar energy corresponding to the interval [0.25, 0.75] normalized solar
time, is Eps = 6087 Wh/m?, the solar energy determined using the Meliss model is
Ep = 6871 Wh/m?, and the solar energy Fp, , = 6323.76 Wh/m?*. The relative er-
ror decreases from —12.9% (between Ep, and Eg) to —3.85% (between Ep; and Ep,, ).

Validation of new formulations using the measures in 2017

For validation, the days of 2017 were analyzed and the clear sky days were identified.
Thus, 31 clear sky days were selected and for these days, the steps 1-6 of the above
algorithm were applied.

For each clear day of the warm season 2017, an error analysis was performed,
comparing the measured direct solar energy Epg,, with solar energy Ep obtained with
the Meliss model considering the turbidity factor constant Tz. The solar energy Eg,
has also been compared to daily solar energy Epws calculated with (6.2.2) where the
function is the direct solar irradiance determined with the relation (6.2.4).

Therefore, for each clear day in the warm season 2017, the relative errors were
calculated ¢, g (between Eps and Ep), and from their absolute values the relative
average error was obtained €, g, = 8.12%.
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For the same days, the relative errors were calculated €, pws (between Ep, and
Epws). The absolute values of these relative errors were used to calculate the average
relative error €, gwsm = 4%. This was used for estimating the accuracy of the new
formulations of the Meliss model.

Thus, for the warm season 2017, using the new formulations, an improvement is
obtained in order to ensure the accuracy of 4.12%. This result, obtained for a 10
minute time scale based only on the most accurate values of direct solar irradiance,
is comparable to the best improvements in accuracy obtained in other studies, such
as be 4.3% in [58] where several variables are considered as inputs (air temperature,
relative humidity, barometric pressure and time of day) or 4.33% in [63] where this
improvement is obtained in the estimation of solar irradiance daily average monthly.
Moreover, the improvement obtained by 4.12% is significantly higher than 0.22% and
0.37% obtained in [48] for estimating the hourly solar irradiance.

In the case of a photovoltaic plant with an installed power of 50 MW, which in
a temperate continental climate region (Brasov, Romania) produces during the warm
season approximately 40000 MWW h, the obtained accuracy improvement of 4.12% rep-
resents a difference in energy production estimation of 1648 MW h/year, which cor-
responds to an yearly amount of 412000 euro considering the actual Green Certificate
Scheme in force in Romania.

A similar analysis was made for the cold season, obtaining a decrease in the relative
error from 5.02% to 4.15%. In the case of the considered photovoltaic platform (with an
installed capacity of 50 MW), which produces in the cold season approximately 28500
MW h, accuracy improves with 0.87% which represents a difference in estimating the
energy of 248 MW h, corresponding to an amount of 62000 euro. Therefore, because
large differences are recorded in the warm season, it is necessary to keep note that the
solar energy in the analyzed area is significantly higher in the months of the warm
season (6 kWh/day) than in the months of the cold season (1 kWh/day).

As a recommendation, the new formulations can be renewed annually using the new
measured data and thus increasing the number of years monitored.

Therefore, a better estimate of direct solar irradiance leads to important financial
benefits, which is essential for a good management of photovoltaic platforms. A great
advantage of this algorithm is that it can be applied in any location.

The algorithm presented has a general character and has been developed in order
to improve the accuracy of the models for clear days that estimate the direct solar
irradiance based on the turbidity factor considered variable during a day.
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Conclusions

The study of Schoenberg operators is important from both sides: from a theoretical
point of view and from practical applications.

Schoenberg operators are a specific method of spline approximation, and for prac-
tice, the spline functions are preferable to be used because they have a very good order
of approximation and also they have sufficient smoothness. This Doctoral Thesis has
a unitary character, it is especially concerned with the theoretical study of Schoenberg
operators.

The Schoenberg operators continue to be an area of great interest in research, a
field on which we intend to focus our work in the future.
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Short abstract (english / romanian)

Chapter 1 contains general notions from the theory of approximation, notions used in the
Doctoral Thesis. Chapter 2 presents specific results about the Schoenberg operators, opera-tors
that form the essence of the research done in the Doctoral Thesis. Chapters 3, 4, 5 and 6
represent entirely the original contribution of the author of the Doctoral Thesis. In Chapter 3
the author presents the results established in the field of second degree Schoenberg operators,
namely the improvement of the approximation order, using another way of choice of nodes for
Schoenberg operators, equidistant nodes being usually used; Voronovskaja type theorems; the
second moment of second degree Schoenberg operators with arbitrary nodes, respectively with
nodes in the roots of Chebyshev polynomials. In Chapter 4 the author presents the exact form
of the second moment of third degree Schoenberg operators on arbitrary knots, respectively
equidistant knots, the applications in approximation, Schoenberg operators for which the
space of second degree polynomials is invariable and Schoenberg—King type op-erators. In
Chapter 5, a definition of two-dimensional Schoenberg type operators and their properties are
presented. The definition was obtained by generalizing the one-dimensional Schoenberg
operators’ formula. The second moment of two-dimensional Schoenberg type op-erators on
arbitrary knots, and on equidistant knots, respectively, alongside a Voronovskaja type
theorem and estimates with moduli of continuity are given. Applications of Schoenberg spline
operators in practice are presented in Chapter 6, where a general method to improve the
accuracy of clear sky models through replacement the constant turbidity factor with an
interpolation polynomial which depends of solar time, for estimating the direct solar irra-
diance is presented. Data measured between 2013 and 2016 in Renewable Energy Systems and
Recycling Research Center of R&D Institute of Transilvania University of Brasov were
analyzed and used to improve the clear sky model Meliss. The improved model was validated
based on the data measured in 2017. Daily spline functions were built corresponding for each
clear sky day from 2013 to 2017. The analytical expressions of these spline functions were
created using the Schoenberg operators.

Capitolul 1 contine notiuni cu caracter general din teoria aproximarii, notiuni folosite
in teza de doctorat. Capitolul 2 prezinta rezultate specifice despre operatorii Schoenberg,
operatori care formeaza esenta cercetarilor efectuate in teza de doctorat. Capitolele 3, 4,
5 si 6 reprezinta in Intregime contributia originala a autorului tezei de doctorat. In Capi-
tolul 3 autorul prezinta rezultatele stabilite in domeniul operatorilor Schoenberg de gradul
doi, §i anume imbunatatirea ordinului de aproximare, folosind un alt mod de alegere a
nodurilor pentru operatorii Schoenberg, uzual fiind folosite nodurile echidistante; teoreme
de tip Voronovskaja; momentul de ordinul doi al operatorilor Schoenberg de gradul doi cu
noduri arbitrare, respectiv cu noduri in rddicinile polinoamelor Cebishev. In Capitolul 4
autorul prezinta forma exactd a momentului de ordinul doi al operatorilor spline Schoenberg
de gradul trei pe noduri arbitrare, respectiv echidistante, aplicatii in aproximare, operatorii
Schoenberg pentru care spatiul polinoamelor de gradul doi este invariabil si operatori de tip
Schoenberg-King. In Capitolul 5 este prezentatd o definitie a operatorilor bidimensionali de
tip Schoenberg construiti considerand noduri arbitrare, respectiv echidistante. Sunt studiate
momentul de ordinul doi ai operatorilor bidimensionali de tip Schoenberg, teorema de tip
Voronovskaja gi evaluari folosind moduli de continuitate. Aplicatii ale operatorilor spline
Schoenberg in practica compun continutul Capitolului 6, unde este prezentata o metoda gen-
erala de imbunatatire a acuratetii modelelor de cer senin prin inlocuirea factorului de turbid-
itate constant cu un polinom de interpolare care depinde de timpul solar, pentru estimarea
intensitatii radiatiei solare. Au fost analizate si utilizate pentru imbunatétirea modelului
Meliss, date masurate in perioada 2013-2016, in cadrul Centrului de Cercetare Sisteme de
Energii Regenerabile si Reciclare din Institutul de Cercetare Dezvoltare al Universitatii Tran-
silvania din Bragov. Modelul imbunéatatit a fost validat pe baza datelor masurate in 2017. Au
fost construite functiile spline zilnice corespunzatore fiecarei zi senina din perioada 2013-2017.
Expresiile analitice ale acestor functii spline au fost create folosind operatorii Schoenberg.





