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Rezumat–Studiul unor procedee de aproximare a funcţiilor 1

Prefaţă

Teoria Aproximării constituie o parte importantă a Analizei Matematice, fiind unul
din domeniile de interes ale matematicienilor. Aproximarea funcţiilor reale a constituit
o preocupare pentru matematicieni cum ar fi Ceb̂ıshev, Weierstrass, Bernstein, Lorentz,
De Vore. Acest lucru se poate observa ı̂n numeroasele lucrări scrise pe această temă,
amintim câteva: Bernstein [10], Lorentz [67], De Vore [29].

În 1950 Tiberiu Popoviciu, ı̂n 1952 Harald Bohman şi ı̂n 1953 Pavel Petrovich Ko-
rovkin pun bazele teoriei aproximării prin operatori liniari pozitivi. Există o largă
bibliografie centrată pe studiul unor operatori concreţi, cum ar fi: operatorii Kantoro-
vich, operatorii Bernstein, operatorii Baskakov, operatorii Mirakjan-Favard-Szász, ope-
ratorii Schoenberg, operatorii Landau, operatorii Lupaş, operatorii Stancu, operatorii
Meyer-König-Zeller, operatorii Bleimann-Butzer-Hahn, operatorii Gauss-Weierstrass,
operatorii Post-Widder, operatorii Picard.

Numeroase rezultate ştiinţifice sunt legate de aproximarea prin clase de operatori
liniari pozitivi. De exemplu, folosind modulii de continuitate se pot face evaluări ale
ordinului de aproximare, şi aici menţionăm pe Shisha, Mond, Ditzian, Totik, şi mai
recent Gonska, Păltănea, Tachev.

Cu preocupări ı̂n categoria operatorilor Schoenberg şi a funcţiilor spline ı̂i menţionăm
pe Schoenberg [100], [102], [107], Boor [18], [20], Marsden [73], [74], Goodman [42], [43],
Greville [45]. Operatorii spline Schoenberg sunt studiaţi şi ı̂n prezent, rezultatele re-
cente obţinute de Gonska [11], [12], [13], Păltănea [76], [77], Tachev [119], [120], [121]
demonstrând că este o zonă de interes şi un subiect de actualitate.

Capitolul 1 conţine noţiuni cu caracter general din teoria aproximării, noţiuni fo-
losite ı̂n teza de doctorat. Capitolul 2 prezintă rezultate specifice despre operatorii
Schoenberg, operatori care formează esenţa cercetărilor efectuate ı̂n teza de doctorat.

Capitolele 3, 4, 5 şi 6 reprezintă ı̂n ı̂ntregime contribuţia originală a autorului te-
zei de doctorat şi rezultate cuprinse ı̂n aceste capitole au fost publicate ı̂n jurnalele:
”Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales, Serie A. Mate-
maticas”, [76], ”Numerical Functional Analysis and Optimization”, [77], ”Symmetry”
[78], ”Renewable Energy”, [79], ”Bulletin of the Transilvania University of Brasov”,
[82], ”The Annals of the West University of Timisoara - Physics”, [80], ”Annals of
Dunărea de Jos University of Galati, Mathematics, Physics, Theoretical Mechanics”,
[81].

În Capitolul 3 autorul prezintă rezultatele stabilite pentru operatorii Schoenberg
de grad doi, ı̂n cazul general de alegere a nodurilor cât şi un mod particular de alegere
a nodurilor. Alături de cazul nodurilor echidistante, care este cel mai comun mod de
alegere a nodurilor alte alegeri ı̂mbunătăţite ale nodurilor sunt studiate, incluzând no-
durile date de rădăcinile polinoamelor Cheb̂ıshev. Ordinul de aproximare este estimat
folosind moduli de continuitate. Rezultatele din acest capitol au fost parţial publicate
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ı̂n [76] şi [82].

În Capitolul 4 autorul obţine forma exactă a momentului de ordinul doi a operato-
rilor spline Schoenberg de grad trei cu aplicaţii ı̂n obţinerea estimărilor cantitative şi ı̂n
construcţia operatorilor pentru care spaţiul polinoamelor de gradul doi este invariant
şi ı̂n construcţia operatorilor de tip Schoenberg-King. Rezultatele din Capitolul 4 au
fost parţial publicate ı̂n [77].

În Capitolul 5 sunt prezentate o definiţie a operatorilor bidimensionali de tip Scho-
enberg şi proprietăţile lor. Definiţia a fost obţinută generalizând formula operatorilor
Schoenberg unidimensionali. Sunt stabilite momentul de ordinul doi ai operatorilor
bidimensionali de tip Schoenberg pe noduri arbitrare, pe noduri echidistante, alături
de o teoremă de tip Voronovskaja. De asemenea, acest capitol mai conţine estimări cu
moduli de continuitate. Aceste rezultate au fost parţial publicate ı̂n [78].

Aplicaţii ale operatorilor spline Schoenberg ı̂n practică compun conţinutul Capito-
lului 6, unde este prezentată o metodă generală de ı̂mbunătăţire a acurateţii modelelor
de cer senin prin ı̂nlocuirea factorului de turbiditate constant cu un polinom de in-
terpolare care depinde de timpul solar, pentru estimarea intensităţii radiaţiei solare.
Au fost analizate şi utilizate pentru ı̂mbunătăţirea modelului Meliss, date măsurate ı̂n
perioada 2013-2017, ı̂n Centrul de Cercetare Sisteme de Energii Regenerabile şi Reci-
clare din cadrul Institutului de Cercetare, Dezvoltare al Universităţii Transilvania din
Braşov. Rezultatele prezentate ı̂n Capitolul 6 au fost publicate ı̂n [79], [80], [81].

Mulţumesc mult domnului Profesor Dr. Radu Păltănea pentru constanta ı̂ndrumare,
pentru răbdare şi pentru sprijinul acordat pe tot parcursul activităţii mele ca docto-
rand.
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1 Introducere

1.1 Noţiuni fundamentale

1.1.1 Notaţii

Din notaţiile uzuale sunt precizate aici o parte din cele ce apar ı̂n lucrare, cum ar fi:
mulţimea numerelor naturale N = {1, 2....}; mulţimea numerelor reale pe care o notăm
cu R; spaţiul Rn=R× R× ...× R︸ ︷︷ ︸

n ori

, unde n∈ N.

Πn reprezintă spaţiul polinoamelor reale cu o variabilă cu gradul cel mult n, iar Πm
n

este spaţiul polinoamelor reale ı̂n m variabile cu gradul total mai mic sau egal cu n,
unde n,m ∈ N ∪ {0}. Cu [a] notăm partea ı̂ntreagă a numărului real a.

Fie A un spaţiu Banach şi J ⊂ A. Notăm cu F(J) spaţiul tuturor funcţiilor
reale definite pe J , cu B(J) spaţiul funcţiilor mărginite, iar cu C(J) spaţiul funcţiilor
continue pe J , cu norma

‖ f ‖:= sup
χ∈J
| f(χ) | . (1.1.1)

Notăm cu ei funcţiile monomiale ei(χ) = χi unde χ ∈ J şi i ∈ N ∪ {0}.
Notaţia (· − χ)+ se utilizează pentru

(h− χ)+ =

{
h− χ, h− χ > 0
0, h− χ ≤ 0

.

1.1.2 Diferenţe divizate

A. Diferenţe divizate pe noduri simple

Fie f : [a, b] → R, a, b ∈ R, a < b şi un sistem de puncte distincte (noduri) din
intervalul [a, b]:

χ1, χ2, ..., χn+1, unde χi 6= χj pentru i 6= j. (1.1.2)

Definiţia 1.1.1. Diferenţa divizată a funcţiei f pe nodurile (1.1.2) notată cu
[χ1, χ2, ..., χn+1]f se defineşte prin

[χ1, χ2, ..., χn+1]f =
n+1∑
i=1

f(χi)∏
j=1,n+1, j 6=i

(χi − χj)
. (1.1.3)

Diferenţele divizate pe noduri simple verifică următoarea relaţie de recurenţă:

[χ1, χ2, ..., χn+1]f =
[χ2, χ3, ..., χn+1]f − [χ1, χ2, ..., χn]f

χn+1 − χ1

(1.1.4)

unde [χi]f = f(χi), i = 1, 2, ..., n+ 1[90].
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B. Diferenţe divizate pe noduri multiple

Fie nodurile de interpolare (1.1.2), fiecărui nod χi ı̂i ataşăm un număr natural ai, nu-
mit ordin de multiplicitate al lui χi, i = 1, 2, ..., n+1. Fie f : [a, b]→ R, a, b ∈ R, a < b,
derivabilă de un număr suficient de ori pe [a, b].

Definiţia 1.1.2. [90] Diferenţa divizată de ordinul 1 pe nodul dublu χi este

[χi, χi]f = lim
χ→χi

f(χ)− f(χi)

χ− χi
= f

′
(χi), i = 1, 2, ..., n+ 1. (1.1.5)

În general,

[χ1, χ1, ..., χ1︸ ︷︷ ︸
a1ori

, χ2, χ2, ..., χ2︸ ︷︷ ︸
a2ori

, ..., χn+1, χn+1, ..., χn+1︸ ︷︷ ︸
an+1ori

]f = lim
χ
(j)
i →χi

[
χ1, χ

(1)
1 , ...,

χ
(a1−1)
1 , ..., χi, χ

(1)
i , ..., χ

(ai−1)
i , ..., χn+1, χ

(1)
n+1, ..., χ

(an+1−1)
n+1

]
f (1.1.6)

unde χ
(j)
i 6= χ

(l)
k pentru i 6= k; l 6= j [90].

Dacă f este derivabilă de k ori ı̂n χ, are loc egalitatea

[χi, χi, ..., χi︸ ︷︷ ︸
k+1ori

]f =
f (k)(χi)

k!
. (1.1.7)

Formula de recurenţă a diferenţelor divizate pe noduri multiple

Putem extinde formula de recurenţă a diferenţelor divizate pe noduri simple şi la
diferenţele divizate pe noduri multiple.

[χ1, χ1, ..., χ1︸ ︷︷ ︸
a1ori

, χ2, χ2, ..., χ2︸ ︷︷ ︸
a2ori

, ..., χn+1, χn+1, ..., χn+1︸ ︷︷ ︸
an+1ori

]f

=
1

χn+1 − χ1

[[
χ1, χ1, ..., χ1︸ ︷︷ ︸

a1−1 ori

, χ2, χ2, ..., χ2︸ ︷︷ ︸
a2ori

, ..., χn+1, χn+1, ..., χn+1︸ ︷︷ ︸
an+1ori

]
f

−
[
χ1, χ1, ..., χ1︸ ︷︷ ︸

a1ori

, χ2, χ2, ..., χ2︸ ︷︷ ︸
a2ori

, ..., χn+1, χn+1, ..., χn+1︸ ︷︷ ︸
an+1−1 ori

]
f
]

[90]. (1.1.8)

Definiţia 1.1.3. [95](Tiberiu Popoviciu)
Fie E o mulţime care are cel puţin n+ 1 puncte distincte. Funcţia f : E → R se

numeşte convexă de ordin k ≥ −1, dacă [χ1, χ2, ..., χk+2]f ≥ 0 pentru orice puncte
distincte χ1, χ2, ..., χk+2 din E.

Din această definiţie rezultă că o funcţie este convexă de ordin −1, dacă este pozi-
tivă, este convexă de ordin 0 dacă ea este monotonă şi este convexă de ordin 1, dacă
ea este convexă obişnuit.
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1.1.3 Mulţimi interpolatoare. Sisteme Ceb̂ıshev

Considerăm un sistem de puncte χ1, χ1, ..., χn din intervalul [a, b] numite noduri
de interpolare, şi un sistem de valori reale oarecare λi ∈ R, 1 ≤ i ≤ n. Problema
interpolării constă ı̂n a găsi dintr-o mulţime dată F ⊂ F([a, b]), o funcţie ϕ ∈ F pentru
care

ϕ(χi) = λi, 1 ≤ i ≤ n. (1.1.9)

Definiţia 1.1.4. [93] O mulţime F ⊂ F([a, b]), se numeşte mulţime interpola-
toare de ordinul n, pe intervalul [a, b], dacă pentru orice sistem de puncte distincte
χ1, χ2, ..., χn ∈ [a, b] şi orice numere reale λi ∈ R, 1 ≤ i ≤ n există o unică funcţie
ϕ ∈ F , astfel ca să aibă loc sistemul de ecuaţii (1.1.9).

În cazul particular ı̂n care mulţimea interpolatoare F este un subspaţiu liniar de
dimensiune n din C([a, b]), atunci F se numeşte subspaţiu Haar de dimensiune n.

În plus, orice bază algebrică a lui F formată din n funcţii {ϕ1, ϕ2, . . . , ϕn} se numeşte
sistem Ceb̂ıshev de ordin n pe intervalul [a, b] [93].

Dacă {ϕ1, ϕ2, . . . , ϕn} formează un sistem Ceb̂ıshev, atunci orice combinaţie liniară
a lor se numeşte polinom la fel ca ı̂n cazul celui mai important exemplu de sistem
Ceb̂ıshev care este sistemul algebric, format din funcţiile e0, e1, . . . , en. Aceste poli-
noame generalizate păstrează o parte a proprietăţilor polinoamelor algebrice.

Definiţia 1.1.5. [60] Fie un spaţiu normat (X, ‖ ·‖) şi Y un subspaţiu al lui. Numărul

E(x, Y ) = inf
y∈Y
‖x− y‖

se numeşte cea mai bună aproximaţie a lui x prin elemente din Y . Dacă
y ∈ Y verifică proprietatea ‖x − y‖ = E(x, Y ) atunci y este element de cea mai bună
aproximaţie a lui x prin elemente din Y .

Teorema 1.1.1. [60] Fie subspaţiul Haar T de ordinul n + 1, n ≥ 0 pe [a, b]. Fie
f ∈ C([a, b]) şi ϕ ∈ T. Următoarele condiţii sunt echivalente:
i) funcţia ϕ este element de cea mai bună aproximare a lui f , prin elemente din T ,
ii) există punctele a ≤ χ0 < χ1 < ... < χn+1 ≤ b şi un semn ε ∈ {−1, 1} astfel ı̂ncât
ϕ(χi)− f(χi) = ε(−1)i‖f − ϕ‖, 0 ≤ i ≤ n+ 1.

Definiţia 1.1.6. Sistemul de puncte a ≤ χ0 < χ1 < ... < χn+1 ≤ b se numeşte
alternanţă.

1.1.4 Interpolare Lagrange

Definiţia 1.1.7. [90] Fie f ∈ F([a, b]). Polinomul algebric Pn, de grad cel mult n, care
pe nodurile χ1, χ2, ..., χn+1 are valorile Pn(χi) = f(χi), cu 1 ≤ i ≤ n + 1 se numeşte
polinom de interpolare Lagrange ataşat funcţiei f pe nodurile χ1, χ2, ..., χn+1 .

Teorema 1.1.2. [90] Pentru f1, f2 ∈ F([a, b]) şi α, β ∈ R avem

L[χ1, χ2, . . . , χn+1](αf1 + βf2)(χ)

= αL[χ1, χ2, . . . , χn+1]f1(χ) + βL[χ1, χ2, . . . , χn+1]f2(χ). (1.1.10)
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Teorema 1.1.3. [90] Dacă f este polinom de grad maxim n, atunci

L[χ1, χ2, . . . , χn+1]f(χ) = f(χ),∀χ ∈ R. (1.1.11)

Definiţia 1.1.8. [90] Fie f : [a, b] → R, a, b ∈ R, a < b. Diferenţa divizată
de ordin n a funcţiei f , pe nodurile (1.1.2) este coeficientul lui χn din polinomul de
interpolare al lui Lagrange al funcţiei f pe nodurile specificate.

Polinomul lui Lagrange se poate reprezenta sub forma

L[χ1, χ2, χ3, ..., χn+1]f(χ) =
n+1∑
i=1

li(χ)f(χi), (1.1.12)

unde li(χ) sunt polinoame de gradul n care indeplinesc condiţiile P (χi) = f(χi), 1 ≤
i ≤ n+ 1 [90], adică

li(χ) =

n+1∏
j=1

(χ− χj)

(χ− χi)
n+1∏
j=1
j 6=i

(χi − χj)
, 1 ≤ i ≤ n+ 1.[90]. (1.1.13)

Teorema 1.1.4. [90] Dacă f ∈ F([a, b]), iar χ1, . . . , χn+1 sunt puncte distincte din
intervalul [a, b], atunci

L[χ1, χ2, χ3, ..., χn+1]f(χ)

=
(χ− χ1)L[χ2, χ3, ..., χn+1]f(χ)− (χ− χn+1)L[χ1, χ2, ..., χn]f(χ)

χn+1 − χ1

.

(1.1.14)

Teorema 1.1.5. [90] Pentru orice f ∈ F([a, b]), orice sistem de puncte distincte
χ1, χ2, ..., χn+1 din [a, b] şi orice χ ∈ [a, b] are loc egalitatea

f(χ)− L[χ1, χ2, χ3, ..., χn+1]f(χ)

= [χ, χ1, χ2, ..., χn+1]f(χ− χ1)(χ− χ2)...(χ− χn+1). (1.1.15)

Teorema 1.1.6. [97] Pentru orice mulţime de puncte distincte de interpolare χ0, χ1, χ2,
χ3..., χn din [a, b], pentru orice f ∈ C(n+1)([a, b]) şi orice χ ∈ [a, b], eroarea (1.1.17) are
valoarea

e(χ) =
1

(n+ 1)!

n∏
j=0

(χ− χi)f (n+1)(ξ), (1.1.16)

unde

e(χ) = f(χ)− P (χ), a ≤ χ ≤ b, (1.1.17)

şi ξ este un punct din [a, b] care depinde de χ.
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1.2 Teoreme de convergenţă

1.2.1 Teoremele lui Weierstrass. Aproximare prin şiruri de proiectori

Vom spune că o funcţie f este uniform aproximabilă prin elemente dintr-un spaţiu
Y ⊂ C([a, b]), dacă există un şir de funcţii din Y care converge uniform la f .

Teorema 1.2.1. (Weierstrass)
Orice funcţie f ∈ C([a, b]) este uniform aproximabilă prin polinoame algebrice.

Teorema 1.2.2. (Weierstrass)
Fie C2π spaţiul funcţiilor 2π periodice continue f : R → R. Orice funcţie f ∈

C2π(R) este uniform aproximabilă prin polinoame trigonometrice.

Propoziţia 1.2.1. [87] Fie un şir de operatori liniari şi mărginiţi, (Ln)n, Ln : C([a, b])→
C([a, b]). Dacă sunt ı̂ndeplinite condiţile

i) există un subspaţiu B ⊂ C([a, b]), dens ı̂n C([a, b]), astfel ı̂ncât

lim
n→∞

‖Ln(f)− f‖ = 0,∀f ∈ B,

ii) există M > 0 astfel ı̂ncât ‖Ln‖ ≤M,n ∈ N, unde

‖Ln‖ := sup
f∈C([a,b]),‖f‖≤1

‖Ln(f)‖,

atunci
lim
n→∞

‖Ln(f)− f‖ = 0,∀f ∈ C([a, b]). (1.2.1)

Teorema 1.2.3. [87] Fie şirul de operatori liniar mărginiţi (Ln)n, Ln : X → Y , unde
X este un spaţiu Banach, iar Y este un spaţiu normat. Dacă

sup
n∈N
‖Ln(χ)‖ <∞, ∀χ ∈ X,

atunci
sup
n∈N
‖Ln‖ <∞.

Corolar 1.2.1. Fie şirul de operatori Ln : C([a, b]) → C([a, b]) care aproximează
uniform funcţiile dintr-un spaţiu dens B ⊂ C([a, b]), din C[a, b]. Atunci faptul că
şirul (Ln)n are normele uniform mărginite este echivalent cu faptul că şirul (Ln)n
aproximează uniform toate funcţiile din C([a, b]).

Definiţia 1.2.1. [89] Fie X un spaţiu vectorial şi Y un subspaţiu liniar al lui. Un
operator liniar U : X → Y este proiector pe subspaţiul Y dacă U(y) = y, ∀y ∈ Y.
Teorema 1.2.4. [97] (Lonzinski-Harshiladze)

Pentru orice şir de proiectori, (Un)n, Un : C([a, b])→ Πn există o constantă C > 0
astfel ca

‖Un‖ ≥ C lnn. (1.2.2)

În consecinţă există o funcţie f ∈ C([a, b]) pentru care Unf nu converge uniform la f
pe intervalul [a, b].

Teorema 1.2.5. [33](Faber)
Oricare ar fi o matrice triunghiulară infinită de noduri (χnj )1≤j≤n, unde oricare

ar fi n avem a ≤ χn1 < χn2 < . . . < χnn ≤ b, pentru şirul de operatori (Un)n, cu
Un = L[χn1 , χ

n
2 , . . . , χ

n
n], n ≥ 1, există o funcţie f ∈ C([a, b]), pentru care Unf nu

converge uniform pe [a, b] la f .
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1.2.2 Operatori liniari pozitivi

Definiţia 1.2.2. [5] Fie A şi B două spaţii vectoriale de funcţii cu valori reale pe un
interval J . Vom numi operator liniar, o aplicaţie L : A → B care este aditivă şi
omogenă, adică:

L(αf + βg) = αL(f) + βL(g), ∀f, g ∈ A, α, β ∈ R. (1.2.3)

Definiţia 1.2.3. [5] Operatorul L se numeşte pozitiv dacă ∀f ∈ A cu f ≥ 0 avem
L(f) ≥ 0.

Fie (A, d) un spaţiu metric compact.

Definiţia 1.2.4. [5] O aplicaţie F : C(A) → R se numeşte funcţională liniară
pozitivă pe spaţiul C(A) dacă:
i)F (αf + βg) = αF (f) + βF (g), ∀f, g ∈ C(A) şi ∀α, β ∈ R;
ii)F (f) ≥ 0,∀f ∈ C(A), f ≥ 0.

Propoziţia 1.2.2. [87] Fie A un subspaţiu liniar a lui F(J) şi fie o funcţională liniar
pozitivă Fχ : A→ R. Avem

F (f) ≤ f(g), f, g ∈ A, f ≤ g, (1.2.4)

| F (f) |≤ F (| f |), f ∈ A, | f |∈ A. (1.2.5)

Propoziţia 1.2.3. [87] Fie o funcţională liniar pozitivă F : C(J) → R, J interval.
Fie χ ∈ J fixat. Presupunem că este ı̂ndeplinită una din următoarele condiţii:

• F (ej) = ej(χ), j = 0, 1, 2 sau

• F (ej) = ej(χ), j = 0, 1 şi χ este un capăt al intervalului J.

Atunci

F (f) = f(χ), ∀f ∈ C(J).

Definiţia 1.2.5. [87] Momentele funcţionalei liniar pozitive F : A→ R, unde
A este un subspaţiu liniar al lui F(J) şi χ ∈ J sunt numerele F ((e1−χe0)j), j ∈ N∪{0}
care sunt bine definite dacă Πj ⊂ A.

Teorema 1.2.6. [96](Popoviciu)
Fie operatorii liniari şi pozitivi de forma

Ln(f, χ) =
mn∑
i=1

f(ξn,i)Ψn,i(χ), f ∈ C([a, b]), χ ∈ [a, b], (1.2.6)

unde ξn,i ∈ [a, b] şi Ψn,i sunt polinoame pozitive. Presupunem că

Ln(e0) = e0, (1.2.7)

şi

lim
n→∞

Ln((e1 − χe0)2, χ) = 0, uniform ı̂n raport cu χ ∈ [a, b].

(1.2.8)

Atunci

lim
n→∞

Ln(f) = f, uniform pe [a, b] pentru orice f ∈ C([a, b]). (1.2.9)
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Teorema 1.2.7. [16](Bohman)
Fie operatorii liniari pozitivi (Ln)n, Ln : C([a, b])→ C([a, b]), de forma

Ln(f, χ) =
∑
i∈In

f(ξn,i)Ψn,i(χ), f ∈ C([a, b]), χ ∈ [a, b],

unde In este o mulţime cel mult numărabilă, ξn,i ∈ [a, b], iar Ψn,i sunt funcţii analitice
pozitive. Dacă

lim
n→∞

Ln(ej) = ej, uniform pentru j = 0, 1, 2, (1.2.10)

atunci

lim
n→∞

Ln(f) = f, uniform pentru orice f ∈ C([a, b]). (1.2.11)

Teorema 1.2.8. [64], [65](Korovkin)
Fie şirul de operatori liniari pozitivi (Ln), Ln : V → F([a, b]), unde V ⊂ F([a, b])

subspaţiu liniar care conţine funcţiile ϕ0, ϕ1, ϕ2 ∈ C([a, b]), funcţii care formează un
sistem Ceb̂ıshev pe intervalul [a, b]. Dacă

lim
n→∞

Ln(ϕj) = ϕj uniform pe [a, b], cu j = 0, 1, 2, (1.2.12)

atunci

lim
n→∞

Ln(f) = f uniform pe [a, b], pentru orice f ∈ C([a, b]) ∩ V. (1.2.13)

Observaţia 1.2.1. Pentru funcţiile test e0, e1, e2 se obţine teorema lui Bohman.

Teorema 1.2.9. [41](Voronovskaja)
Dacă Ln : C([a, b]) → C([a, b]) este un şir de operatori liniar pozitivi, astfel ı̂ncât

Ln(ej) = ej , j ∈ {0, 1}, atunci, pentru f ∈ C2([a, b]) şi χ ∈ [a, b]

Ln(f, χ)− f(χ) =
1

2
Ln((e1 − χ)2, χ)f ′′(χ) + o

(
Ln((e1 − χ)2, χ)

)
,

(1.2.14)

uniform ı̂n raport cu χ ∈ [a, b].

1.2.3 Moduli de continuitate

Definiţia 1.2.6. [87](Păltănea)
Fie H ⊂ F(J) un subspaţiu liniar astfel ı̂ncât Πk ⊂ H, k ∈ N. O funcţie Ωk :

H × (0,∞) → [0,∞) ∪ {∞} este modul de continuitate de ordinul k pe H dacă
sunt ı̂ndeplinite următoarele condiţii:

Ωk(f, h1) ≤ Ωk(f, h2), f ∈ H, 0 < h1 < h2, (1.2.15)

Ωk(f + p, h) = Ωk(f, h) f ∈ H, p ∈ Πk−1, h > 0, (1.2.16)

Ωk(0, h) = 0, h > 0. (1.2.17)
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Definim următorii moduli de continuitate:
• modulul de ordinul ı̂ntâi uzual

ω1(ψ, λ) = sup{|ψ(u)− ψ(v)|, u, v ∈ [0, 1], |u− v| ≤ λ}, (1.2.18)

• modulul de ordinul doi uzual

ω2(ψ, λ) = sup{|ψ(u− ρ)− 2ψ(u) + ψ(u+ ρ)|, u± ρ ∈ [0, 1], |ρ| ≤ λ},
(1.2.19)

• modul Ditzian-Totik de ordin doi

ωϕ2 (ψ, λ) = sup{|ψ(u− ρ)− 2ψ(u) + ψ(u+ ρ)|, u± ρ ∈ [0, 1], |ρ| ≤
λϕ(u)}, (1.2.20)

unde ψ ∈ C([0, 1]), λ > 0 şi ϕ(t) =
√
t(1− t) [87].

Proprietăţi principale ale modulilor de continuitate de ordin k = 1, 2 sunt prezentate
ı̂n continuare:

1) ωk(f, 0) = 0, (1.2.21)

2) ωk(f, ·) este o funcţie pozitivă şi continuă pe R+, (1.2.22)

3) ωk(f, h1 + h2) ≤ ωk(f, h1) + ωk(f, h2), h1, h2 ≥ 0, (1.2.23)

4) ωk+1(f, h) ≤ 2ωk(f, h), ∀h ≥ 0, (1.2.24)

5) ωk+1(f, h) ≤ hωk(f
′, h), h ≥ 0, f ∈ C1([0, 1]), (1.2.25)

6) ωk(f, nh) ≤ nkωk(f, h), ∀h > 0 şi n ∈ N. (1.2.26)

Teorema 1.2.10. [114](Shisha, Mond)
Fie operatorul liniar şi pozitiv L : C([a, b])→ C([a, b]),f ∈ C([a, b]). Pentru h > 0

şi ∀χ ∈ [a, b]:

|L(f, χ)− f(χ)| ≤ |f(χ)||L(e0, χ)− 1|+
(
L(e0, χ)

+
1

h

√
L(e0, χ)(L(e1 − χe0)2)(χ)

)
ω1(f, h). (1.2.27)

Teorema 1.2.11. [83](Mond)
Fie operatorul liniar şi pozitiv L : C([a, b]) → C([a, b]) şi f ∈ C([a, b]). Pentru

h > 0 şi χ ∈ [a, b] avem:

|L(f, χ)− f(χ)| ≤ |f(χ)||L(e0, χ)− 1|+
(
L(e0, χ)

+
1

h2
(L(e1 − χe0)2)(χ)

)
ω1(f, h). (1.2.28)

Următoarele două teoreme se găsesc ı̂n lucrările [84], [85] şi [87].

Teorema 1.2.12. [87] (Păltănea)
Considerăm un interval real I şi L : V → F(I) un operator liniar şi pozitiv pe

subspaţiul V ⊂ C(I), astfel ı̂ncât Π2 ⊂ V , atunci pentru ∀f ∈ V, χ ∈ I şi 0 < h <
1
2
lung(I) avem:

|L(f, χ)− f(χ)| ≤ |f(χ)||L(e0, χ)− 1|+ h−1|(L(e1 − χe0))(χ)|ω1(f, h)

+
(
L(e0, χ) +

1

2h2
(L(e1 − χe0)2)(χ)

)
ω2(f, h). (1.2.29)
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Teorema 1.2.13. [87](Păltănea)

Fie un interval real I şi V un subspaţiu al lui F(I) astfel ı̂ncât ei ∈ V, i = 0, 1, 2.

Fie L : V → F(I) un operator liniar, pozitiv. Notăm mi(χ) = L
(

(e1−χe0)i, χ), i ∈ N.

Presupunem că ∀χ ∈ I avem m0(χ) > 0, m2(χ) > 0. Atunci pentru ∀f ∈ V , f

derivabilă şi ∀ h ≤ lung(I), ∀χ ∈ I avem pentru h ≤ 3
√

m2(χ)
m0(χ)

|L(f, χ)− f(χ)| ≤ |m0(χ)− 1| · |f(χ)|+ h−1m1(x)ω1(f, h)

+
(1

6
hm0(χ) +

1

2h
m2(χ)

)
ω1(f ′, h), (1.2.30)

şi pentru h ≥ 3
√

m2(x)
m0(x)

avem

|L(f, χ)− f(χ)| ≤ |m0(χ)− 1| · |f(χ)|+ h−1m1(x)ω1(f, h)

+
(√

m0(χ)m2(χ)− m2(χ)

h

)
ω1(f ′, h). (1.2.31)

Teorema 1.2.14. [87](Păltănea)

Fie operatorul liniar, pozitiv L : F ([0, 1])→ F ([0, 1]). Pentru χ ∈ (0, 1), h ∈ (0, 1
2
]

şi ∀f ∈ B([0, 1]) avem:

|L(f, χ)− f(χ)| ≤ |L(e0, χ)− 1| · ||f ||+ h−1 |(L(e1 − χe0))(χ)|
2ϕ(χ)

ωϕ1 (f, 2h)

+
[
L(e0, χ) +

3

2

|(L(e1 − χe0)2)(χ)|
(hϕ(χ))2

]
ωϕ2 (f, h). (1.2.32)

O primă variantă a teoremei a fost stabilită ı̂n lucrarea [36].

Definiţia 1.2.7. [91]

Fie (X, ‖ ·‖) un spaţiu normat şi Y ⊂ X un subspaţiu ı̂nzestrat cu seminorma | · |Y .
Fie f ∈ X şi t > 0. Se numeşte K funcţională

K(f, t,X, Y ) = inf{‖f − g‖+ t|g|Y , g ∈ Y }. (1.2.33)

De exemplu, pentru X = C([a, b]), ‖f‖ = maxχ∈[a,b] |f(χ)| norma Ceb̂ıshev, Y =

Cr([a, b]), |g|Cr([a,b]) = ‖g(r)‖ [91].

Kr(f, t, C([a, b]), Cr([a, b])) = inf {‖f − g‖+ tr‖g(r)‖, g ∈ Cr([a, b])}. (1.2.34)

Teorema 1.2.15. [56](Johnen)

Fie [a, b] un interval. Există c1 > 0, c2 > 0 astfel ı̂ncât

c1 · ω2(f, h) ≤ K2(f, h, C([a, b]), C2([a, b])) ≤ c2 · ω2(f, h), (1.2.35)

∀f ∈ C([a, b]) şi ∀ h > 0.
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2 Funcţii spline. Operatorii Schoenberg

2.1 Funcţii spline polinomiale. B-splines

2.1.1 Cazul general al funcţiilor spline cu noduri multiple

Fie intervalul [a, b] şi diviziunea ∆n = {χi}n0 cu

a = χ0 < χ1 < ... < χn−1 < χn = b. (2.1.1)

Fie k un ı̂ntreg pozitiv şi M = (k1, k2, ..., kn−1) un vector format din numere ı̂ntregi
cu proprietatea 1 ≤ ki ≤ k+1, cu i = 1, 2, ..., n−1, vector numit vector de multiplicitate
[111].

Definiţia 2.1.1. [111] Spaţiul funcţiilor spline polinomiale de ordin k pe no-
durile χ1, ..., χk, cu ordinul de multiplicitate k1, k2, ..., kn−1 este

S(Πk,M,∆n) : = {s ∈ F([a, b])| ∃s0, s1, ..., sn−1 ∈ Πk astfel ı̂ncât s(χ) =

si(χ) cu χ ∈ Ii, i = 0, 1, ..., n− 1; Djsi−1(χi) = Djsi(χi)

pentru j = 0, 1, ..., k − ki, i = 1, ..., n− 1}. (2.1.2)

Teorema 2.1.1. [111] Fie

H =
n−1∑
i=1

ki. (2.1.3)

Atumci S(Πk,M,∆n) este un spaţiu liniar de dimensiune k +H.

Construcţia unei baze locale

Definiţia 2.1.2. [111] Fie a < χ1 < ... < χn−1 < b şi 1 ≤ ki ≤ k+ 1, i = 1, 2, ..., n− 1
date. Presupunem că avem punctele

y1 ≤ y2 ≤ ... ≤ y2(k+1)+H (2.1.4)

astfel ı̂ncât
y1 ≤ y2 ≤ ... ≤ yk+1 ≤ a, b ≤ yk+H+2 ≤ ... ≤ y2(k+1)+H (2.1.5)

şi

yk+2 ≤ ... ≤ yk+H+1 =

k1︷ ︸︸ ︷
χ1, ..., χ1, ...,

kn−1︷ ︸︸ ︷
χn−1, ..., χn−1 . (2.1.6)

Atunci vom numi mulţimea {yi}2(k+1)+H
1 diviziune extinsă asociată cu spaţiul

S(Πk,M,∆n).

Teorema 2.1.2. [111] Fie {yi}2(k+1)+H
1 o diviziune extinsă asociată cu spaţiul S(Πk,M,∆n)

şi presupunem b < y2(k+1)+H . Pentru i = 1, 2, ..., k +H + 1 fie

Nn,i(χ) = (−1)k+1(yi+k+1 − yi)[yi, ..., yi+k+1](χ− ·)k+, a ≤ χ ≤ b. (2.1.7)

Atunci {Nn,i}k+H+1
1 formează o bază pentru S(Πk,M,∆n) cu

Nn,i(χ) = 0 pentru χ /∈ [yi, yi+k+1], (2.1.8)

and
Nn,i(χ) > 0 pentru χ ∈ (yi, yi+k+1). (2.1.9)
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Mai mult,
k+H+1∑
i=1

Nn,i(χ) = 1, (2.1.10)

pentru orice a ≤ χ ≤ b.

Funcţiile Nn,1, Nn,2, ..., Nn,k+H+1 sunt numite B-splines.

Observaţia 2.1.1. Folosind identitatea

[yi, ..., yi+k+1](χ− ·)k+ = (−1)k+1[yi, ..., yi+k+1](· − χ)k+ (2.1.11)

funcţiile Nn,i au şi reprezentarea

Nn,i(χ) = (yi+k+1 − yi)[yi, ..., yi+k+1](· − χ)k+, 1 ≤ i ≤ k +H + 1. (2.1.12)

2.1.2 Funcţii spline cu noduri simple

Definiţia 2.1.3. Fie dată o diviziune ∆n = {χi}n0 definită ca ı̂n (2.1.1). O funcţie
spline cu noduri simple de ordin k ≥ 1 pe intervalul [a, b] ataşată diviziunii ∆n,
este o funcţie de clasă Ck−1([a, b]), care pe fiecare subinterval determinat de două noduri
consecutive ale diviziunii este polinom de grad k. O funcţie spline cu noduri simple de
ordin k o vom numi simplu şi funcţie spline de ordin k. Mulţimea funcţiilor spline
de ordin k ataşată diviziunii ∆n se notează cu Sk(∆n).

Din definiţia de mai sus rezultă deci

Sk(∆n) = {s ∈ Ck−1([a, b]) | s
∣∣
[χi−1,χi]

∈ Πk, 1 ≤ i ≤ n}. (2.1.13)

Definiţia 2.1.4. Dacă ∆n = {χi}n0 este o diviziune a intervalului [a, b] şi k ≥ 1, atunci
se defineşte diviziunea extinsă ∆n,k = {χi}n+k

i=−k cu nodurile de forma

0 = χ−k = χ−k+1 = ... = χ0 < χ1 < χ2 < ... < χn = χn+1 = ... = χn+k = 1.

(2.1.14)

Definiţia 2.1.5. [11] Funcţiile B-spline ataşate diviziunii extinse ∆n,k au expresia

Nj,k(χ) = (χj+k+1 − χj)[χj, χj+1, ..., χj+k+1](· − χ)k+, −k ≤ j ≤ n− 1.

(2.1.15)

Propoziţia 2.1.1. [11], [72], [97] Pentru orice diviziune extinsă ∆n,k, n, k ∈ N, n, k ≥
1 avem

i) Nj,k(χ) = 0 pentru χ < χj şi pentru χ > χj+k+1, −k ≤ j ≤ n− 1,

ii) Nj,k(χ) > 0 pentru χj < χ < χj+k+1, −k ≤ j ≤ n− 1.

Teorema 2.1.3. [97] Pentru orice diviziune ∆n = {χi}n0 a intervalului [a, b], şi pentru
orice ı̂ntreg k ≥ 1, spaţiul Sk(∆n) are dimensiunea n+ k, iar o bază a sa este formată
din funcţiile Nj,k, −k ≤ j ≤ n− 1.
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Teorema 2.1.4. [71] Pentru orice diviziune extinsă ∆n,k a intervalului [a, b], n ≥
1, k ≥ 1 pentru orice t ∈ R şi orice χ ∈ [a, b] avem

(t− χ)k =
n−1∑
j=−k

(t− χj+1)(t− χj+2)...(t− χj+k)Nj,k(χ). (2.1.16)

Corolar 2.1.1. În condiţiile Teoremei 2.1.4 pentru orice 0 ≤ r ≤ k avem

n−1∑
j=−k

ξ
(r)
j Nj,k(χ) = χr, χ ∈ [a, b], (2.1.17)

unde

ξ(r) =

(
k

r

)−1 ∑
1≤i1<i2<...<ir≤k

χi1χi2 . . . χir . (2.1.18)

Propoziţia 2.1.2. [71] Dacă ∆n,k, n ≥ 1, k ≥ 1 este o diviziune extinsă a intervalului
[a, b], funcţiile Nj,k, −k ≤ j ≤ n− 1 verifică proprietăţile:

1) Nj,k(χ) ≥ 0; −k ≤ j ≤ n− 1, χ ∈ [a, b]; (2.1.19)

2)
n−1∑
j=−k

Nj,k(χ) = 1; a ≤ χ ≤ b, (2.1.20)

3)
n−1∑
j=−k

ξjNj,k(χ) = χ; a ≤ χ ≤ b. (2.1.21)

2.2 Operatorii Schoenberg

Definiţia 2.2.1. [71] Fie ∆n o diviziune a intervalului [a, b] şi k ≥ 1 un ı̂ntreg. Ope-
ratorul Schoenberg S∆n,k

: F([a, b]) → Sk(∆n), ataşat diviziunii extinse ∆n,k se
definşte prin

(S∆n,k
f)(χ) =

n−1∑
j=−k

f(ξj,k)Nj,k(χ) (2.2.1)

unde f : [a, b]→ R, χ ∈ [a, b] şi

ξj,k =
χj+1 + χj+2 + . . .+ χj+k

k
, −k ≤ j ≤ n− 1, (2.2.2)

sunt abscisele Greville.

În cazul când ∆n,k conţine noduri echidistante şi avem k ≥ 1, atunci, ı̂n loc de S∆n,k

vom nota Sn,k.

Teorema 2.2.1. [11], [71], [72], [97]

i) S∆n,k
(f) este o funcţie spline de grad k pe nodurile χ0 < . . . < χn, adică este un

polinom de grad k pe fiecare interval [χν−1, χν ], (1 ≤ ν ≤ n), şi admite derivate
continue de ordin k − 1 pe ı̂ntregul interval [0, 1];
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ii) S∆n,k
este un operator liniar pozitiv;

iii) (S∆n,k
f)(χ) este, pentru orice χ ∈ [a, b] o combinaţie convexă a unui număr finit

de valori ale funcţiei f .

iv) S∆n,k
f interpolează funcţia f ı̂n capetele intervalului, adică (S∆n,k

f)(a) = f(a) şi
(S∆n,k

f)(b) = f(b).

v) S∆n,k
(eα) = eα, pentru α = 0, 1.

Teorema 2.2.2. [71] Pentru orice ı̂ntreg k ≥ 1, şi pentru n = 1, operatorul lui Scho-
enberg ataşat diviziunii extinse ∆1,k:

χ−k = χ−k+1 = . . . = χ0 = 0 < 1 = χ1 = χ2 = . . . χk+1

a intervalului [0, 1] coincide cu operatorul lui Bernstein Bk.

Teorema 2.2.3. [71] (Schoenberg)
Pentru orice diviziune extinsă ∆n,k a unui interval [a, b] operatotul S∆n,k

are pro-
prietatea diminuării variaţiei semnului. Aceasta ı̂nseamnă că pentru orice funcţie
f ∈ C([a, b]) şi pentru orice funcţie afină h(χ) = cχ + d, cu proprietatea că f − h are
un număr finit de schimbări de semn pe intervalul [a, b] rezultă că funcţia (S∆n,k

f)−h
are un număr de schimbări de semn cel mult egal cu numărul de schimbări de semn al
funcţiei f − h pe intervalul [a, b].

Definiţia 2.2.2. Momentul de ordinul doi al lui S∆n,k
este definit de (S∆n,k

(e1 −
χe0)2)(χ), unde ej(t) = tj, j = 0, 1, . . ., t ∈ [0, 1].

Teorema 2.2.4. [29] Pentru o diviziune extinsă ∆n,k a unui interval [a, b] cu k > 1
are loc relaţia

0 ≤ (S∆n,k
(e1 − χe0)2)(χ) =

n−1∑
j=−k

1

k2(k − 1)

∑
1≤r<s≤k

(χj+r − χj+s)2Nj,k(χ). (2.2.3)

Corolar 2.2.1. [72] În condiţiile Teoremei 2.2.4 avem

0 ≤ S∆n,k
(e1 − χe0)2)(χ) ≤ min

{
1

2k
(b− a)2,

k + 1

12
‖∆n,k‖2

}
, (2.2.4)

unde ‖∆n,k‖ = max1≤j≤n(χj − χj−1).

Teorema 2.2.5. [71] Fie un şir de diviziuni extinse ale intervalului [a, b], de forma
∆nm,km, m = 1, 2, . . ., unde km > 1 pentru orice m. Dacă avem ı̂ndeplinită condiţia

lim
m→∞

‖∆nm,km‖
km

= 0, (2.2.5)

atunci are loc

lim
m→∞

(S∆nm,km
f)(χ) = f(χ), uniform ı̂n raport cu χ ∈ [a, b], ∀f ∈ C([a, b]). (2.2.6)

Teorema 2.2.6. [11] Pentru k ≥ 1 şi n ≥ 1 avem

(Sn,k(e1 − χe0)2)(χ) ≤
min

{
2χ(1− χ), k

n

}
n+ k − 1

. (2.2.7)
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3 Îmbunătăţirea ordinului de aproximare

În continuare, ı̂n Secţiunea 3, se lucrează pe intervalul [0, 1]. Considerăm diviziu-
nea extinsă ∆n,k dată ı̂n (2.1.14), abscisele Greville (2.2.2), funcţiile B-spline (2.1.15),
operatorii Schoenberg (2.2.1) şi k = 2.

3.1 Operatorii Schoenberg de grad doi pe noduri particular alese

În literatură, [11], dacă diviziunea extinsă ∆n,k formata din noduri echidistante şi
k = 2, următorul rezultat este stabilit:

(Sn,2(e1 − χe0)2)(χ)

χ(1− χ)
=

1
2n
− χ

4

1− χ
≤ 1

2n
,

şi aceasta implică

(Sn,2(e1 − χe0)2)(χ) ≤ 1

2n
· χ(1− χ), n ≥ 1, χ ∈ [0, 1], (3.1.1)

unde constanta 1
2n

ı̂n faţa lui χ(1− χ) este cea mai bună posibilă.

Pentru n ≥ 1 şi k = 2 diviziunea extinsă ∆n,2 este:

0 = χ−2 = χ−1 = χ0 < χ1 < χ2 < ... < χn = χn+1 = χn+2 = 1. (3.1.2)

Din formula (1.1.3), pentru patru noduri şi o funcţie f : [0, 1]→ R, se obţine:

[χ1, χ2, χ3, χ4]f =
4∑
p=1

( ∏
1≤ν≤4,ν 6=p

(χp − χν)−1
)
f(χp),

unde χ1 < χ2 < χ3 < χ4 sunt puncte din [0, 1].

Observaţia 3.1.1.
[χ1, χ2, χ3, χ4]f = 0 dacă f ∈ Π2 (3.1.3)

[χ1, χ2, χ3, χ4](· − χ)2
+ = 0, pentru χ ≤ min{χ1, χ2, χ3, χ4}, (3.1.4)

şi
[χ1, χ2, χ3, χ4](· − χ)2

+ = 0, pentru χ ≥ max{χ1, χ2, χ3, χ4}. (3.1.5)

3.1.1 Momentul de ordinul doi al operatorilor Schoenberg de gradul doi pe
noduri particular alese

Considerăm o diviziune ∆n formată din nodurile particulare:

χ0 = 0,

χ1 =
λ

n
,

χj =
λ

n
+ (j − 1)

n− 2λ

n(n− 2)
, pentru 2 ≤ j ≤ n− 2,

χn−1 = 1− λ

n
,

χn = 1, (3.1.6)
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unde λ ∈ (0, 1]. Pentru λ = 1 se obţine cazul particular al nodurilor echidistante.

Lema 3.1.1. Fie n ≥ 7, λ ∈ (0, 1) şi nodurile alese ı̂n (3.1.6) şi extra-nodurile date ı̂n
(3.1.2). Au loc următoarele relaţii:

Caz 1. χ ∈ [χ0, χ1]

N−1,2(χ) =
2n

λ
χ− n2

λ2

2nλ+ n− 6λ

nλ+ n− 4λ
χ2,

N0,2(χ) =
n2(n− 2)

λ(nλ+ n− 4λ)
χ2,

Nj,2(χ) = 0 pentru 1 ≤ j ≤ n− 1.

Caz 2. χ ∈ [χ1, χ2]

N−1,2(χ) =
n2(n− 2)2

(nλ+ n− 4λ)(n− 2λ)
χ2 − 2n(n− 2)

n− 2λ
χ+

nλ+ n− 4λ

n− 2λ
,

N0,2(χ) = −(nλ+ 3n− 8λ)n2(n− 2)2

2(nλ+ n− 4λ)(n− 2λ)2
χ2 +

(nλ+ 2n− 6λ)n(n− 2)

(n− 2λ)2
χ

−λ(nλ+ 2n− 6λ)(n− 2)

2(n− 2λ)2
,

N1,2(χ) =
n2(n− 2)2

2(n− 2λ)2
χ2 − nλ(n− 2)2

(n− 2λ)2
χ+

λ2(n− 2)2

2(n− 2λ)2
,

Nj,2(χ) = 0 pentru 2 ≤ j ≤ n− 1 sau j = −2.

Caz 3. χ ∈ [χ2, χ3]

N0,2(χ) = χ2 n
2(n− 2)2

2(n− 2λ)2
− χn(n− 2)(nλ+ 2n− 6λ)

(n− 2λ)2
+

(nλ+ 2n− 6λ)2

2(n− 2λ)2
,

N1,2(χ) = −χ2n
2(n− 2)2

(n− 2λ)2
+ χ

n(n− 2)(2nλ+ 3n− 10λ)

(n− 2λ)2

−2λ2(n− 2)2 + 6λ(n− 2)(n− 2λ) + 3(n− 2λ)2

2(n− 2λ)2
,

N2,2(χ) = χ2 n
2(n− 2)2

2(n− 2λ)2
− χn(n− 2)(n+ nλ− 4λ)

(n− 2λ)2
+

(n+ nλ− 4λ)2

2(n− 2λ)2
,

Nj,2(χ) = 0 pentru 3 ≤ j ≤ n− 1 sau j ∈ {−2,−1}.

Caz 4. χ ∈ [χq, χq+1] cu 3 ≤ q ≤ n− 4

Nj,2(χ) =
n2(n− 2)2

2(n− 2λ)2

3∑
i=0

di

(
(i+ j − 1)

n− 2λ

n(n− 2)
+
λ

n
− χ

)2

+
,

pentru q − 2 ≤ j ≤ q, unde

d0 = −1, d1 = 3, d2 = −3, d3 = 1.

Nj,2(χ) = 0 pentru 2 ≤ j ≤ q − 3 sau q + 1 ≤ j ≤ n− 1.
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Caz 5. χ ∈ [χn−3, χn−2]

Nn−5,2(χ) = (1− χ)2 n
2(n− 2)2

2(n− 2λ)2
− (1− χ)

n(n− 2)(n+ nλ− 4λ)

(n− 2λ)2

+
(n+ nλ− 4λ)2

2(n− 2λ)2
,

Nn−4,2(χ) = −(1− χ)2n
2(n− 2)2

(n− 2λ)2
+ (1− χ)

n(n− 2)(2nλ+ 3n− 10λ)

(n− 2λ)2

−2λ2(n− 2)2 + 6λ(n− 2)(n− 2λ) + 3(n− 2λ)2

2(n− 2λ)2
,

Nn−3,2(χ) =
χ2n2(n− 2)2

2(n− 2λ)2
− χn(n− 2)(n2 − 4n− nλ+ 6λ)

(n− 2λ)2

+
(n2 − 4n− nλ+ 6λ)2

2(n− 2λ)2
,

Nj,2(χ) = 0 pentru − 2 ≤ j ≤ n− 6 sau j ≥ n− 2.

Caz 6. χ ∈ [χn−2, χn−1]

Nn−4,2(χ) =
n2(n− 2)2

2(n− 2λ)2
(1− χ)2 − nλ(n− 2)2

(n− 2λ)2
(1− χ) +

λ2(n− 2)2

2(n− 2λ)2
,

Nn−3,2(χ) = −(nλ+ 3n− 8λ)n2(n− 2)2

2(nλ+ n− 4λ)(n− 2λ)2
(1− χ)2

+
(nλ+ 2n− 6λ)n(n− 2)

(n− 2λ)2
(1− χ)− λ(nλ+ 2n− 6λ)(n− 2)

2(n− 2λ)2
,

Nn−2,2(χ) =
n2(n− 2)2

(nλ+ n− 4λ)(n− 2λ)
(1− χ)2 − 2n(n− 2)

n− 2λ
(1− χ)

+
nλ+ n− 4λ

n− 2λ
,

Nj,2(χ) = 0 pentru − 2 ≤ j ≤ n− 5 sau j = n− 1.

Caz 7. χ ∈ [χn−1, χn]

Nn−3,2(χ) =
(1− χ)2n2(n− 2)

λ(nλ+ n− 4λ)
,

Nn−2,2(χ) =
2n

λ
(1− χ)− n2

λ2

2nλ+ n− 6λ

nλ+ n− 4λ
(1− χ)2,

Nj,2(χ) = 0 pentru − 2 ≤ j ≤ n− 4.

Teorema 3.1.1. Momentul de ordinul doi al operatorului spline Schoenberg de gradul
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doi pentru nodurile (3.1.6) este: (S∆n,2(e1 − χe0)2)(χ)

=



χ2 n
2−nλ(n+2)−2λ2(n−1)(n−4)

4λ(n−2)(nλ+n−4λ)
+ χ λ

2n
, χ ∈

[
0, λ

n

]
χ2 n(λ−1)

4(n−2λ)
+ χ (1−λ)(nλ+n−4λ)

2(n−2)(n−2λ)

+λ3(n2−6n+4)+nλ2(n+2)−n2λ
4n2(n−2)(n−2λ)

, χ ∈
[
λ
n
, λ
n

+ n−2λ
n(n−2)

]
1

4n2

(n−2λ)2

(n−2)2
, χ ∈

[
λ
n

+ n−2λ
n(n−2)

, 1− λ
n
− n−2λ

n(n−2)

]
(1−χ)2n(λ−1)

4(n−2λ)
+ (1−χ)(1−λ)(nλ+n−4λ)

2(n−2)(n−2λ)

+λ3(n2−6n+4)+nλ2(n+2)−n2λ
4n2(n−2)(n−2λ)

, χ ∈
[
1− λ

n
− n−2λ

n(n−2)
, 1− λ

n

]
(1−χ)2[n2−nλ(n+2)−2λ2(n−1)(n−4)]

4λ(n−2)(nλ+n−4λ)
+ (1−χ)λ

2n
, χ ∈

[
1− λ

n
, 1
]

Pentru λ = 1 se obţine cazul particular al nodurilor echidistante.

Teorema 3.1.2. Momentul de ordinul doi al operatorului Schoenberg de gradul al doilea
pentru noduri echidistante este:

(Sn,2(e1 − χe0)2)(χ) =


−χ2

4
+ χ

2n
, χ ∈

[
0, 1

n

]
1

4n2 , χ ∈
[

1
n
, n−1

n

]
− (1−χ)2

4
+ 1−χ

2n
, χ ∈

[
n−1
n
, 1
] .

3.1.2 Compararea ordinului de aproximare cu cazul nodurilor echidistante

Vom face comparaţia doar pentru cazul λ = 1
2
.

Lema 3.1.2. Pentru n ≥ 1 următoarele relaţii au loc:

i)

sup
χ∈(0,1)

(Sλ=1
n,2 (e1 − χe0)2)(χ)

χ(1− χ)
=

1

2n
+ o
( 1

n

)
, (3.1.7)

uniform ı̂n raport cu χ ∈ (0, 1).

ii)

sup
χ∈(0,1)

(S
λ= 1

2
∆n,2

(e1 − χe0)2)(χ)

χ(1− χ)
=

1

4n
+ o
( 1

n

)
, (3.1.8)

uniform ı̂n raport cu χ ∈ (0, 1).

Teorema 3.1.3. [41] Dacă Ln : C([0, 1]) → C([0, 1]) este un operator liniar pozitiv
astfel
ı̂ncât Ln(ej) = ej, j ∈ {0, 1}, şi există o constantă K > 0 astfel ı̂ncât

Ln((e1 − χ)2, χ)

χ(1− χ)
≤ K · 1

n
, χ ∈ (0, 1),
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atunci, pentru f ∈ C2([0, 1]):∣∣∣∣Ln(f, χ)− f(χ)

χ(1− χ)

∣∣∣∣ ≤ K

2n
|f ′′(χ)|+ o

( 1

n

)
, (3.1.9)

uniform ı̂n raport cu χ ∈ (0, 1).

Aplicăm Teorema 3.1.3 şi Lema 3.1.2 pentru λ = 1 şi λ = 1
2
.

Corolar 3.1.1. Are loc∣∣∣(Sn,2f)(χ)− f(χ)

χ(1− χ)

∣∣∣ ≤ 1

4n
|f ′′(χ)|+ o

( 1

n

)
, uniform ı̂n raport cu χ,

(3.1.10)

pentru f ∈ C2([0, 1]), χ ∈ (0, 1); sau∣∣∣∣∣∣Sn,2(f)− f
e1 − e2

∣∣∣∣∣∣
(0,1)
≤ 1

4n
‖f ′′‖+ o

( 1

n

)
. (3.1.11)

Pentru nodurile alese (3.1.6) şi pentru λ = 1
2

o ı̂mbunătăţire este obţinută ı̂n
următorul corolar:

Corolar 3.1.2. Are loc

∣∣∣(Sλ= 1
2

∆n,2
f
)
(χ)− f(χ)

χ(1− χ)

∣∣∣ ≤ 1

8n
|f ′′(χ)|+ o

( 1

n

)
, uniform ı̂n raport cu χ,

(3.1.12)

pentru f ∈ C2([0, 1]), χ ∈ (0, 1); sau

∣∣∣∣∣∣Sλ= 1
2

∆n,2
(f)− f

e1 − e2

∣∣∣∣∣∣
(0,1)
≤ 1

8n
‖f ′′‖+ o

( 1

n

)
. (3.1.13)

Corolar 3.1.3. Următoarele relaţii au loc:
i) ∣∣∣∣∣∣(Sλ=1

∆n,2
f)(χ)− f(χ)

∣∣∣∣∣∣
(0,1)
≤
(7

4
+ o(1)

)
ωϕ2

(
f,

1√
n

)
. (3.1.14)

ii) ∣∣∣∣∣∣(Sλ= 1
2

∆n,2
f)(χ)− f(χ)

∣∣∣∣∣∣
(0,1)
≤
(11

8
+ o(1)

)
ωϕ2

(
f,

1√
n

)
. (3.1.15)

Aşadar, pentru λ = 1
2

se obţine o ı̂mbunătăţire a ordinului de aproximare. Această
ı̂mbunătăţire se observă ı̂n teorema Voronovskaja şi ı̂n evaluarea cu al doilea modul
Ditzian–Totik modulus, de asemenea.
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3.2 Momentul de ordinul doi al operatorilor Schoenberg de gradul doi pe
noduri arbitrare

3.2.1 O primă metodă care utilizează o diviziune extinsă auxiliară

În această Secţiune, o mult mai generală diviziune extinsă, o diviziune auxiliară
∆n,2 este utilizată:

y−2 < y−1 < 0 = y0 < y1 . . . < yn = 1 < yn+1 < yn+2, n ≥ 1. (3.2.1)

Relaţiile (3.1.3), (3.1.4), (3.1.5) din Observaţia 3.1.1 sunt adevărate de asemenea şi
pentru yj, −2 ≤ j ≤ n+ 2.

Pentru orice numere reale t1 ≤ t2 < t3 ≤ t4 şi χ, notăm:

Γ(t1, t2, t3, t4)(χ) =
1

4

(
t4 − t1
t3 − t2

− 3

)
(χ− t3)2 +

1

2
(t4 − 2t3 + t2)(χ− t3)

+
1

4
(t3 − t2)(t4 − t3). (3.2.2)

Lema 3.2.1. Fie diviziunea extinsă ∆n,2 definită ı̂n (3.2.1), n ≥ 1. Fie χ ∈ [yq, yq+1]
unde 0 ≤ q ≤ n− 1. Atunci

(S∆n,2
(e1 − χe0)2)(χ) = Γ(yq−1, yq, yq+1, yq+2)(χ). (3.2.3)

Teorema 3.2.1. Fie diviziunea extinsă ∆n,2, n ≥ 1 dată ı̂n (3.1.2) şi operatorul co-
respunzător S∆n,2. Fie χ ∈ [χq, χq+1] unde 0 ≤ q ≤ n− 1. Au loc următoarele relaţii:

i) (S∆n,2(e1 − χe0)2)(χ) = Γ(χq−1, χq, χq+1, χq+2)(χ), for 1 ≤ q ≤ n− 2;

ii) (S∆n,2(e1 − χe0)2)(χ) = Γ(0, 0, χ1, χ2)(χ), for q = 0;

iii) (S∆n,2(e1 − χe0)2)(χ) = Γ(χn−2, χn−1, 1, 1)(χ), for q = n− 1.

3.2.2 O a doua metodă cu calcul direct

În continuare, folosind diferenţele divizate pe noduri multiple pentru momentul de
ordinul doi al operatorilor Schoenberg de gradul al doilea, sunt obţinute rezultatele
de mai sus. Poate fi verificat prin comparaţie că rezultatele obţinute prin cele două
metode sunt aceleaşi. Considerăm diviziunea extinsă ∆n,2 dată ı̂n (3.1.2).

Teorema 3.2.2. Fie χ ∈ [0, 1], şi q ∈ {0, 1, ...n − 1} un număr natural astfel ı̂ncât

χ ∈ [χq, χq+1]. În aceste condiţii, momentul de ordinul doi al operatorilor Schoenberg
de gradul al doilea pe noduri arbitrare are următoarea formă.

i) Dacă q = 0,

(S∆n,2(e1 − χe0)2)(χ) =
χ2

4

(χ2

χ1

− 3
)

+
χ

2
χ1. (3.2.4)

ii) Dacă q = 1,

(S∆n,2(e1 − χe0)2)(χ) =
χ2

4

( χ3

χ2 − χ1

− 3
)
− χ

2

( χ1χ3

χ2 − χ1

− χ1 − χ2

)
+

χ1

4

( χ1χ3

χ2 − χ1

− χ2

)
. (3.2.5)
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iii) Dacă 2 ≤ q ≤ n− 3,

(S∆n,2(e1 − χe0)2)(χ) =
χ2

4

(χq+2 − χq−1

χq+1 − χq
− 3
)

+
χ

2

(
χq + χq+1 +

χq−1χq+1 − χqχq+2

χq+1 − χq

)
+

χ2
q(χq+1 + χq+2)− χ2

q+1(χq−1 + χq)

4(χq+1 − χq)
. (3.2.6)

iv) Dacă q = n− 2,

(S∆n,2(e1 − χe0)2)(χ) =
(1− χ)2

4

( χ3

χ2 − χ1

− 3
)

− 1− χ
2

( χ1χ3

χ2 − χ1

− χ1 − χ2

)
+

χ1

4

( χ1χ3

χ2 − χ1

− χ2

)
. (3.2.7)

v) Dacă q = n− 1,

(S∆n,2(e1 − χe0)2)(χ) =
(1− χ)2

4

(χ2

χ1

− 3
)

+
1− χ

2
χ1. (3.2.8)

3.3 Momentul de ordinul doi al operatorilor Schoenberg de gradul al doilea
cu noduri ı̂n rădăcinile polinoamelor Ceb̂ıshev

Teorema 3.3.1. [118] Pentru ∆n,1, diviziune extinsă de forma (2.1.14), cu

χk = sin2 (2k − 1)π

4(n− 1)
,

1 ≤ k ≤ n− 1, n ≥ 2, χ0 = 0, χn = 1 are loc

(S∆n,1(e1 − χe0)2)(χ) ≤ π2 · χ(1− χ)

n2
, n ≥ 2, χ ∈ [0, 1]. (3.3.1)

Rădăcinile polinoamelor Ceb̂ıshev Tn(µ) = cos(n arccos µ), µ ∈ [−1, 1] sunt

µk = cos
( π

2n
+ k

π

n

)
, 0 ≤ k ≤ n− 1. (3.3.2)

Folosind transformarea intervalului [−1, 1] ı̂n intervalul [0, 1] prin funcţia υ(ξ) =
ξ+1

2
, se obţin următoarele noduri:

χ?k = υ(µn−k), 1 ≤ k ≤ n,

sau, mai explicit,

χ?k = sin2 (2k − 1)π

4n
, 1 ≤ k ≤ n. (3.3.3)

Definim de asemenea, χ?0 = 0 şi χ?n+1 = 1.
Considerăm diviziunea extinsă ∆?

n+1,2:

0 = χ?−2 = χ?−1 = χ?0 < χ?1 < ... < χ?n < χ?n+1 = χ?n+2 = χ?n+3 = 1. (3.3.4)
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3.3.1 Metoda care foloseşte o diviziune extinsă auxiliară

Din Teorema 3.2.1 obţinem prin particularizare următorul Corolar. Înlocuim n cu
n+1, şi alegem o diviziune auxiliară extinsă de forma (3.2.1) cu yj = χ?j , (0 ≤ j ≤ n+1),
y−2 < y−1 < 0, şi yn+3 > yn+2 > 1.

Corolar 3.3.1. Fie diviziunea extinsă ∆?
n+1,2, n ≥ 1 dată ı̂n (3.3.4) şi operatorul

corespunzător S∆?
n+1,2

. Fie χ ∈ [χ?q, χ
?
q+1], 0 ≤ q ≤ n. Următoarele relaţii au loc:

i) Pentru 1 ≤ q ≤ n− 1,

(S∆?
n+1,2

(e1 − χe0)2)(χ) = Γ(χ?q−1, χ
?
q, χ

?
q+1, χ

?
q+2)(χ). (3.3.5)

ii) Pentru q = 0,
(S∆?

n+1,2
(e1 − χe0)2)(χ) = Γ(0, 0, χ?1, χ

?
2)(χ). (3.3.6)

iii) Pentru q = n,

(S∆?
n+1,2

(e1 − χe0)2)(χ) = Γ(χ?n−1, χ
?
n, 1, 1)(χ). (3.3.7)

O explicaţie a acestor formule va fi făcută ı̂n secţiunea următoare folosind o metodă
de calcul direct.

3.3.2 Metoda de calcul direct

În continuare, folosind diferenţele divizate pe noduri multiple, se ajunge la rezulta-
tele de mai sus. Se utilizează diviziunea extinsă ∆?

n+1,2 definită ı̂n (3.3.4).

Teorema 3.3.2. Fie n ≥ 2, ∆?
n+1,2 şi χ ∈ [0, 1]. Există un unic q ∈ {0, 1, ...n}

astfel ı̂ncât χ ∈ [χq, χq+1) dacă 0 ≤ q ≤ n − 1, respectiv χ ∈ [χn, χn+1] dacă q = n.
Momentul de ordinul doi al operatorilor Schoenberg de gradul al doilea cu noduri ı̂n
rădăcinile polinoamelor Ceb̂ıshev are forma de mai jos.

i) Dacă q = 0,

(S∆?
n+1,2

(e1 − χe0)2)(χ) =
χ2

2

(
3− 12 sin2 π

4n
+ 8 sin4 π

4n

)
+
χ

2
sin2 π

4n
. (3.3.8)

ii) Dacă q = 1,

(S∆?
n+1,2

(e1 − χe0)2)(χ)

=
(χ− sin2 π

4n
)2

32
(

1− sin2 π
4n

)(
1− 2 sin2 π

4n

) + 4 sin2 π

4n

(
sin2 π

4n
− 1
)
χ2

− sin2 π

4n

(
4 sin2 π

4n
− 7

2

)
χ+ sin4 π

4n

(
2 sin2 π

4n
− 3

2

)
. (3.3.9)

iii) Dacă 2 ≤ q ≤ n− 2,

(S∆?
n+1,2

(e1 − χe0)2)(χ) = sin2 π

2n
χ(1− χ)− 1

4
sin4 π

2n
. (3.3.10)
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iv) Dacă q = n− 1,

(S∆?
n+1,2

(e1 − χe0)2)(χ)

=
(1− χ− sin2 π

4n
)2

32
(

1− sin2 π
4n

)(
1− 2 sin2 π

4n

) + 4 sin2 π

4n

(
sin2 π

4n
− 1
)

(1− χ)2

− sin2 π

4n

(
4 sin2 π

4n
− 7

2

)
(1− χ) + sin4 π

4n

(
2 sin2 π

4n
− 3

2

)
. (3.3.11)

v) Dacă q = n,

(S∆?
n+1,2

(e1 − χe0)2)(χ)

=
(1− χ)2

2

(
3− 12 sin2 π

4n
+ 8 sin4 π

4n

)
+

1− χ
2

sin2 π

4n
. (3.3.12)

Rezultatele din Corolarul 3.3.1 coincid cu rezultatele din Teorema 3.3.2.

3.3.3 Rezultate de bază

Teorema 3.3.3. Dacă n ≥ 1 şi χ ∈ [0, 1] atunci

(S∆?
n+1,2

(e1 − χe0)2)(χ) ≤ π2

4
· χ(1− χ)

n2
. (3.3.13)

Mai mult, constanta π2

4
este cea mai bună posiblă ı̂n această inegalitate.

Observaţia 3.3.1. Deoarece diviziunea ∆e
n,2 ı̂mparte intervalul [0, 1] ı̂n n subintervale

şi diviziunea ∆?
n+1,2 divide intervalul [0, 1] ı̂n n + 1 subintervale, este necesar să luăm

n−1, n ≥ 2 ı̂n (3.3.13), pentru a compara relaţia (3.1.1) cu relaţia (3.3.13). Se observă
că

χ(1− χ)

4(n− 1)2
=

(
n

n− 1

)2
χ(1− χ)

4n2
≤ χ(1− χ)

n2
,

pentru n ≥ 2.

Corolar 3.3.2. Dacă f ∈ C([0, 1]), χ ∈ [0, 1], n ≥ 1, atunci

|S∆?
n+1,2

(f, χ)− f(χ)| ≤
(

1 +
π

2

)
ω1

(
f,

√
χ(1− χ)

n

)
. (3.3.14)

Observăm că ı̂n cazul nodurilor echidistante, pentru k = 2, Teorema 2.2.6 aproxi-
mează mai slab

|Sn,2(f, χ)− f(χ)| ≤ Cω1

(
f,

√
χ(1− χ)

n

)
, (3.3.15)

unde constanta C este independentă de n, f şi χ.

Corolar 3.3.3. Pentru orice f ∈ C([0, 1]) şi orice n ≥ 2, există o funcţie spline s de
gradul 2, ataşată nodurilor {0 = χ0 < χ1 < . . . < χn = 1}, astfel ı̂ncât

|f(χ)− s(χ)| ≤ Cω1

(
f,

√
χ(1− χ)

n

)
, χ ∈ [0, 1], (3.3.16)

cu o constantă independentă de f , n şi χ.



Rezumat–Studiul unor procedee de aproximare a funcţiilor 25

Observăm că relaţia (3.3.16) este formal analoagă cu estimarea punctuală a lui
Teliakovsky, [124] a celei mai bune aproximări polinomiale pe intervalul [0, 1], unde n
are o altă semnificaţie:

Teorema 3.3.4. Există o constantă C > 0, astfel ı̂ncât pentru orice funcţie f ∈
C([0, 1]) şi orice n ∈ N există un polinom P de grad cel mult n, astfel ı̂ncât

|f(χ)− P (χ)| ≤ Cω1

(
f,

√
χ(1− χ)

n

)
, χ ∈ [0, 1]. (3.3.17)

Corolar 3.3.4. Pentru n ≥ 1, χ ∈ [0, 1] avem

∣∣∣S∆?
n+1,2

(f, χ)− f(χ)
∣∣∣ ≤ (

1 +
π2

8

)
ω2

(
f,

√
χ(1− χ)

n

)
. (3.3.18)

Din nou, o ı̂mbunătăţire este obţinută prin compararea cu cazul nodurilor echidis-
tante, din Teorema 2.2.6 se obţine

|f(χ)− Sn,2(f, χ)| ≤ Cω2

(
f,

√
χ(1− χ)

n

)
, (3.3.19)

cu o constantă C independentă de n, f şi χ.

Formal, estimarea (3.3.18) poate fi comparată cu rezultatul lui Gavrea [34] referitor
la aproximarea polinomială, care ı̂mbunătăţeşte rezultatul lui Teliakovsky.

Teorema 3.3.5. Există o secvenţă de operatori liniari pozitivi (Ln)n, Ln : C([0, 1])→
Πn şi o constantă C > 0, astfel ı̂ncât pentru orice funcţie f ∈ C([0, 1]) şi orice n ∈ N

|f(χ)− (Lnf)(χ)| ≤ Cω2

(
f,

√
χ(1− χ)

n

)
, χ ∈ [0, 1]. (3.3.20)

Folosind al doilea modul Ditzian-Totik se obţine următorul rezultat.

Corolar 3.3.5. Pentru f ∈ C([0, 1]) şi n ≥ 1 avem

‖S∆?
n+1,2

(f)− f‖ ≤
(

1 +
3π2

8

)
ωϕ2

(
f,

1

n

)
. (3.3.21)

În cazul nodurilor echidistante ı̂n [11], a fost obţinută următoarea relaţie:

‖Sn,2(f)− f‖ ≤ 15

8
ωϕ2

(
f,

1√
n

)
, (3.3.22)

unde f ∈ C([0, 1]), n ≥ 1.
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4 Momentul de ordinul doi al operatorilor Schoenberg de gra-
dul trei şi aplicaţii

4.1 Cazul nodurilor arbitrare

4.1.1 Metoda cu o diviziune extinsă auxiliară

Considerăm diviziunea extinsă de tipul (2.1.14) cu noduri arbitrare şi k = 3 pe care
o notăm ∆n,3

0 = χ−3 = χ−2 = χ−1 = χ0 < χ1 < χ2 < ... < χn = χn+1 = χn+2 = χn+3 = 1.

(4.1.1)

Vom aplica identitatea lui Marsden (2.1.16) pentru k = 3. Pentru aceasta consi-
derăm o diviziune adiţională ∆n,3 cu nodurile:

y−3 < y−2 < y−1 < 0 = y0 < y1 < y2 < ... < yn = 1 < yn+1 < yn+2 < yn+3,

(4.1.2)

unde nodurile y−3 < y−2 < y−1 < 0 şi 1 < yn+1 < yn+2 < yn+3 sunt variabile şi yi = χi,
pentru 0 ≤ i ≤ n. Ţinând cont că (S∆n,k

(e1 − χe0)2)(χ), (χ ∈ [0, 1]) este construit
folosind diferenţele divizate cu noduri multiple, se obţine, pentru χ ∈ [0, 1]

(S∆n,3(e1 − χe0)2)(χ) = lim
y−3,y−2,y−1→0

yn+1,yn+2,yn+3→1

(S∆n,3
(e1 − χe0)2)(χ). (4.1.3)

În această limită ordinea punctelor y−3 < y−2 < y−1 < 0 şi 1 < yn+1 < yn+2 < yn+3

este menţinută.
Pentru orice χ ∈ [0, 1] există un ı̂ntreg 0 ≤ q ≤ n− 1, astfel ı̂ncât χ ∈ [χq, χq+1] =

[yq, yq+1].
Pentru diviziunea (4.1.2) şi pentru 0 ≤ q ≤ n− 1 şi χ ∈ [yq, yq+1] definim

Γ(yq−2, yq−1, yq, yq+1, yq+2, yq+3)(χ)

=
1

9

{yq+3 − yq−1

yq+2 − yq
· (χ− yq)3

yq+1 − yq
− yq+2 − yq−2

yq+1 − yq−1

· (χ− yq+1)3

yq+1 − yq
−

∑
q−1≤i<j≤q+2

(χ− yi)(χ− yj)
}
, (4.1.4)

mai explicit,

Γ(yq−2, yq−1, yq, yq+1, yq+2, yq+3)(χ)

=
χ3

9(yq+1 − yq)

(yq+2 − yq−2

yq−1 − yq+1

+
yq−1 − yq+3

yq − yq+2

)
− χ2

3(yq+1 − yq)

[
yq+1

(yq+2 − yq−2

yq−1 − yq+1

+ 2
)

+ yq

(yq−1 − yq+3

yq − yq+2

− 2
)]

+
χ

3

{
yq+2 + yq−1 +

1

yq+1 − yq

[
y2
q+1

(yq+2 − yq−2

yq−1 − yq+1

+ 1
)

+ y2
q

(yq−1 − yq+3

yq − yq+2

− 1
)]}
− 1

9

{
(yq+2 + yq−1)(yq + yq+1) + yqyq+1

+ yq−1yq+2 +
1

yq+1 − yq

[
y3
q+1

(yq+2 − yq−2

yq−1 − yq+1

)
+ y3

q

(yq−1 − yq+3

yq − yq+2

)]}
. (4.1.5)
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Observaţia 4.1.1. Deoarece yi 6= yj, ∀i 6= j, q − 2 ≤ i, j ≤ q + 2, forma lui Γ are
sens.

Teorema 4.1.1. Fie diviziunea ∆n,3 dată ı̂n (4.1.1). Dacă χ ∈ [χq, χq+1], cu 0 ≤ q ≤
n− 1, atunci

(S∆n,3(e1 − χe0)2)(χ) = Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ). (4.1.6)

Observaţia 4.1.2. Cu toate că ı̂n calculul lui (S∆n,3
(e1 − χe0)2)(χ) se folosesc toate

nodurile yq−3 < . . . < yq+4 rezultatul final depinde doar de nodurile yq−2 < . . . < yq+3.

Forma momentului de ordinul doi va fi stabilită separat ı̂n câteva cazuri, din teorema
de mai sus şi din relaţia (4.1.3) ı̂n următoarele corolarii. Vom considera doar cazurile
ı̂n care χ este ı̂n partea stângă a intervalului [0, 1], fiindcă ı̂n partea dreaptă, rezultatul
poate fi obţinut prin simetrie, ı̂nlocuind χ cu 1− χ şi yi cu yn−i, (−3 ≤ i ≤ n+ 3).

Corolar 4.1.1. Dacă n = 1 şi χ ∈ [0, 1], atunci

(S∆1,3(e1 − χe0)2)(χ) = −χ
2

3
+
χ

3
. (4.1.7)

Corolar 4.1.2. Fie n = 2. Pentru χ ∈ [0, χ1] avem

(S∆2,3(e1 − χe0)2)(χ) =
χ3

9χ1

(
1− 1

χ1

)
− χ2

3

(
2− 1

χ1

)
+
χ

3
χ1.

(4.1.8)

Pentru χ ∈ [χ1, 1] expresia (S∆2,3(e1 − χe0)2)(χ) poate fi obţinută prin simetrie.

Corolar 4.1.3. Fie n = 3.
i) Pentru χ ∈ [0, χ1], obţinem

(S∆3,3(e1 − χe0)2)(χ) =
χ3

9χ1

( 1

χ2

− χ2

χ1

)
− χ2

3

(
2− χ2

χ1

)
+
χ

3
χ1.

(4.1.9)

ii) Pentru χ ∈ [χ1, χ2], avem

(S∆3,3(e1 − χe0)2)(χ)

=
χ3

9(χ2 − χ1)

( 1

1− χ1

− 1

χ2

)
+

χ2

3(χ2 − χ1)

(1− 2χ2
1

1− χ1

− 2χ2

)
+

χ

3(χ2 − χ1)

(
χ2

2

− χ1 +
χ3

1

1− χ1

)
+
χ1

9

[ χ1

χ2 − χ1

− χ2
1

(χ2 − χ1)(1− χ1)
− χ2

]
. (4.1.10)

iii)Pentru χ ∈ [χ2, 1], expresia (S∆3,3(e1 − χe0)2)(χ) poate fi obţinută din cazul i)
prin simetrie.

Corolar 4.1.4. i) Pentru n ≥ 4 şi χ ∈ [0, χ1] avem:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9χ1

(χ3

χ2

− χ2

χ1

)
− χ2

3

(
2− χ2

χ1

)
+
χ

3
χ1.

(4.1.11)
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ii)Pentru n ≥ 4 şi χ ∈ [χ1, χ2] avem:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9(χ1 − χ2)

(χ3

χ2

+
χ4

χ1 − χ3

)
− χ2

3

[2χ1 − χ3

χ1 − χ3

+
χ3(χ2 − χ3) + χ1χ4

(χ1 − χ2)(χ1 − χ3)

]
+
χ

3

[
χ1 + χ2 +

χ1

χ1 − χ2

(
χ3 +

χ1χ4

χ1 − χ3

)]
− χ1

9

[
χ2 +

χ1χ3

χ1 − χ2

+
χ2

1χ4

(χ1 − χ2)(χ1 − χ3)

]
. (4.1.12)

iii) Pentru n ≥ 5 şi χ ∈ [χq, χq+1], cu 2 ≤ q ≤ n− 3 avem:

(S∆n,3(e1 − χe0)2)(χ) = Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ). (4.1.13)

iv) Pentru n ≥ 4 şi χ ∈ [χn−2, χn−1] expresia (S∆n,3(e1−χe0)2)(χ) poate fi obţinută
prin simetrie din cazul ii).

v) Pentru n ≥ 4 şi χ ∈ [χn−1, χn] expresia (S∆n,3(e1 − χe0)2)(χ) poate fi obţinută
prin simetrie din cazul i).

4.1.2 Metoda bazată pe calcul direct

Forma explicită a funcţiilor B-spline şi a momentului de ordin doi al operatorilor
Schoenberg de gradul trei, pentru noduri arbitrare, respectiv pentru noduri echidis-
tante, pe intervale de tipul [0, χ1], [χ1, χ2], [χ2, χ3] sunt prezentate ı̂n continuare.

Propoziţia 4.1.1. Pentru χ ∈ [0, χ1] şi n ≥ 4 avem:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9χ1

(χ3

χ2

− χ2

χ1

)
− χ2

3

(
2− χ2

χ1

)
+
χ

3
χ1. (4.1.14)

Propoziţia 4.1.2. Pentru χ ∈ [χ1, χ2] şi n ≥ 4, momentul de ordinul doi al operato-
rilor Schoenberg de gradul trei are următoarea formă:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9(χ1 − χ2)

(χ3

χ2

+
χ4

χ1 − χ3

)
− χ2

3

[2χ1 − χ3

χ1 − χ3

+
χ3(χ2 − χ3) + χ1χ4

(χ1 − χ2)(χ1 − χ3)

]
+
χ

3

[
χ1 + χ2 +

χ1

χ1 − χ2

(
χ3 +

χ1χ4

χ1 − χ3

)]
− χ1

9

[
χ2 +

χ1χ3

χ1 − χ2

+
χ2

1χ4

(χ1 − χ2)(χ1 − χ3)

]
. (4.1.15)

Propoziţia 4.1.3. Pentru χ ∈ [χ2, χ3] şi n ≥ 5, avem:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9(χ3 − χ2)

(χ1 − χ5

χ2 − χ4

+
χ4

χ1 − χ3

)
− χ2

3

[
1 +

χ3

χ3 − χ2

+
χ2(χ1 − χ2 − χ5)

(χ3 − χ2)(χ2 − χ4)
+

χ4(χ1χ2 − χ3χ4)

(χ1 − χ3)(χ3 − χ2)(χ2 − χ4)

]
+

χ

3

[
χ2 + χ3 +

1

χ3 − χ2

(
χ1χ3 − χ2χ4 −

χ2
2χ5

χ2 − χ4

− χ1χ4(χ3χ4 − χ1χ2)

(χ1 − χ3)(χ2 − χ4)

)]
− 1

9(χ2 − χ4)

[
χ2

2(χ3 + χ4) +
χ2(χ1χ

2
3 − χ2

2χ5)

χ3 − χ2

+
χ2χ3χ4(χ2

3 − χ2χ4)

(χ3 − χ2)(χ1 − χ3)

+
χ1χ4(χ2

3 − χ1χ4 − χ2χ4 − χ1χ3)

χ1 − χ3

]
. (4.1.16)
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Cazuri particulare

Propoziţia 4.1.4. Pentru n = 1 avem:

(S∆1,3(e1 − χe0)2)(χ) = −χ
2

3
+
χ

3
. (4.1.17)

Propoziţia 4.1.5. Fie n = 2. Pentru χ ∈ [0, χ1], obţinem:

(S∆2,3(e1 − χe0)2)(χ) =
χ3

9χ1

(
1− 1

χ1

)
− χ2

3

(
2− 1

χ1

)
+
χ

3
χ1, (4.1.18)

şi pentru χ ∈ [χ1, 1], avem (S∆2,3(e1 − χe0)2)(χ) =

χ3χ1

9(1− χ1)2
− χ2

3

[
1 +

χ2
1

(1− χ1)2

]
+
χ

3

[
1 +

χ3
1

(1− χ1)2

]
− χ1

9

[
1− χ1(1− 2χ1)

(1− χ1)2

]
.

(4.1.19)

Propoziţia 4.1.6. Fie n = 3. Pentru χ ∈ [0, χ1], obţinem:

(S∆3,3(e1 − χe0)2)(χ) =
χ3

9χ1

( 1

χ2

− χ2

χ1

)
− χ2

3

(
2− χ2

χ1

)
+
χ

3
χ1. (4.1.20)

Pentru χ ∈ [χ1, χ2], avem (S∆3,3(e1 − χe0)2)(χ)

=
χ3

9(χ2 − χ1)

( 1

1− χ1

− 1

χ2

)
+

χ2

3(χ2 − χ1)

(1− 2χ2
1

1− χ1

− 2χ2

)
+

χ

3(χ2 − χ1)

(
χ2

2

− χ1 +
χ3

1

1− χ1

)
+
χ1

9

[ χ1

χ2 − χ1

− χ2
1

(χ2 − χ1)(1− χ1)
− χ2

]
. (4.1.21)

Pentru χ ∈ [χ2, 1] avem (S∆3,3(e1 − χe0)2)(χ)

=
χ3

9(1− χ2)

[1− χ1

1− χ2

− 1

1− χ1

]
− χ2

3

[
1 +

χ2
2

(1− χ2)2
− χ1(1− χ1χ2)

(1− χ1)(1− χ2)2

]
+

χ

3

[
3 + χ2 −

2χ2
1 − 4χ1 + 3

(1− χ1)(1− χ2)
+

1− χ1

(1− χ2)2

]
+

1

9

[ 3χ2
1 − 6χ1 + 4

(1− χ1)(1− χ2)

− 1− χ1

(1− χ2)2
− 3χ2 − 3

]
. (4.1.22)

Propoziţia 4.1.7. Fie n = 4. Pentru χ ∈ [0, χ1] avem:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9χ1

(χ3

χ2

− χ2

χ1

)
− χ2

3

(
2− χ2

χ1

)
+
χ

3
χ1.

(4.1.23)

Pentru χ ∈ [χ1, χ2] obţinem:

(S∆n,3(e1 − χe0)2)(χ)

=
χ3

9

[ 1

(χ1 − χ2)(χ1 − χ3)
+

χ3

χ2(χ1 − χ2)

]
+
χ2

3

[
− 2 +

χ2
3 − χ1(χ3 + 1)

(χ1 − χ2)(χ1 − χ3)

]
+

χ

3

[χ2
1(1 + χ1)− χ1(χ2

2 + χ2
3) + χ2

2χ3

(χ1 − χ2)(χ1 − χ3)

]
+
χ1

9

[
− χ2 −

χ1(χ1 + χ1χ3 − χ2
3)

(χ1 − χ2)(χ1 − χ3)

]
.

(4.1.24)
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Pentru χ ∈ [χ2, χ3] avem (S∆n,3(e1 − χe0)2)(χ)

=
−χ3

9(χ2 − χ3)

[ 1

χ1 − χ3

+
1− χ1

1− χ2

]
+
χ2

3

[ −χ1χ2

(χ1 − χ3)(χ2 − χ3)

+
χ2(χ1 − 2χ3)

(1− χ2)(χ1 − χ3)
+

2χ3

(1− χ2)(χ2 − χ3)
− χ2

1χ2 − χ3

(1− χ2)(χ1 − χ3)(χ2 − χ3)

]
− χ

3

[
− χ3

3

(χ1 − χ3)(χ2 − χ3)
− χ2

χ2 − χ3

− χ2
1

(χ1 − χ3)(1− χ2)

+
χ3

2

(χ2 − χ3)(1− χ2)
+

χ1χ3(1− χ1χ2)

(1− χ2)(χ1 − χ3)(χ2 − χ3)

]
+

1

9

[
− χ1χ2

+
χ3

1

(χ1 − χ2)(χ3 − χ1)
+
χ3

2(1 + χ1 − χ2
1 − 2χ2 + χ1χ2)

(χ1 − χ2)(1− χ2)(χ2 − χ3)
− χ3(χ1 + χ2)

]
.

(4.1.25)

Pentru χ ∈ [χ3, 1] avem (S∆n,3(e1 − χe0)2)(χ)

=
χ3

9(1− χ3)

[ χ1

1− χ2

− χ2

1− χ3

− χ2 − χ3

(1− χ2)(1− χ3)

]
− χ2

3(1− χ3)

[
1− χ3

+
χ1 − χ2

1− χ2

− χ3(χ2 − χ3)

1− χ3)

]
+
χ

3

[
3 +

1− χ2

(1− χ3)2
+
χ1 + 4χ2 − 2χ2

2 − 3

(1− χ2)(1− χ3)
+ χ3

]
+

χ3(χ2 + χ3 − χ2
3)

3(1− χ3)2
− χ2 + χ3 − 2χ2

2

9(1− χ2)(1− χ3)2
− χ1

9(1− χ2)(1− χ3)
. (4.1.26)

4.2 Cazul nodurilor echidistante

Considerăm nodurile echidistante χj = j
n

cu 0 ≤ j ≤ n şi extra-nodurile χ−3 =
χ−2 = χ−1 = 0 respectiv χn+1 = χn+2 = χn+3 = 1.

Teorema 4.2.1. i) Pentru n = 1 avem:

(Sn,3(e1 − χe0)2)(χ) = −χ
2

3
+
χ

3
.

ii) Pentru n = 2 avem:

(Sn,3(e1 − χe0)2)(χ) =

 −
2χ3

9
+ χ

6
, χ ∈ [0, 1

2
]

2χ3

9
− 2χ2

3
+ χ

2
− 1

18
, χ ∈ [1

2
, 1].

iii) Pentru n = 3 avem:

(Sn,3(e1 − χe0)2)(χ) =


−χ3

6
+ χ

9
, χ ∈ [0, 1

3
]

−χ2

6
+ χ

6
− 1

162
, χ ∈ [1

3
, 2

3
]

χ3

6
− χ2

2
+ 7χ

18
− 1

18
, χ ∈ [2

3
, 1]

.
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iv) Pentru n = 4 avem:

(Sn,3(e1 − χe0)2)(χ) =



−2χ3

9
+ χ

12
, χ ∈ [0, 1

4
]

2χ3

9
− χ2

3
+ χ

6
− 1

144
, χ ∈ [1

4
, 1

2
]

−2χ3

9
+ χ2

3
− χ

6
+ 7

144
, χ ∈ [1

2
, 3

4
]

2χ3

9
− 2χ2

3
+ 7χ

12
− 5

36
, χ ∈ [3

4
, 1]

.

v) Pentru n ≥ 5 avem:

(Sn,3(e1 − χe0)2)(χ) =



−χ3n
18

+ χ
3n
, χ ∈ [0, 1

n
]

χ3n
18
− χ2

3
+ 2χ

3n
− 1

9n2 , χ ∈ [ 1
n
, 2
n
]

1
3n2 , χ ∈ [ 2

n
, n−2

n
]

(1−χ)3n
18

− (1−χ)2

3
+ 2(1−χ)

3n
− 1

9n2 , χ ∈ [n−2
n
, n−1

n
]

− (1−χ)3n
18

+ 1−χ
3n
, χ ∈ [n−1

n
, 1]

.

Observaţia 4.2.1.

(Sn,3(e1 − χe0)2)(χ) ≤ 1

3n2
. (4.2.1)

4.3 Aplicaţii ı̂n aproximare

Teorema 4.3.1. Fie ∆n,3 definită ı̂n (4.1.1), n ≥ 5. Fie f ∈ C([0, 1]). Dacă χ ∈
[χq, χq+1], 0 ≤ q ≤ n− 1, 0 < h ≤ 1

2
, atunci

|(S∆n,3f)(χ)− f(χ)| ≤
(

1 +
1

2

Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ)

h2

)
ω2(f, h), (4.3.1)

|(S∆n,3f)(χ)− f(χ)| ≤
(

1 +
3

2

Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ)

h2χ(1− χ)

)
ωϕ2 (f, h), (4.3.2)

unde ı̂n ultima inegalitate avem condiţia adiţională χ ∈ (0, 1).

În cazul nodurilor echidistante, folosind estimarea

(Sn,3(e1 − χe0)2)(χ)

χ(1− χ)
≤ 1

3(n− 1)
, n ≥ 2, χ ∈ (0, 1) (4.3.3)

dată ı̂n [11] avem din (4.3.2), pentru h = 1√
n−1

:

‖Sn,3f − f‖ ≤
3

2
ωϕ2

(
f,

1√
n− 1

)
,

unde constanta 3
2

ı̂mbunătăţeşte constanta 19
12

dată ı̂n [11].
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Teorema 4.3.2. Fie ∆n,3 dată ı̂n (4.1.1), cu n ≥ 5. Fie f ∈ C2([0, 1]). Dacă χ ∈
[χq, χq+1], 0 ≤ q ≤ n− 1, atunci∣∣∣(S∆n,3f)(χ)− f(χ)− 1

2
f ′′(χ)Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ)

∣∣∣
≤ 5

6
Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ)ω1(f ′′, ‖∆k,3‖). (4.3.4)

Lema 4.3.1. Pentru χ ∈
[

2
n
, n−2

n

]
, n ≥ 5 avem:

(Sn,3(e1 − χe0)4)(χ) ≤ 1

3n4
. (4.3.5)

Observaţia 4.3.1. Lema 4.3.1 ı̂mbunătăţeşte estimarea (Sn,3(e1 − χe0)4)(χ) ≤ 4
3n4 ,

χ ∈ [0, 1], obţinută ı̂n [120].

Corolar 4.3.1. Pentru operatorii Schoenberg cu noduri echidistante, Sn,3, pentru f ∈
C2([0, 1]), χ ∈ (0, 1) şi n ≥ max

{
2
χ
, 2

1−χ , 5
}

avem

∣∣∣∣n2[(Sn,3f)(χ)− f(χ)]− 1

6
f ′′(χ)

∣∣∣∣ ≤ 7

36
ω

(
f ′′,

1

n

)
. (4.3.6)

De asemenea, există limita:

Corolar 4.3.2. Pentru operatorii Schoenberg cu noduri echidistante, Sn,3, pentru f ∈
C2([0, 1]) si orice interval compact [a, b] ⊂ (0, 1) avem

lim
n→∞

n2[(Sn,3f)(χ)− f(χ)] =
1

6
f ′′(χ), uniform pentru χ ∈ [a, b]. (4.3.7)

4.4 Operatorii Schoenberg pentru care spaţiul polinoamelor de gradul doi
este invariant

Operatorii Bernstein de ordin k au proprietatea de a păstra gradul polinoamelor de
grad mai mic sau egal cu k. Operatorii Bernstein de ordin k pot fi priviţi ca operatori
Schoenberg de ordin k cu n = 1, conform [71]. În cazul operatorilor Schoenberg este
cunoscut faptul că spaţiul polinoamelor de gradul ı̂ntâi este invariant. Dar invarianţa
spaţiului polinoamelor de gradul doi nu este o proprietate generală a operatorilor Scho-
enberg cubici. În teorema următoare construim operatori speciali Schoenberg care au
această proprietate.

Teorema 4.4.1. Fie n ∈ N, n ≥ 5, n impar. Există o diviziune extinsă ∆n,3 :

0 = χ−3 = χ−2 = χ−1 = χ0 < χ1 < . . . < χn−1 < χn = χn+1 = χn+2 = χn+3 = 1,

astfel ı̂ncât

S∆n,3(Π2) ⊂ Π2.
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4.5 Operatori de tip Schoenberg-King

Dacă (Ln)n, Ln : C([a, b]) → C([a, b]) este o secvenţă de operatori liniari pozitivi
care conservă funcţiile constante, prin modificare de tip King a lor ı̂nţelegem şirul de
operatori (LKn )n, LKn : C([a, b])→ C([a, b]), definit de

LKn (f, χ) := Ln(f, rn(χ)), f ∈ C([a, b]), χ ∈ [a, b],

unde rn ∈ C([a, b]), este o funcţie astfel ı̂ncât rn([a, b]) ⊂ [a, b] şi LKn (e2) = e2.
Acest tip de modificare este descoperit de King, [62] care l-a aplicat operatorilor

Bernstein Bn : C([0, 1]) → C([0, 1]). Operatorii rezultaţi, care sunt notaţi aici BK
n ,

menţin proprietatea aproximării uniforme a funcţiilor din C([0, 1]). Din acest motiv,
această idee a fost generalizată ı̂n mai multe direcţii. Una dintre ele este aplicabilitatea
la mai multe tipuri de operatori de aproximare [40]. Oricum, acest tip de modificare
nu este posibil să fie aplicat oricărei secvenţe de operatori pozitivi. Vom arăta că
modificarea King poate fi aplicată operatorilor Schoenberg.

Teorema 4.5.1. Pentru orice sistem de noduri ∆n,3

0 = χ−3 = χ−2 = χ−1 = χ0 < χ1 < . . . < χn−1 < χn = χn+1 = χn+2 = χn+3 = 1,

există o funcţie unică rn : [0, 1]→ [0, 1], astfel ı̂ncât SK∆n,3
(e2) = e2. Mai mult, rn este

continuă şi

‖SK∆n,3
f − f‖ ≤ 5

3
ω1(f, ‖∆n,3‖). (4.5.1)

Corolar 4.5.1. În condiţiile Teoremei 4.5.1, dacă ‖∆n,3‖ → 0, (n→∞), atunci

lim
n→∞

‖SK∆n,3
f − f‖ = 0. (4.5.2)

5 O definiţie a operatorilor bidimensionali de tip Schoenberg

5.1 Operatori bidimensionali de tip Schoenberg pe noduri arbitrare

Fie f : [0, 1]× [0, 1]→ R, n > 0, h > 0, m > 0, k > 0 şi diviziunea ∆n,h:

0 = χ−h = χ−h+1 = ... = χ0 < χ1 < χ2 < ... < χn = χn+1 = ... = χn+h = 1,

(5.1.1)

respectiv ∆m,k:

0 = µ−k = µ−k+1 = ... = µ0 < µ1 < µ2 < ... < µn = µm+1 = ... = µm+k = 1.

(5.1.2)

Abscisele Greville asociate diviziunii ∆n,h sunt

ξi,h :=
χi+1 + χi+2 + ...+ χi+h

h
, cu − h ≤ i ≤ n− 1, (5.1.3)

iar abscisele Greville asociate diviziunii ∆m,k sunt

ζj,k :=
µj+1 + µj+2 + ...+ µj+k

k
, cu − k ≤ j ≤ m− 1. (5.1.4)



34 Rezumat–Studiul unor procedee de aproximare a funcţiilor

Funcţiile B-spline Ni,h(χ) depind de ∆n,h şi sunt definite prin:

Ni,h(χ) = (χi+h+1 − χi)[χi, χi+1, ..., χi+h+1](· − χ)h+, −h ≤ i ≤ n− 1, (5.1.5)

iar funcţiile B-spline Nj,k(µ) depind de ∆m,k şi sunt definite prin:

Nj,k(µ) = (µj+k+1 − µj)[µj, µj+1, ..., µj+k+1](· − µ)k+, −k ≤ j ≤ m− 1. (5.1.6)

Observaţia 5.1.1. Dacă χ ∈ [χq, χq+1] şi µ ∈ [µr, µr+1] cu 0 ≤ q ≤ n − 1, 0 ≤ r ≤
m− 1, atunci

Ni,h(χ) = 0 pentru i < q − h sau i ≥ q + 1; şi Ni,h(χ) ≥ 0 pentru q − h ≤ i ≤ q,

şi

Nj,k(µ) = 0 pentru j < r − k sau j ≥ r + 1; şi Nj,k(µ) ≥ 0 pentru r − k ≤ j ≤ r.

Observaţia 5.1.2. Pentru χ ∈ [0, 1] :

i)
n−1∑
i=−h

Ni,h(χ) = 1,
n−1∑
i=−h

Ni,h(χ) ≥ 0,

Pentru µ ∈ [0, 1] :

ii)
m−1∑
j=−k

Nj,k(µ) = 1,
m−1∑
j=−k

Nj,k(µ) ≥ 0.

Definiţia 5.1.1. Punctele de coordonate (χi, µj) unde χi ∈ ∆n,h şi µj ∈ ∆m,k formează
o reţea de puncte asociată diviziunilor ∆n,h şi ∆m,k.

Utilizăm următoarele notaţii

∆1 = {χi}−h≤i≤n+h, ∆2 = {µj}−k≤j≤m+k, (5.1.7)

∆̃ := ∆1 ×∆2. (5.1.8)

∆̃ := ∆̃h,k
n,m = {(χi, µj),−h ≤ i ≤ n+ h,−k ≤ j ≤ m+ k}. (5.1.9)

Definiţia 5.1.2. Operatorii spline bidimensionali de tip Schoenberg asociaţi cu ∆̃ au
forma

(
S∆̃f

)
(χ, µ) =

n−1∑
i=−h

m−1∑
j=−k

Ni,h(χ)Nj,k(µ)f(ξi,h, ζj,k), (5.1.10)

unde f : [0, 1]× [0, 1]→ R, (χ, µ) ∈ [0, 1]× [0, 1].

Observaţia 5.1.3. Ţinând cont de Observaţia 5.1.1 rezultă că χ ∈ [χq, χq+1], cu
0 ≤ q ≤ n− 1 şi µ ∈ [µr, µr+1] cu 0 ≤ r ≤ m− 1, şi ı̂n aceste condiţii

(
S∆̃f

)
(χ, µ) =

q∑
i=q−h

r∑
j=r−k

Ni,h(χ)Nj,k(µ)f(ξi,h, ζj,k). (5.1.11)
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Definiţia 5.1.3. Suprafaţa generată de operatorii spline bidimensionali de tip Schoen-
berg definiţi ı̂n (5.1.10), se numeşte suprafaţă de tip Schoenberg.

Propoziţia 5.1.1. Fie f, g : [0, 1]× [0, 1]→ R. Atunci

S∆̃(af + bg) = a(S∆̃f) + b(S∆̃g), ∀a, b ∈ R. (5.1.12)

Propoziţia 5.1.2. Fie f : [0, 1]× [0, 1]→ R, f ≥ 0. Atunci

(S∆̃f) ≥ 0. (5.1.13)

Propoziţia 5.1.3. Operatorul bidimensional de tip Schoenberg S∆̃ este un polinom de
grad cel mult h ı̂n variabila χ şi de grad cel mult k ı̂n variabila µ, pe orice dreptunghi
[χi−1, χi]× [µj−1, µj] cu 0 ≤ i ≤ n− 1 şi 0 ≤ j ≤ m− 1. Mai mult, S∆̃ este o funcţie
B–spline ı̂n fiecare variabilă.

Propoziţia 5.1.4. Operatorii spline bidimensionali de tip Schoenberg admit derivate
parţiale continue pe [0, 1]× [0, 1].

În continuare, sunt considerate funcţiile e0, π1, π2 ∈ C2([0, 1] × [0, 1]), definite de
e0(χ, µ) = 1, π1(χ, µ) = χ, π1(χ, µ) = µ cu (χ, µ) ∈ [0, 1]× [0, 1].

Propoziţia 5.1.5. Pentru operatorii spline bidimensionali de tip Schoenberg şi orice
(χ, µ) ∈ [0, 1]× [0, 1] avem:

i) (S∆̃e0)(χ, µ) = 1,

ii) (S∆̃π1)(χ, µ) = χ,

iii) (S∆̃π2)(χ, µ) = µ,

iv) S∆̃(π1π2)(χ, µ) = χµ.

Propoziţia 5.1.6. Fie ϕ : [0, 1]× [0, 1]→ R o funcţie afină. Atunci

(S∆̃ϕ) = ϕ. (5.1.14)

În propoziţia următoare, este folosită notaţia e1(t) = t, t ∈ [0, 1], şi prin e0 se
notează funcţia constantă egală cu 1, pe ambele mulţimi [0, 1] şi [0, 1]× [0, 1].

Propoziţia 5.1.7. Pentru operatorii spline bidimensionali de tip Schoenberg şi orice
(χ, µ) ∈ [0, 1]× [0, 1] avem:

i) (S∆̃(π1 − χe0))(χ, µ) = 0,

ii) (S∆̃(π2 − µe0))(χ, µ) = 0,

iii) (S∆̃(π1 − χe0)2)(χ, µ) = (S∆1(e1 − χe0)2)(χ),

iv) (S∆̃(π2 − µe0)2)(χ, µ) = (S∆2(e1 − µe0)2)(µ).

Condiţia suficientă pentru ca operatorii liniari pozitivi unidimensionali Ln(f1) sa
conveargă uniform la funcţia continuă f1, [16], se păstrează şi pentru operatorii spline
bidimensionali de tip Schoenberg după cum este demonstrat ı̂n următoarea teoremă.
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Teorema 5.1.1. Pentru ca operatorii spline bidimensionali de tip Schoenberg

(S∆̃f)(χ, µ) =
n−1∑
i=−h

m−1∑
j=−k

Ni,h(χ)Nj,k(µ)f(ξi,h, ζj,k)

să conveargă uniform pe [0, 1]× [0, 1] la funcţia continuă f este suficient ca pentru orice
ηε > 0 ∑∑

‖(ξi,h,ζj,k)−(χ,µ)‖<ηε
Ni,h(χ)Nj,k(µ)→ 1, (5.1.15)

uniform pentru 0 ≤ χ ≤ 1, 0 ≤ µ ≤ 1 unde n→∞ şi m→∞.

Definiţia 5.1.4. Considerăm diviziunile (5.1.7). Normele corespunzătoare fiecărei di-
viziuni sunt

‖∆1‖ = maxi(χi+1 − χi), respectiv ‖∆2‖ = maxi(µi+1 − µi). (5.1.16)

În aceste condiţii, definim norma

‖∆̃‖ := ‖∆1‖+ ‖∆2‖, (5.1.17)

prin urmare, ‖∆̃‖2 = maxi((χi+1 − χi)2 + (µi+1 − µi)2).

O versiune cantitativ a gradului de aproximare poate fi dat folosind primul modul
de continuitate, definit prin:

ω1(f, ρ) = sup{|f(χ1, µ1)− f(χ2, µ2)|, (χ1, µ1), (χ2, µ2) ∈ [0, 1]× [0, 1],

‖(χ1, µ1)− (χ2, µ2)‖ ≤ ρ}, (5.1.18)

unde f ∈ C([0, 1]× [0, 1]) şi ρ > 0.

Teorema 5.1.2. Pentru orice f ∈ C([0, 1] × [0, 1]) operatorii bidimensionali de tip
Schoenberg S∆̃ verifică inegalitatea

‖(S∆̃f)− f‖ ≤ Vω1(f, ‖∆̃‖), (5.1.19)

unde V = 1
2

max{h+ 1, k + 1}.

Corolar 5.1.1. Dacă

‖∆̃‖ → 0,

atunci operatorii bidimensionali de tip Schoenberg

(S∆̃f)(χ, µ) =
n−1∑
i=−h

m−1∑
j=−k

Ni,h(χ)Nj,k(µ)f(ξi,h, ζj,k)

converg uniform pe [0, 1]× [0, 1] la f , pentru orice funcţie continuă f .
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Teorema 5.1.3. Momentul de ordinul doi al operatorilor bidimensionali de tip Scho-
enberg S∆̃ pentru h = k = 3, este(

S∆̃

(
(π1 − χe0)2 + (π2 − µe0)2

))
(χ, µ)

=
1

9

[χq+3 − χq−1

χq+2 − χq
· (χ− χq)3

χq+1 − χq
− χq+2 − χq−2

χq+1 − χq−1

· (χ− χq+1)3

χq+1 − χq

−
∑

q−1≤i<j≤q+2

(χ− χi)(χ− χj) +
µr+3 − µr−1

µr+2 − µr
· (µ− µr)3

µr+1 − µr

− µr+2 − µr−2

µr+1 − µr−1

· (µ− µr+1)3

µr+1 − µr
−

∑
r−1≤i<j≤r+2

(µ− µi)(µ− µj)
]

(5.1.20)

unde (χ, µ) ∈ [χq, χq+1]× [µr, µr+1] cu 0 ≤ q ≤ n− 1 şi 0 ≤ r ≤ m− 1.

5.2 Operatori bidimensionali de tip Schoenberg pe noduri echidistante

În continuare se analizează cazul h = k = 3, m = n şi noduri echidistante.
Mai precis, nodurile echidistante sunt χi = i

n
, 0 ≤ i ≤ n, iar extra-nodurile sunt

χ−3 = χ−2 = χ−1 = 0 şi χn+1 = χn+2 = χn+3 = 1, respectiv µj = j
n
, 0 ≤ j ≤ n, cu

extra-nodurile µ−3 = µ−2 = µ−1 = 0 şi µm+1 = µm+2 = µm+3 = 1.
Abscisele Greville sunt ı̂n acest caz

ξi,3 =
χi + χi+1 + χi+2

3
:=

 χi+2, i ∈ {−3, . . . , n− 1} \ {−2, n− 2}
1

3n
, i = −2,

3n−1
3n

i = n− 2
(5.2.1)

respectiv,

ζj,3 =
µj + µj+1 + µj+2

3
:=

 µj+2, j ∈ {−3, . . . , n− 1} \ {−2, n− 2}
1

3n
, j = −2,

3n−1
3n

j = n− 2.
(5.2.2)

Funcţiile B–spline sunt

Ni,3(χ) = (χi+4 − χi)[χi, χi+1, χi+2, χi+3, χi+4](· − χ)3
+, (5.2.3)

respectiv,

Nj,3(µ) = (µj+4 − µj)[µj, µj+1, µj+2, µj+3, µj+4](· − µ)3
+. (5.2.4)

Notăm cu S̃n,3 operatorii bidimensionali de tip Schoenberg pe noduri echidistante cu
h = k = 3, m = n, iar cu Sn,3 operatorii unidimensionali Schoenberg de grad trei pe
noduri echidistante.

Definiţia 5.2.1. Operatorii S̃n,3 bidimensionali de tip Schoenberg, de grad total cel
mult 6, sunt

(S̃n,3f)(χ, µ) =
n−1∑
i=−3

n−1∑
j=−3

Ni,3(χ)Nj,3(µ)f(ξi,3, ζj,3). (5.2.5)
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Lema 5.2.1. Momentul de ordinul doi al operatorilor bidimensionali de tip Schoenberg
S̃n,3, cu n ≥ 5, (χ, µ) ∈ [0, 1]× [0, 1] verifică relaţia(

S̃n,3(π1 − χe0)2
)
(χ, µ) ≤ 1

3n2
. (5.2.6)

Mai mult, avem (
S̃n,3(π1 − χe0)2

)
(χ, µ) =

1

3n2
, (5.2.7)

pentru χ ∈
[

2
n
, n−2

n

]
şi µ ∈ [0, 1].

Relaţii similare se stabilesc pentru
(
S̃n,3(π2 − χe0)2

)
(χ, µ).

Lema 5.2.2. Pentru n ≥ 5, momentul de ordinul patru al operatorilor bidimensionali
de tip Schoenberg S̃n,3 verifică(

S̃n,3
(
(π1 − χe0)4 + (π2 − µe0)4

))
(χ, µ) ≤ 8

3n4
. (5.2.8)

Teorema 5.2.1. Avem

lim
n→∞

n2
(
(S̃n,3f)(χ, µ)− f(χ, µ)

)
=

1

6

[∂2f

∂χ2
(χ, µ) +

∂2f

∂µ2
(χ, µ)

]
, (5.2.9)

pentru orice f ∈ C2([0, 1]× [0, 1]) şi (χ, µ) ∈ (0, 1)× (0, 1).

Pentru evaluarea ordinului de aproximare prin operatorii S̃n,3 utilizăm evaluări ge-
nerale, exprimate cu moduli de continuitate de ordinul al doilea, demonstrate ı̂n lu-
crarea [87]. Acestea dau o evaluare mai fină decât evaluările cu modulul de ordinul
1. Pentru aceasta introducem următoarele notaţii. Fie (X, ‖ · ‖X) un spaţiu normat
şi D ⊂ X o mulţime compactă şi convexă. Fie e0 ∈ F(X,R), e0(t) = 1, t ∈ D şi
id : X → X funcţia identică. Fie o familie de măsuri Borel pozitive {µ̃x}x∈D pe
D, σx 6= 0. Pentru orice spaţiu Banach (Y, ‖ · ‖Y ) putem considera operatorul liniar
LY : C(D, Y )→ F(D, Y ) definit prin relaţia

(LY f)(x) =

∫
D

fdσx, f ∈ C(D, Y ), x ∈ D, (5.2.10)

unde integrala se ia ı̂n sens Bochner.
Notăm cu X? spaţiul funcţionalelor liniare şi continue ϕ : X → R.
Dacă f ∈ C(D, Y ) şi h > 0 atunci modulul de ordinul doi uzual se defineşte prin

ω̃2(f, h) := sup
{∥∥∥f(u)− 2f

(u+ v

2

)
+ f(v)

∥∥∥
Y
, u, v ∈ D, ‖u− v‖X ≤ 2h

}
. (5.2.11)

Cu aceste elemente se demonstrează următoarea teoremă.

Teorema 5.2.2. În condiţile de mai sus, dacă ı̂n plus presupunem că X este are
dimensiune finită p şi sunt ı̂ndeplinite condiţiile:
i) LR(e0) = e0

ii) LR(ϕ) = ϕ, pentru orice ϕ ∈ X?,
atunci

‖(LY )(f)(x)− f(x)‖Y ≤
(
pLR(e0, x) +

1

2h2
LR(‖ · −x‖2

X , χ)
)
ω̃2(f, h), (5.2.12)

pentru f ∈ C(D, Y ), h > 0, x ∈ D [86], [87].
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Prin particularizare, ı̂n cazul operatorilor S̃n,3 obţinem:

Teorema 5.2.3. Avem

|(S̃n,3f)(χ, µ)− f(χ, µ)| ≤
(

2 +
1

3h2n2

)
ω̃2(f, h), (5.2.13)

unde f ∈ C([0, 1]× [0, 1]), h > 0, (χ, µ) ∈ [0, 1]× [0, 1], n ∈ N.
În consecinţă:

‖(S̃n,3f)− f‖ ≤ 7

3
ω̃2

(
f,

1

n

)
, f ∈ C([0, 1]× [0, 1]), n ∈ N. (5.2.14)

În [87] se defineşte şi următorul modul de continuitate global de ordinul doi :

Definiţia 5.2.2.

ω̃?2(f, h) = sup
{∥∥∥ n∑

i=1

λif(χi)− f(χ)
∥∥∥
Y
, χ ∈ D,χi ∈ D, ‖χi − χ‖X ≤ h,

λi ∈ (0, 1), 0 ≤ i ≤ n, λ1 + ...+ λn = 1
}
, (5.2.15)

unde f ∈ C(D, Y ), D ⊂ X este o mulţime compactă şi convexă din spaţiul normat X,
Y este un alt spaţiu normat, şi h > 0.

Pentru aceiaşi operatori definiţi anterior, se demonstrază o evaluare care nu depinde
de dimensiunea spaţiului X:

Teorema 5.2.4. Presupunem că au loc condiţiile i) şi ii) din Teorema 5.2.2. Atunci,
pentru orice spaţiu Banach Y operatorul LY definit ı̂n (5.2.10) verifică inegalitatea

‖(LY f)(x)− f(x)‖Y ≤
(

(LR(e0))(x) +
1

h2
(LR(‖ · −x‖2

X)(x)
)
ω̃?2(f, h),

(5.2.16)

pentru f ∈ C(D, Y ), h > 0 [87], [88].

Aplicând această teoremă operatorilor S̃n,3 obţinem

Teorema 5.2.5. Pentru o funcţie f continuă pe [0, 1]× [0, 1] şi h > 0 avem

|(S̃n,3f)(χ, µ)− f(χ, µ)| ≤
(

1 +
2

3n2h2

)
ω̃?2(f, h).

În consecinţă,

‖(S̃n,3f)− f‖ ≤ 5

3
ω̃?2

(
f,

1

n

)
, f ∈ C([0, 1]× [0, 1]), n ∈ N. (5.2.17)

6 Aplicaţii ale operatorilor spline Schoenberg ı̂n practică

Principalul parametru ı̂n proiectarea sistemelor de conversie a energiei solare este
intensitatea radiaţiei solare. O precizie redusă a modelelor teoretice de estimare a
intensităţii radiaţiei solare duce la o estimare inexactă a energiei ce va fi obţinută şi
de asemenea, afectează durabilitatea sistemelor de conversie a energiei solare. Valorile
intensităţii radiaţiei solare directe au fost măsurate ı̂n Centrul de Cercetare Sisteme
de Energii Regenerabile şi Reciclare din cadrul Institutului de Cercetare, Dezvoltare al
Universităţii Transilvania din Braşov.
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6.1 Evaluarea erorilor dintre valorile experimentale ale intensităţii radiaţiei
solare directe şi valorile calculate cu modelul Meliss

În acest studiu, valoarea maximă a intensităţii radiaţiei solare directe dintr-un minut
”i”, este notată cu Bexp. Timpul local standard este transformat ı̂n timp solar aparent
folosind ecuaţia timpului

ET = 9.87 sin 2B − 7.53 cosB − 1.5 sinB, (6.1.1)

cu

B = (N − 81)
360

364
, (6.1.2)

şi corecţia longitudinii

AST = LST + ET ± 4(SL− LL)−DS, (6.1.3)

unde LST este timpul local standard, ET este ecuaţia timpului, SL este longitudinea
standard, LL este longitudinea locală şi DS este un factor care ţine seama dacă ı̂n
perioada analizată se utilizează ora de vară sau ora de iarnă (este 0 sau 60 minute)
[57].

Studiul utilizează valorile măsurateBexp ı̂n perioada 2013-2016, pentru ı̂mbunătăţirea
modelului teoretic, şi cele din 2017 pentru validarea noilor formulări ale modelului. Se
calculează media aritmetică a valorilor intensităţii radiaţiei solare directe ı̂n zilele se-
nine din perioada monitorizată, pentru fiecare minut ”i”, medie aritmetică notată cu
Bexp,m.

Energia solară experimentală pentru o perioadă [t1, t2] este notată EBexp şi se cal-
culează cu formula

EBexp =
1

60

t2∑
i=t1

Bexp · τ, [Wh/m2] (6.1.4)

considerând Bexp constantă pe un interval de timp τ de un minut ı̂ntre două măsurători.
Analog se procedeaza pentru energia solară experimentală medie, notată EBexp,m, fo-
losind ı̂n (6.1.4) media aritmetică a valorilor Bexp.

Intervalul [t1, t2] a fost prima dată considerat 04:00–20:00 pentru clasificarea zilelor,
apoi a fost redus la 08:00–16:00, deoarece ı̂ntre aceste ore apar diferenţe mari ı̂ntre va-
lorile experimentale Bexp şi intensitatea radiaţiei solare directe B obţinută din modelul
teoretic Meliss.

Pentru a estima ı̂n fiecare minut ”i” intensitatea radiaţiei solare directe la nivelul
solului, B, pentru Braşov, 45.67N latitudine şi 25.55E longitudine, folosim modelul
teoretic Meliss pentru cer senin [75]:

B = B0 · e
−TR

0.9+9.4sinα , [W/m2] (6.1.5)

Radiaţia solară la limita superioară a atmosferei Pământului, B0, ia valori ı̂ntre
1413 W/m2 ı̂n 3 ianuarie, corespunzând celei mai mici distanţe Pământ-Soare şi 1321 W/m2

ı̂n 3 iulie corespunzând celei mai mari distanţe Pământ-Soare. B0 este calculată con-
form [57] ı̂n funcţie de numărul zilei din an (N) şi folosind constanta solară BSC =
1367 W/m2 cu formula

B0 = BSC(1 + 0.0334 · cos(0.9856N − 2.72)) [W/m2]. (6.1.6)
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Factorul de turbiditate TR reprezintă transparenţa atmosferei la radiaţia solară,
şi este dat ı̂n [75] ca având valori constante lunare, cuprinse ı̂ntre 1.8 şi 2.7 pentru
zone montane, respectiv ı̂ntre 2.1 şi 3.5 pentru zone de câmpie. Pentru oraşe valorile
factorului de turbiditate sunt cuprinse ı̂ntre 3.1 şi 4.3. Factorul de turbiditate TR
depinde de condiţiile locale ale atmosferei, având valori lunare cuprinse ı̂ntre 2.8 şi 3.2
pentru Braşov [126].

Unghiul solar de elevaţie, α, ia valori zilnice ı̂ntre zero (la răsărit şi la apus) şi o
valoare maximă la amiază; cele mai mari valori sunt ı̂nregistrate la solstiţiul de vară,
iar cele mai mici la solstiţiul de iarnă [130]. Acest unghi depinde de timp şi de locaţie
[31] şi este calculat cu

sinα = sin δ sinϕ+ cos δ cosϕ cosω (6.1.7)

unde δ este unghiul de declinaţie solară, ω este unghiul orar iar ϕ este latitudinea.
Eroarea absolută, εa, este calculată ca diferenţă ı̂ntre o valoare experimentală Vexp

şi cea teoretică V , corespunzătoare minutului ”i”. Din acest motiv ea poate lua şi
valori pozitive şi valori negative pe parcursul unei zile.

εa = Vexp,i − Vi. (6.1.8)

Eroarea absolută medie, εa,m, se calculează considerând media valorilor experimen-
tale şi media valorilor teoretice corespunzătoare minutului ”i” ı̂n (6.1.8).

Eroarea relativă, εr exprimată ı̂n procente, este calculată cu

εr =
Vexp,i − Vi

V
· 100, [%]. (6.1.9)

Eroarea pătratică medie absolută dintre o valoare experimentală Vexp,i şi cea teore-
tică Vi, pentru n valori ı̂n intervalul de timp considerat, este

RMSE =

√∑n
i=1(Vexp,i − Vi)2

n
. (6.1.10)

Eroarea pătratică medie relativă dintre o valoare experimentală Vexp,i şi cea teoretică
Vi, pentru n valori ı̂n intervalul de timp considerat, este

rRMSE =

√∑n
i=1(εr,i)2

n
, [%]. (6.1.11)

Un prim pas ı̂n analiza propusă a fost studierea lunilor iulie din perioada aleasă
2013–2016. Pentru luna iulie 2016, energia solară directă disponibilă este evaluată
pe baza relaţiei (6.1.4). Analizând variabilitatea intensităţii radiaţiei solare directe,
au fost identificate patru tipuri de zile şi anume: zile senine, zile parţial senine, zile
parţial noroase şi zile noroase. Astfel, numai patru zile senine au fost găsite ı̂n iulie
2016. Procedura de identificare a zilelor senine a fost repetată pentru lunile iulie din
anii 2013, 2014 şi 2015. Au fost selectate 13 zile senine.

În 11 din cele 13 zile senine, modelul supraestimează intensitatea radiaţiei solare
directe ı̂n partea centrală a zilei, mai exact ı̂n intervalul orar 8:00–16:00. A fost realizată
o analiză pentru acest interval orar utilizând eroarea absolută, relativă şi respectiv
eroarea pătratică medie dintre valorile experimentale şi cele calculate cu modelul Meliss.

Similar, a fost realizată o analiză corespunzătoare intervalului orar 4:00–20:00 pen-
tru aceleaşi 13 zile senine. Rezultatele obţinute au dus la concluzia că diferenţe mari
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ı̂ntre valorile experimentale şi cele calculate cu modelul Meliss apar ı̂n partea centrală
a zilei, ı̂n intervalul orar 08:00–16:00. Exceptând două zile din cele 13 zile senine, mo-
delul supraestimează intensitatea radiaţiei solare directe, eroarea absolută medie este
de −140.86 W/m2 corespunzând unei erori relative medii de −20.35%, ı̂n intervalul
orar 08:00–16:00.

O analiză similară a fost realizată pentru luni de iarnă, noiembrie, pe aceeaşi pe-
rioadă 2013–2016. Concluziile studiului lunilor noiembrie din perioada 2013–2016 ne
indică faptul că, exceptând două zile din cele 11 zile senine identificate ı̂n perioada
menţionată anterior, modelul subestimează intensitatea radiaţiei solare directe, eroa-
rea absolută medie este 135.14 W/m2 corespunzând unei erori relative medii de 29.54%
ı̂n intervalul orar 08:00–16:00. Eroarea absolută medie ı̂ntre energia solară directă
măsurată şi cea calculată ı̂n acelaşi interval de mai sus, este 0.56 kWh/m2, iar eroarea
relativă medie este 9.49%. Pentru intervalul orar 07:00–17:00, eroarea absolută medie
creşte la 0.65 kWh/m2, arătând importanţa acurateţii estimării energiei solare directe
ı̂n partea centrală a zilei.

Se poate concluziona, ı̂n urma analizei de mai sus, că modelul Meliss subestimează
valorile experimentale ı̂n lunile de iarnă, ı̂n contrast cu lunile de vară când modelul
supraestimează intensitatea radiaţiei solare directe ı̂n zilele senine.

Prin urmare, acurateţea modelului Meliss trebuie ı̂mbunătăţită, ı̂n principal ı̂n par-
tea centrală a zilei, repectiv ı̂n intervalul orar 08:00–16:00. Folosind operatorii spline
Schoenberg, a fost ı̂mbunătăţit modelul Meliss, studiul fiind extins la toate lunile din
perioada 2013–2016. Valorile experimentale măsurate ı̂n 2017 au fost folosite pentru
validarea noilor formulări ale modelului Meliss.

6.2 Utilizarea operatorilor spline Schoenberg de gradul trei ı̂n scopul ı̂mbu-
nătăţirii acurateţii modelului Meliss

Pentru a ı̂mbunătăţi modelele teoretice utilizate pentru estimarea intensităţii radia-
ţiei solare, factorul de turbiditate considerat constant ı̂n timpul unei luni a fost ı̂nlocuit
cu polinoame de gradul patru care depind de timpul solar. Valorile intensităţii radiaţiei
solare directe experimentale au fost folosite pentru a crea funcţii spline cubice, folosind
operatorii Schoenberg ı̂ntr-un program construit ı̂n Wolfram Mathematica 10.1. Aceste
funcţii spline sunt folosite pentru a obţine două polinoame de interpolare pentru facto-
rul de turbiditate, unul pentru sezonul cald şi unul pentru sezonul rece. Forma nouă a
modelului a fost validată folosind măsurătorile din 2017, acurateţea a fost ı̂mbunătăţită,
reducând eroarea relativă de la 8.12% to 4% ı̂n sezonul cald şi de la 5.02% la 4.15%
ı̂n sezonul rece. Aceste ı̂mbunătăţiri influenţează atât evaluarea mai corectă a energiei
solare ce urmează a fi captată cât şi procesul de proiectare a sistemelor.

A fost dezvoltat un algoritm general pentru ı̂mbunătăţirea modelelor pentru cer
senin. Acest algoritm a fost aplicat modelului Meliss, care estimează ı̂n fiecare minut
”i” intensitatea radiaţiei solare directe cu formula (6.1.5). Algoritmul constă ı̂n paşii
prezentaţi ı̂n continuare.

1.Achiziţia de date şi prelucrarea lor
Pe baza valorilor experimentale ale intensităţii radiaţiei solare directe sunt identifi-

cate şi selectate zilele senine.
Pentru zilele senine identificate, ı̂n vederea evaluării acurateţii modelului pentru

cer senin, sunt calculate pentru fiecare minut ”i”, erorile absolute şi relative dintre
valorile experimentale Bexp ale intensităţii radiaţiei solare directe şi valorile calculate
B cu modelul teoretic.
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2.Crearea funcţiilor spline zilnice corespunzătoare valorilor experimentale, utili-
zând operatorii Schoenberg

Pentru zilele senine, ı̂n cazul bazelor de date cu valori măsurate cu o frecvenţă de
un minut, se consideră ı̂n continuare valorile măsurate din 10 ı̂n 10 minute de-a lungul
intervalului dintre răsăritul şi apusul Soarelui. Aceste valori sunt stocate ı̂ntr-o bază
de date şi utilizate la crearea funcţiilor spline cubice.

Intervalul orar [tr, ta] este normalizat la [0,1] folosind

x =
ts − tr
ta − tr

(6.2.1)

unde: x este timpul solar normalizat, ts este timpul solar exprimat ı̂n minute, tr re-
prezintă timpul exprimat ı̂n minute corespunzător răsăritului, iar ta reprezintă timpul

exprimat ı̂n minute corespunzător apusului. În continuare, cele
[
ta−tr

10

]
valori norma-

lizate ale timpului solar sunt considerate noduri ı̂n procedura de creare a funcţiilor
spline zilnice.

Crearea funcţiilor spline folosind operatorii Schoenberg a fost posibilă prin constru-
irea unui program in Wolfram Mathematica 10.1. Noduri echidistante au fost folosite
pentru a construi funcţiile spline cu ajutorul operatorilor Schoenberg, aceste noduri

echidistante sunt cele
[
ta−tr

10

]
valori ale timpului solar normalizat.

Programul construit ı̂n Wolfram Mathematica 10.1, lucrează cu numărul de noduri

n =
[
ta−tr

10

]
, gradul funcţiilor spline k = 3 şi cu x ∈ [0, 1], obţinându-se ı̂n final

expresiile analitice ale funcţiilor spline cubice s(x).
Ţinând cont de faptul că unghiul solar de elevaţie α depinde de timpul solar, in-

tensitatea radiaţiei solare directe poate fi calculată ca o funcţie cu variabila timp solar
normalizat x ∈ [0, 1], utilizând modelul Meliss (6.1.5),cu factor de turbiditate constant
prezentat ı̂n [75]. Energia solară directă măsurată este obţinută din valorile experi-
mentale ale intensităţii radiaţiei solare directe din (6.1.4).

Energia solară directă EBf calculată considerând o funcţie f , corespunzătoare unei
perioade de timp [t1, t2], este

EBf =

∫ t2

t1

f(x)dx [Wh/m2]. (6.2.2)

Valorile energiei solare obţinute din (6.1.4) şi din (6.2.2) sunt folosite pentru deter-
minarea erorii absolute şi erorii relative. Prin aceste erori se evaluează cât de bine sunt
aproximate valorile măsurate de către funcţiile spline create.

Utilizarea funcţiilor spline are avantajul că aceste funcţii mediază valorile măsurate
ale intensităţii radiaţiei solare directe, eliminând deviaţiile accidentale datorate varia-
bilităţii intensităţii radiaţiei solare.

3.Determinarea unui polinom de interpolare zilnic pentru intensitatea radiaţiei
solare directe folosind funcţia spline creată

Pentru a simplifica expresia analitică a funcţiei spline s(x), care conţine
[
ta−tr

10

]
polinoame de gradul trei, este obţinut ı̂n Wolfram Mathematica 10.1 un polinom de
interpolare de grad scăzut Bpol(x).

Este recomandat un polinom de gradul patru deoarece un polinom de grad trei
sau mai mic decât trei nu aproximează destul de bine, iar un polinom de gradul cinci
sau mai mare decât cinci nu aduce ı̂mbunătăţiri semnificative faţă de cel de gradul
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patru. Această concluzie este bazată pe analiza unui mare număr de date experimentale
ı̂nregistrate ı̂n zilele cu cer senin, date pentru care s-au obţinut erori relative mai mici
de 1%.

Acest polinom de interpolare zilnic este obţinut folosind funcţia spline. Dacă se

aplică direct interpolarea pentru
[
ta−tr

10

]
de valori măsurate ale intensităţii radiaţiei

solare directe, se obţine ı̂n Wolfram Mathematica 10.1 un polinom de interpolare de

gradul
[
ta−tr

10

]
, ceea ce nu este convenabil. Acesta este un alt motiv care demonstrează

necesitatea creării funcţiilor spline, pentru că astfel este obţinut un polinom de inter-
polare de grad mic.

4.Determinarea factorului de turbiditate ca un polinom de interpolare zilnic
Pentru a reduce eroarea dintre datele experimentale şi valorile calculate, polinomul

de interpolare Bpol(x) este folosit ı̂n continuare pentru determinarea variaţiei zilnice a
turbidităţii

TR(x) = f(Bpol(x)). (6.2.3)

Pentru simplificarea expresiei analitice a turbidităţii calculată cu (6.2.3), un polinom
de interpolare TRpol(x) este obţinut ı̂n Wolfram Mathematica 10.1 aproximând variaţia
zilnică a turbidităţii.

Similar cu modul de stabilire al gradului polinomului de interpolare Bpol(x), un
polinom de gradul patru este recomandat. Erorile relative dintre TR(x) şi TRpol(x) sunt
foarte mici, mai mici decât 0.1%.

5.Determinarea polinomului de interpolare corespunzător factorului de turbiditate
pentru sezonul cald, respectiv pentru sezonul rece

Pentru fiecare lună din intervalul monitorizat, este obţinut un polinom de inter-
polare lunar care aproximează turbiditatea, polinom notat TRM(x). Acest polinom
se obţine mediind coeficienţii omologi ai polinoamelor de interpolare zilnice TRpol(x)
dintr-o lună.

Din polinoamele de interpolare TRM(x) stabilite pentru lunile din sezonul cald,
mediind coeficienţii termenilor omologi, este obţinut polinomul de interpolare pentru
sezonul cald, notat TRWS(x). În mod similar, pentru lunile din sezonul rece, este
obţinut un polinom de interpolare TRCS(x).

6.Noi formulări ale modelului pentru zile senine
Utilizând TRWS(x) este obţinută o nouă formulare a modelului pentru intensitatea

radiaţiei solare directe din sezonul cald, şi anume

BTRWS(x) = f(TRWS(x)), [W/m2], (6.2.4)

respectiv pentru sezonul rece

BTRCS(x) = f(TRCS(x)), [W/m2]. (6.2.5)

Energia solară directă pentru sezonul cald, notată EBWS, obţinută cu ajutorul mo-
delului ı̂mbunătăţit, este calculată cu (6.2.2) considerând funcţia TRWS. Similar se
calculează, folosind TRCS, energia solară directă zilnică pentru sezonul rece, notată
EBCS.

Algoritmul de mai sus a fost aplicat pentru ı̂mbunătăţirea modelului Meliss (6.1.5),
folosind datele măsurate ı̂n zilele senine identificate ı̂ntre anii 2013 şi 2017.

1.Achiziţia de date şi prelucrarea lor
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Pentru acest studiu s-au prelucrat datele experimentale ı̂nregistrate ı̂n fiecare minut,
pentru fiecare zi din perioada 2013–2016. Din ı̂ntreaga perioadă monitorizată, au fost
identificate 121 zile senine.

2.Crearea funcţiilor spline zilnice corespunzătoare valorilor experimentale, utili-
zând operatorii Schoenberg

Pentru zilele senine, din valorile măsurate la fiecare minut, se consideră ı̂n continuare
valorile măsurate ale intensităţii radiaţiei solare directe din 10 ı̂n 10 minute de-a lungul
intervalului orar [4:00, 20:00], ceea ce ı̂nseamnă 16 ore cu 6 valori măsurate considerate
intr-o oră, deci 96 de valori măsurate selectate pentru o zi. Aceste valori sunt stocate
ı̂ntr-o bază de date şi utilizate la crearea funcţiilor spline de gradul trei. Intervalul orar
[4:00, 20:00] corespunzând timpului solar ta− tr este normalizat la [0,1] folosind relaţia
(6.2.1).

Crearea funcţiilor spline folosind operatorii Schoenberg a fost posibilă prin constru-
irea unui program in Wolfram Mathematica 10.1. Noduri echidistante au fost utilizate
pentru a crea funcţiile spline cu operatorii Schoenberg, mai precis aceste noduri echi-
distante sunt cele 96 de valori ale timpului solar normalizat. Programul construit ı̂n
Wolfram Mathematica 10.1, lucrează cu n = 96, k = 3 şi x ∈ [0, 1] timpul solar norma-
lizat, rezultând câte o funcţie spline de gradul trei pentru fiecare zi senină. Expresia
fiecărei funcţii spline conţine 96 de polinoame de gradul trei.

În Tabelul 6.1, este prezentată expresia funcţiei spline (fragment) corespunzătoare
valorilor măsurate ı̂n 28 August 2015.

Tabela 6.1: Expresia funcţiei spline creată pe baza valorilor măsurate ale intensităţii radiaţiei
solare directe din 28.08.2015 (fragment)
Expresia funcţiei spline Timp solar Timp solar

normalizat

s = 1.474x3 [0, 1/96] [4:00, 4:10]

s = −0.165 + 47.71x− 4580.17x2 + 146567x3 [1/96, 2/96] [4:10, 4:20]

s = 3.81− 524.822x + 22901.4x2 − 293138x3 [2/96, 3/96] [4:20, 4:30]

s = −9.608 + 763.384x− 18321.2x2 + 146570x3 [3/96, 4/96] [4:30, 4:40]

s = 2.06− 76.8x + 1843.2x2 − 14745.6x3 [4/96, 5/96] [4:40, 4:50]

s = −4.189 + 283.2x− 5068.8x2 + 29491.2x3 [5/96, 6/96] [4:50, 5:00]

... ... ...

s = 137612− 893649x + 1.943 · 106x2 − 1.407 · 106x3 [45/96, 46/96] [11:30, 11:40]

s = −539555 + 3.346 · 106x− 6.904 · 106x2 + 4.747 · 106x3 [46/96, 47/96] [11:40, 11:50]

s = 411395− 2.481 · 106x + 4.997 · 106x2 − 3.355 · 106x3 [47/96, 48/96] [11:50, 12:00]

s = −308449 + 1.837 · 106x− 3.64 · 106x2 + 2.403 · 106x3 [48/96, 49/96] [12:00, 12:10]

s = 57870.9− 315095x + 577894x2 − 351683x3 [49/96, 50/96] [12:10, 12:20]

s = 641683− 3.677 · 106x + 7.034 · 106x2 − 4.483 · 106x3 [50/96, 51/96] [12:20, 12:30]

... ... ...

s = −4.263 · 106 + 1.39 · 107x− 1.51 · 107x2 + 5.465 · 106x3 [89/96, 90/96] [18:50, 19:00]

s = 7.339 · 106 − 2.322 · 107x + 2.45 · 107x2 − 8.615 · 106x3 [90/96, 91/96] [19:00, 19:10]

s = −11460.9 + 37187.5x− 40172.5x2 + 14450.7x3 [91/96, 92/96] [19:10, 19:20]

s = 91585.5− 285392x + 296433x2 − 102629x3 [92/96, 93/96] [19:20, 19:30]

s = −81753.4 + 251399x− 257675x2 + 88031.2x3 [93/96, 94/96] [19:30, 19:40]

s = 28437.4− 86206.8x + 87114.2x2 − 29343.7x3 [94/96, 95/96] [19:40, 19:50]

s = 1.093− 1.164 · 10−10x3 [95/96, 96/96] [19:50, 20:00]
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Figura 6.1: Program construit pentru crearea funcţiilor spline zilnice (fragment)

În Figura 6.2 sunt reprezentate pentru 28.08.2015 şi x ∈ [0, 1]: intensitatea radiaţiei
solare directe B calculată cu modelul Meliss; valorile experimentale ale intensităţii
radiaţiei solare directe Bexp şi funcţia spline s. Analizând aceste date, diferenţele cele
mai mari sunt ı̂n intervalul orar [8:00, 16:00] corespunzând timpului solar normalizat
[0.25, 0.75].
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Figura 6.2: Intensitatea radiaţiei solare directe B calculată cu modelul Meliss, valorile expe-
rimentale Bexp şi funcţia spline s ı̂n 28.08.2015

În Figura 6.3 este un detaliu al Figurii 6.2 corespunzător intervalului orar [10, 14].

Figura 6.3: Detaliu pentru intensitatea radiaţiei solare directe B calculată cu modelul Meliss,
valorile experimentale Bexp şi funcţia spline s

Energia solară directă din 28.08.2015 pe timp solar normalizat [0, 1], corespunzătoare
datelor experimentale este EBexp = 8184.26 Wh/m2, iar cea corespunzătoare funcţiei
spline este EBs = 8187.23 Wh/m2. Eroarea relativă dintre aceste valori este εr,E =
0.03%, ceea ce evidenţiază o excelentă aproximare făcută de funcţia spline valorilor
experimentale.

Deoarece funcţiile spline aproximează foarte bine evoluţia intensităţii radiaţiei solare
directe, ı̂n paşii următori ai algoritmului vom folosi funcţia spline ı̂n locul valorilor
măsurate.

3.Determinarea unui polinom de interpolare zilnic pentru intensitatea radiaţiei
solare directe folosind funcţia spline creată

Pentru a simplifica expresia analitică a funcţiei spline s(x), care conţine 96 de
polinoame de gradul trei, este obţinut ı̂n Wolfram Mathematica 10.1 un polinom de
interpolare Bpol(x). Acest polinom are gradul patru şi este obţinut folosind funcţia
spline.
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În continuare, studiul este centrat pe intervalul orar [8:00, 16:00] corespunzând
timpului solar normalizat [0.25, 0.75].

Polinomul de interpolare Bpol(x) care aproximează funcţia spline pentru 28.08.2015,
este corespunzător lui x ∈ [0.25, 0.75] şi are expresia

Bpol(x) = −558.707 + 7282.269x− 13630.299x2 + 11786.011x3 − 4941.108x4.(6.2.6)

Acest polinom de interpolare Bpol(x) aproximează foarte bine funcţia spline s(x) ı̂n
partea centrală a zilei, după cum se poate observa ı̂n Figura 6.4 pentru 28.08.2015, spre
deosebire de modelul Meliss cu factor de turbiditate constant. Maximul erorii absolute
dintre s(x) şi Bpol(x) este −32.28 W/m2 şi maximul erorii relative este −0.58% obţinute
la 0.72 timp solar normalizat.

Figura 6.4: Intensitatea radiaţiei solare B calculată cu modelul Meliss, funcţia spline s şi
polinomul de interpolare Bpol ı̂n 28.08.2015

4.Determinarea factorului de turbiditate ca un polinom de interpolare zilnic
Polinomul de interpolare Bpol(x) este folosit pentru a calcula variaţia zilnică a tur-

bidităţii, pe baza modelului Meliss (6.1.5)

TR(x) = −(0.9 + 9.4 sinα) · lnBpol(x)

B0

. (6.2.7)

Utilizând ı̂n relaţia (6.2.7) polinomul de interpolare Bpol din relaţia (6.2.6) pentru
ziua senină 28.08.2015 şi B0 al acestei zile calculat cu (6.1.6), turbiditatea rezultă ca o
funcţie cu variabila x (timpul solar normalizat).

TR(x) = −(0.9 + 9.4 sinα) ·

ln
−558.707 + 7282.269x− 13630.299x2 + 11786.011x3 − 4941.108x4

1340.05
(6.2.8)

Pentru a reduce complexitatea relaţiei (6.2.8) este obţinut ı̂n Wolfram Mathematica
10.1 un polinom de interpolare TRpol(x) pentru turbiditate

TRpol(x) = 2.654 + 22.39x− 94.585x2 + 151.806x3 − 83.791x4. (6.2.9)
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5.Determinarea polinomului de interpolare corespunzător factorului de turbiditate
pentru sezonul cald, respectiv pentru sezonul rece

Paşii anteriori ai algoritmului au fost aplicaţi tuturor zilelor senine din perioada
2013-2016, obţinându-se câte un polinom de interpolare TRpol(x) pentru fiecare zi.
Pentru lunile august 2013-2016, mediile aritmetice ale coeficienţilor acestor polinoame
sunt calculate pentru fiecare termen ı̂n parte şi este obţinut un polinom de interpolare
mediu lunar TRMAug(x).

TRMAug(x) = 8.336− 41.648x+ 143.437x2 − 200.09x3 + 95.903x4. (6.2.10)

Utilizând TRMAug(x) ı̂n (6.1.5) se obţine BTRAug(x).
Energia solară directă calculată folosind funcţia spline s este EBs = 6087 Wh/m2,

folosind modelul Meliss este EB = 6871 Wh/m2 iar folosind polinomul de interpolare
mediu lunar este EBTRAug = 6025 Wh/m2. Astfel, eroarea relativă descreşte de la
12.9% (̂ıntre EBs şi EB) la 1% (̂ıntre EBs şi EBTRAug).

Toţi paşii anteriori ai algoritmului sunt aplicaţi pentru fiecare zi senină din fiecare
lună din perioada 2013–2016.

Un polinom de interpolare TRWS(x) a fost obţinut pentru turbiditate ı̂n sezonul
cald, calculând media aritmetică a coeficienţilor omologi ai polinoamelor de interpolare
lunare din lunile aprilie, mai, iunie, iulie, august. Similar, a fost obţinut TRCS(x) pentru
sezonul rece (septembrie, octombrie, noiembrie, decembrie, ianuarie, februarie, martie).

TRWS(x) = 7.03− 32.08x+ 110.94x2 − 157.28x3 + 77.69x4, (6.2.11)

TRCS(x) = 23.96− 170.04x+ 507.45x2 − 656.42x3 + 308.62x4.

(6.2.12)

6.Noi formulări ale modelului Meliss

Utilizând TRWS(x) ı̂n (6.1.5) este obţinută o nouă formulare a modelului pentru
intensitatea radiaţiei solare directe din sezonul cald, şi anume

BTRWS(x) = B0 · e
−(7.03−32.08x+110.94x2−157.28x3+77.69x4)

0.9+9.4 sinα , (6.2.13)

respectiv ı̂nlocuind TRCS ı̂n (6.1.5), obţinem o nouă formulare a modelului pentru
intensitatea radiaţiei solare directe pentru sezonul rece

BTRCS(x) = B0 · e
−(23.96−170.04x+507.45x2−656.42x3+308.62x4)

0.9+9.4 sinα . (6.2.14)

Energia solară directă, corespunzătoare intervalului [0.25, 0.75] timp solar normali-
zat, este EBs = 6087 Wh/m2, energia solară determinată cu ajutorul modelului Meliss
este EB = 6871 Wh/m2, iar energia solară EBWS = 6323.76 Wh/m2. Eroarea relativă
descreşte de la −12.9% (̂ıntre EBs şi EB) la −3.85% (̂ıntre EBs şi EBWS).

Validarea noilor formulări folosind măsurătorile din 2017

Pentru validare, au fost analizate zilele din 2017 şi identificate cele senine. Au fost
selectate astfel 31 de zile senine şi pentru fiecare s-au aplicat paşii 1–6 din algoritmul
de mai sus.

Pentru fiecare zi senină din sezonul cald 2017 a fost realizată o analiză a erorilor,
comparându-se energia solară directă măsurată EBs, cu energia solară EB obţinută cu
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modelul Meliss considerând factorul de turbiditate constant TR. Energia solară EBs a
fost de asemenea comparată şi cu energia solară zilnică EBWS calculată cu (6.2.2) unde
funcţia este intensitatea radiaţiei solare determinată cu relaţia (6.2.13).

Prin urmare, pentru fiecare zi senină din sezonul cald 2017 au fost calculate erorile
relative εr,E (̂ıntre EBs şi EB), iar din valorile absolute ale acestora s-a obţinut eroarea
relativă medie εr,E,m = 8.12%.

Pentru aceleaşi zile, au fost calculate erorile relative εr,EWS (̂ıntre EBs şi EBWS).
Valorile absolute ale acestor erori relative au fost utilizate pentru calculul erorii rela-
tive medii εr,EWS,m = 4%. Aceasta a fost utilizată pentru estimarea acurateţii noilor
formulări ale modelului Meliss.

Astfel, pentru sezonul cald 2017, folosind noile formulări se obţine o ı̂mbunătăţire
a acurateţii de 4.12%. Acest rezultat, obţinut pentru o scara temporală de 10 mi-
nute bazată numai pe valorile măsurate ale intensităţii radiaţiei solare directe, este
comparabil cu cele mai bune ı̂mbunătăţiri ale acurateţii obţinute in alte studii, cum
ar fi 4.3% ı̂n [58] unde mai multe variabile sunt considerate ca intrări (temperatura
aerului, umiditatea relativă, presiunea barometrică şi durata zilei) sau 4.33% ı̂n [63]
unde această ı̂mbunătăţire este obţinută ı̂n estimarea intensităţii radiaţiei solare zilnice
medii lunare. Mai mult ı̂mbunătăţirea obţinută de 4.12% este semnificativ mai mare
decât 0.22% şi 0.37% obţinute ı̂n [48] pentru estimarea intensităţii radiaţiei solare orare.

În cazul platformelor fotovoltaice cu o putere instalată de 50 MW, care ı̂ntr-o regiune
cu climat temperat continental (Braşov, România) produce de-a lungul sezonului cald
aproximativ 40000 MWh, ı̂mbunătăţirea acurateţii cu 4.12% reprezintă o diferenţă ı̂n
estimarea producţiei de energie de 1648 MWh/an, ceea ce corespunde unei sume de
412000 euro având ı̂n vedere actualul Sistem de Promovare a Producerii Energiei din
Surse Regenerabile ı̂n România, bazat pe Certificate Verzi.

A fost făcută o analiză similară şi pentru sezonul rece, obţinându-se o scădere a
erorii relative de la 5.02% la 4.15%. În cazul platformei fotovoltaice considerate (cu
puterea instalată de 50 MW), care produce ı̂n sezonul rece aproximativ 28500 MWh,
acurateţea se ı̂mbunătăţeşte cu 0.87% ceea ce reprezintă o diferenţă ı̂n estimarea ener-
giei de 248 MWh, corespunzând unei sume de 62000 euro. Prin urmare, deoarece
diferenţe mari sunt ı̂nregistrate ı̂n sezonul cald, trebuie să ţinem cont că energia solară
ı̂n zona analizată este semnificativ mai mare ı̂n lunile din sezonul cald (6 kWh/zi) decât
ı̂n lunile din sezonul rece (1 kWh/zi).

Ca o recomandare, noile formulări pot fi anual ı̂nnoite folosind noile măsurători şi
lărgind astfel numărul de ani monitorizaţi. O mai bună estimare a intensităţii radiaţiei
solare directe conduce la importante beneficii financiare, ceea ce este esenţial pentru
un bun management al platformelor fotovoltaice.

Un mare avantaj al acestui algoritm este că el poate fi aplicat ı̂n orice locaţie.
Algoritmul prezentat are caracter general şi a fost dezvoltat ı̂n vederea ı̂mbunătăţirii

acurateţii modelelor pentru zile senine care estimează intensitatea radiaţiei solare di-
recte bazându-se pe factorul de turbiditate considerat variabil ı̂n timpul unei zile.
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Concluzii

Studiul operatorilor Schoenberg este important şi din punct de vedere teoretic şi
din punct de vedere al aplicabilităţii lor practice.

Operatorii Schoenberg constituie o metodă specifică a aproximării spline, şi, pentru
practică, este de preferat să fie utilizate funcţiile spline deoarece ele au un foarte bun
ordin de aproximare şi de asemenea, aceste funcţii sunt suficient de netede. Teza
de doctorat are un caracter unitar, fiind ı̂n special concentrată pe studiul teoretic al
operatorilor Schoenberg.

Operatorii Schoenberg continuă să fie o zonă de mare interes ı̂n cercetare, un do-
meniu ı̂n care intenţionăm să focalizăm munca noastră ı̂n viitor.
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operators, positive semigroups and approximation precesses, De Gruyter Studies
in Mathematics 61.

[7] Anastassiou, G.A., Gal, S., (2000). Approximation theory, moduli of continuity
and global smoothness preservation, Birkhäuser, Boston, Basel, Berlin.
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Studia Univ. ”Babeş-Bolyai”, Mathematica, Volume LII, Number 3, 103-115.
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teoria interpol̆rii, Editura Dacia, Cluj.
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În

 

Capitolul

 

5

 

este

 

prezentată

 

o

 

definiţie
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radiaţiei
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Official Prof. Dr. dr. h.c. (RO) HEINER GONSKA
Reviewer University of Duisburg–Essen, Germany

Official Prof. Dr. GANCHO TACHEV
Reviewer University of Architecture, Civil Engineering and

. Geodesy, Sofia, Bulgaria

Official Prof. Dr. DORIAN POPA
Reviewer Technical University of Cluj-Napoca, Romania



Contents

1 Introduction 3
1.1 Fundamental notions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1.2 Divided differences . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1.3 Interpolating sets. Chebyshev system . . . . . . . . . . . . . . . 4
1.1.4 Lagrange Interpolation . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Convergence theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.2.1 Weierstrass’s Theorems. Approximation by sequences of projectors 6
1.2.2 Positive linear operators . . . . . . . . . . . . . . . . . . . . . . 8
1.2.3 Moduli of continuity . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Spline functions. Schoenberg operators 11
2.1 Polynomial spline functions. B-splines . . . . . . . . . . . . . . . . . . 11

2.1.1 The general case of the splines functions on multiple knots . . . 11
2.1.2 Spline functions on simple knots . . . . . . . . . . . . . . . . . . 12

2.2 Schoenberg operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Improving the approximation order 15
3.1 Second degree Schoenberg operators on particularly chosen knots . . . 15

3.1.1 The second moment of second degree Schoenberg operators on
particularly chosen knots . . . . . . . . . . . . . . . . . . . . . . 16

3.1.2 Comparing the order of approximation with the equidistant case 18
3.2 The second moment of second degree Schoenberg operators on arbitrary

knots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2.1 A first method which use an auxiliary extended knot sequence . 20
3.2.2 A second method with the direct calculation . . . . . . . . . . . 21

3.3 The second moment of second degree Schoenberg operators on knots in
the roots of Chebyshev polynomials . . . . . . . . . . . . . . . . . . . . 21
3.3.1 The method which use an auxiliary extended knot sequence . . 22
3.3.2 The direct calculation method . . . . . . . . . . . . . . . . . . . 22
3.3.3 Basic results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4 The second moment of third degree Schoenberg operators and appli-
cations 25
4.1 The case of arbitrary knots . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.1.1 The method with an auxiliary extended knot sequence . . . . . 25
4.1.2 The method based on direct calculation . . . . . . . . . . . . . . 27

4.2 The case of equidistant knots . . . . . . . . . . . . . . . . . . . . . . . 30
4.3 Applications in approximation . . . . . . . . . . . . . . . . . . . . . . . 31
4.4 Schoenberg operators for which the space of polynomials of degree two

is invariant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.5 Schoenberg-King type operators . . . . . . . . . . . . . . . . . . . . . . 32



5 A definition of two–dimensional Schoenberg type operators 33
5.1 Two–dimensional Schoenberg type operators on arbitrary knots . . . . 33
5.2 Two–dimensional Schoenberg type operators on equidistant knots . . . 36

6 Applications of Schoenberg spline operators in practice 39
6.1 Evaluation of the errors between the experimental values of the direct

solar irradiance and the values calculated with the Meliss model . . . . 39
6.2 The use of third degree Schoenberg spline operators in the purpose im-

prove the accuracy of the Meliss model . . . . . . . . . . . . . . . . . . 41

Conclusions 50

References 51



Abstract–The Study of Some Functions Approximation Procedures 1

Preface

The Approximation Theory is an important part of Mathematical Analysis, being
of interest in the actual mathematics. The approximation of real functions has been
a concern for mathematicians such as Chebyshev, Weierstrass, Bernstein, Lorentz, De
Vore. This can be seen in the many papers written on this topic, among which, we
mention some: Bernstein [10], Lorentz [67], De Vore [29].

In 1950 Tiberiu Popoviciu, in 1952 Harald Bohman and in 1953 Pavel Petrovich Ko-
rovkin, laid the bases of the approximation theory by positive linear operators. There is
an ample bibliography focused on the study of specific operators, such as: Kantorovich
operators, Bernstein operators, Schoenberg operators, Baskakov operators, Mirakjan–
Favard–Szász operators, Stancu operators, Lupaş operators, Meyer–Konig–Zeller oper-
ators, Bleimann–Butzer–Hahn operators, Gauss–Weierstrass operators, Post–Widder
operators, Landau operators, Picard operators.

Numerous scientific results are related to the approximation by classes of positive
linear operators. For example, using moduli of continuity, evaluations of the order of
approximation can be made, and here we also mention Shisha, Mond, Ditzian, Totik,
and more recently Gonska, Păltănea, Tachev.

With concerns in the category of Schoenberg operators and spline functions we
mention Schoenberg [100], [102], [107], Boor [18], [20], Marsden [73], [74], Goodman
[42], [43], Greville [45]. Schoenberg spline operators are currently studyied, the recent
results obtained by Gonska [11], [12], [13], Păltănea [76], [77], Tachev [119], [120], [121]
proving that it is an area of interest and a topical issue.

Chapter 1 contains general notions from the theory of approximation, notions used
in the Doctoral Thesis. Chapter 2 presents specific results about the Schoenberg op-
erators, operators that form the essence of the research done in the Doctoral Thesis.

Chapters 3, 4, 5 and 6 represent entirely the original contribution of the author
of the Doctoral Thesis and results contained in these chapters were published in the
journals: ”Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales,
Serie A. Matematicas”, [76], ”Numerical Functional Analysis and Optimization”, [77],
”Symmetry”, [78], ”Bulletin of the Transilvania University of Brasov” [82], ”Renewable
Energy”, [79], ”The Annals of the West University of Timisoara–Physics” [80], ”Annals
of Dunărea de Jos University of Galati, Mathematics, Physics, Theoretical Mechanics”
[81].

In Chapter 3 the author presents results established for the second degree Schoen-
berg operators in the general case of the choice of the knots as well for particular
choices of the knots. Beside the case of equidistant knots, which is the most common
choice of the knots other improved choices of the knots are studied including the knots
given by the roots of Chebyshev polynomials. The order of approximation is estimated
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using moduli of continuity. The results presented in this Chapter have been partially
published in [76] and [82].

In Chapter 4 the author obtain the exact form of the second moments for the third
degree Schoenberg operators, with application in obtaining quantitative estimates and
in construction of operators which preserve the space of polynomials of degree two and
in construction of Schoenberg-King type operators. The results from Chapter 4 have
been partially published in [77].

In Chapter 5, a definition of two-dimensional Schoenberg type operators and their
properties are presented. The definition was obtained by generalizing the one-dimensio-
nal Schoenberg operators’ formula. The second moment of two-dimensional Schoenberg
type operators on arbitrary knots, and on equidistant knots, respectively, alongside a
Voronovskaja type theorem, are given. Also, this chapter contains estimates with mod-
uli of continuity. These results have been partially published in [78].

Applications of Schoenberg spline operators in practice are presented in Chapter 6,
where a general method to improve the accuracy of clear sky models through replace-
ment the constant turbidity factor with an interpolation polynomial which depends
of solar time, for estimating the direct solar irradiance is presented. Data measured
between 2013 and 2017 in Renewable Energy Systems and Recycling Research Center of
R&D Institute of Transilvania University of Brasov were analyzed and used to improve
the clear sky model Meliss. The results presented in Chapter 6 have been published in
[79], [80], [81].

I would like to express my gratitude to Professor Dr. Radu Păltănea for the constant
guidance, for the patience and for the support given throughout during my activity as
a Ph.D. student.
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1 Introduction

1.1 Fundamental notions

1.1.1 Notations

From the usual notations are specified here some of those that appear in the thesis,
such as: the set of natural numbers N = {1, 2....}; the set of real numbers that we
denote by R; the space Rn=R× R× ...× R︸ ︷︷ ︸

n times

, where n ∈ N.

Πn represents the space of real polynomials with a variable with degree at most n,
and Πm

n is the space of real polynomials in m variables with the total degree less than
or equal to n, where n,m ∈ N ∪ {0}. We denote with [a] the integer part of the real
number a.

Let A a Banach space and J ⊂ A. We note with F(J) the space of all real functions
defined on J , with B(J) the space of bounded functions, and with C(J) the space of
continuous functions on J , with the norm

‖ f ‖:= sup
χ∈J
| f(χ) | . (1.1.1)

We note with ei the monomial functions ei(χ) = χi where χ ∈ R and i ∈ N ∪ {0}.
The notation (· − χ)+ is used for

(h− χ)+ =

{
h− χ, h− χ > 0
0, h− χ ≤ 0

.

1.1.2 Divided differences

A. Divided differences on simple knots

Let f : [a, b]→ R, a, b ∈ R, a < b and a system of distinct points (knots) from the
interval [a, b]

χ1, χ2, ..., χn+1, where χi 6= χj for i 6= j. (1.1.2)

Definition 1.1.1. The divided difference of the function f on the knots (1.1.2) noted
with [χ1, χ2, ..., χn+1]f is defined by

[χ1, χ2, ..., χn+1]f =
n+1∑
i=1

f(χi)∏
j=1,n+1, j 6=i

(χi − χj)
. (1.1.3)

The recurrence formula of divided differences on simple knots is

[χ1, χ2, ..., χn+1]f =
[χ2, χ3, ..., χn+1]f − [χ1, χ2, ..., χn]f

χn+1 − χ1

, (1.1.4)

where [χi]f = f(χi), i = 1, 2, ..., n+ 1 [90].
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B. Divided differences on multiple knots

Let the interpolation knots (1.1.2), to each knot χi we attach a natural number ai
called his multiplicity order χi, i = 1, 2, ..., n + 1. Let f : [a, b] → R, a, b ∈ R, a < b,
derivable a sufficient number of times on [a, b].

Definition 1.1.2. [90] The divided difference by order 1 on the double knot
χi is

[χi, χi]f = lim
χ→χi

f(χ)− f(χi)

χ− χi
= f

′
(χi), i = 1, 2, ..., n+ 1. (1.1.5)

In general,

[χ1, χ1, ..., χ1︸ ︷︷ ︸
a1times

, χ2, χ2, ..., χ2︸ ︷︷ ︸
a2times

, ..., χn+1, χn+1, ..., χn+1︸ ︷︷ ︸
an+1times

]f = lim
χ
(j)
i →χi

[
χ1, χ

(1)
1 , ...,

χ
(a1−1)
1 , ..., χi, χ

(1)
i , ..., χ

(ai−1)
i , ..., χn+1, χ

(1)
n+1, ..., χ

(an+1−1)
n+1

]
f (1.1.6)

where χ
(j)
i 6= χ

(l)
k for i 6= k; l 6= j [90].

If f is derivable of k-times in χ, the next equality takes place

[χi, χi, ..., χi︸ ︷︷ ︸
k+1times

]f =
f (k)(χi)

k!
. (1.1.7)

The recurrence formula of the divided differences on multiple knots

[χ1, χ1, ..., χ1︸ ︷︷ ︸
a1times

, χ2, χ2, ..., χ2︸ ︷︷ ︸
a2times

, ..., χn+1, χn+1, ..., χn+1︸ ︷︷ ︸
an+1times

]f

=
1

χn+1 − χ1

[[
χ1, χ1, ..., χ1︸ ︷︷ ︸
a1−1 times

, χ2, χ2, ..., χ2︸ ︷︷ ︸
a2times

, ..., χn+1, χn+1, ..., χn+1︸ ︷︷ ︸
an+1times

]
f

−
[
χ1, χ1, ..., χ1︸ ︷︷ ︸

a1times

, χ2, χ2, ..., χ2︸ ︷︷ ︸
a2times

, ..., χn+1, χn+1, ..., χn+1︸ ︷︷ ︸
an+1−1 times

]
f
]

[90]. (1.1.8)

Definition 1.1.3. [95](Tiberiu Popoviciu)
Let E a set which has at least k + 2 distinct points. The function f : E → R

is called convex of order k ≥ −1, if [χ1, χ2, ..., χk+2]f ≥ 0 for any distinct points
χ1, χ2, ..., χk+2 from E.

From this definition it follows that a function is convex of order −1, if it is positive,
it is convex of order 0 if it is monotone, and it is convex of order 1, if it is ordinary
convex.

1.1.3 Interpolating sets. Chebyshev system

We consider a points system χ1, χ2, ..., χn from the interval [a, b] called interpolation
knots, and a some real value system λi ∈ R, 1 ≤ i ≤ n. The problem of interpolation
consists in finding from a given set F ⊂ F([a, b]) a function ϕ ∈ F for which

ϕ(χi) = λi, 1 ≤ i ≤ n. (1.1.9)



Abstract–The Study of Some Functions Approximation Procedures 5

Definition 1.1.4. [93] A set F ⊂ F([a, b]) is called interpolating set of order n, on
the interval [a, b], if for any system of distinct points χ1, χ2, ..., χn ∈ [a, b] and any real
numbers λi ∈ R, 1 ≤ i ≤ n there is a unique function ϕ ∈ F so that the system of
equations (1.1.9) takes place.

In the particular case where interpolating set F is a linear subspace of size n from
C([a, b]), then F is called the Haar subspace of size n. Moreover, any algebraic basis
of F consisting of n functions {ϕ1, ϕ2, ...ϕn} is called the Chebyshev system of order
n on the interval [a, b] [93].

If {ϕ1, ϕ2, ...ϕn} forms a Chebyshev system, then any linear combination of them is
called a polynomial as in the case of the most important example of the Chebyshev
system which is the algebraic system consisting of the functions e0, e1, e2, ..., en. These
generalized polynomials retain a part of properties of algebraic polynomials.

Definition 1.1.5. [60] Let a normed space (X, ‖·‖) and Y a subspace of X. The number

E(χ, Y ) = inf
y∈Y
‖χ− y‖,

is the best approximation of χ with elements from Y . If y ∈ Y satisfies the
property ‖χ − y‖ = E(χ, Y ) then y is element of the best approximation of χ through
elements from Y .

Theorem 1.1.1. [60] Let the n+ 1 order subspace Haar T on [a, b], where n ≥ 0. Let
f ∈ C([a, b]) and ϕ ∈ T. The following conditions are equivalent:
i) the function ϕ is an element of the best approximation of f , with elements from T ,
ii) there are the points a ≤ χ0 < χ1 < ... < χn+1 ≤ b and a sign ε ∈ {−1, 1} such that
ϕ(χi)− f(χi) = ε(−1)i‖f − ϕ‖, 0 ≤ i ≤ n+ 1.

Definition 1.1.6. The points system a ≤ χ0 < χ1 < ... < χn+1 is called alternation.

1.1.4 Lagrange Interpolation

Definition 1.1.7. [90] Let f ∈ F([a, b]). The algebraic polynomial Pn, with maximum
degree n, which on the knots χ1, χ2, ..., χn+1 takes the values Pn(χi) = f(χi), with
1 ≤ i ≤ n + 1 is called the Lagrange interpolation polynomial attached to the
function f on knots χ1, χ2, ..., χn+1.

Theorem 1.1.2. [90] For f1, f2 ∈ F([a, b]) and α, β ∈ R we have

L[χ1, χ2, ..., χn+1](αf1 + βf2)(χ)

= αL[χ1, χ2, ..., χn+1]f1(χ) + βL[χ1, χ2, ..., χn+1]f2(χ). (1.1.10)

Theorem 1.1.3. [90] If f is a polynomial of maximum degree n, we have:

L[χ1, χ2, ..., χn+1]f(χ) = f(χ), ∀χ ∈ R. (1.1.11)

Definition 1.1.8. [90] Let f : [a, b] → R, a, b ∈ R, a < b. The divided difference
by order n of the function f , on the knots (1.1.2) it is the coefficient of χn from the
Lagrange interpolation polynomial of the function f on the specified knots.
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The Lagrange polynomial can be written in the form

L[χ1, χ2, ..., χn+1]f(χ) =
n+1∑
i=1

li(χ)f(χi), (1.1.12)

where li(χ) are n degree polynomials which verify the conditions P (χi) = f(χi), 1 ≤
i ≤ n+ 1, therefore

li(χ) =

n+1∏
j=1

(χ− χj)

(χ− χi)
n+1∏
j=1
j 6=i

(χi − χj)
, 1 ≤ i ≤ n+ 1 [90]. (1.1.13)

Theorem 1.1.4. [90] If f ∈ F([a, b]) and χ1, χ2, ..., χn+1 are distinct points from the
interval [a, b], then

L[χ1, χ2, χ3, ..., χn+1]f(χ)

=
(χ− χ1)L[χ2, χ3, ..., χn+1]f(χ)− (χ− χn+1)L[χ1, χ2, ..., χn]f(χ)

χn+1 − χ1

.

(1.1.14)

Theorem 1.1.5. [90] For any f ∈ F([a, b]) and any system of distinct points

χ1, χ2, ..., χn+1

from [a, b] and any χ ∈ [a, b] the next equality takes place

f(χ)− L[χ1, χ2, χ3, ..., χn+1]f(χ)

= [χ, χ1, χ2, ..., χn+1]f(χ− χ1)(χ− χ2)...(χ− χn+1). (1.1.15)

Theorem 1.1.6. [97] For any set of distinct interpolation points χ0, χ1, χ2, χ3..., χn
from [a, b] and for any f ∈ Cn+1([a, b]), and for any χ ∈ [a, b], the error (1.1.17) has
the value:

e(χ) =
1

(n+ 1)!

n∏
j=0

(χ− χi)f (n+1)(ξ), (1.1.16)

where

e(χ) = f(χ)− P (χ), a ≤ χ ≤ b, (1.1.17)

and ξ is a point from [a, b] which depends by χ.

1.2 Convergence theorems

1.2.1 Weierstrass’s Theorems. Approximation by sequences of projectors

We will say that a function f is uniformly approximable through elements from a
space Y ⊂ C([a, b]) if there is a sequence of functions from Y that converges uniformly
to f .
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Theorem 1.2.1. (Weierstrass)
Any function f ∈ C([a, b]) is uniformly approximable with algebraic polynomials.

Theorem 1.2.2. (Weierstrass)
Let C2π the function space 2π continuous periodicals f : R → R. Any function

f ∈ C2π(R) is uniformly approximable with trigonometric polynomials.

Proposition 1.2.1. [87] Let a sequence of linear and bounded operators (Ln)n, Ln :
C([a, b])→ C([a, b]). If the next conditions are fulfill
i) there is a subspace B ⊂ C([a, b]), dense ı̂n C([a, b]), such that

lim
n→∞

‖Ln(f)− f‖ = 0,∀f ∈ B,

ii) there is M > 0 such that ‖Ln‖ ≤M,n ∈ N, where

‖Ln‖ := sup
f∈C([a,b]),‖f‖≤1

‖Ln(f)‖,

then
lim
n→∞

‖Ln(f)− f‖ = 0, ∀ f ∈ C([a, b]). (1.2.1)

Theorem 1.2.3. [87] Let the sequence of linearly bounded operators (Ln)n, Ln : X →
Y , where X is a Banach space, and Y is a normed space. If

sup
n∈N
‖Ln(χ)‖ <∞, ∀χ ∈ X,

then
sup
n∈N
‖Ln‖ <∞.

Corollary 1.2.1. Let the sequence of operators Ln : C([a, b]) → C([a, b]) which uni-
formly approximates the functions from a dense space B ⊂ C([a, b]), from C([a, b]).
Then the fact that the sequence (Ln)n has uniformly bounded norms is equivalent to the
fact that the sequence (Ln)n uniformly approximates all the functions from C([a, b]).

Definition 1.2.1. [89] Let X a vector space and Y a linear subspace of it. A linear
operator U : X → Y is the projector on subspace Y if U(y)=y, ∀y ∈ Y .

Theorem 1.2.4. [97] (Lonzinski-Harshiladze)
For any sequence of projectors (Un)n, Un : C([a, b])→ Πn there is a constant C > 0

such that

‖Un‖ ≥ C lnn, (1.2.2)

Consequently, exists a function f ∈ C([a, b]) such that Unf does not converge uniformly
to f on the interval [a, b].

Theorem 1.2.5. [33](Faber)
Either one it would be an infinite triangular matrix of knots (χnj )1≤j≤n, where either

one n we have a ≤ χn1 < χn2 < ... < χnn ≤ b, for the sequence of operators (Un)n, with
Un = L[χn1 , χ

n
2 , ..., χ

n
n], n ≥ 1 there is a function f ∈ C([a, b]), for which Unf does not

converge uniformly on [a, b] to f .
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1.2.2 Positive linear operators

Definition 1.2.2. [5] Let A and B two vector spaces of functions with real values on
an interval J . An application L : A→ B, which is additive and homogeneous, is called
linear operator, meaning

L(αf + βg) = αL(f) + βL(g), ∀f, g ∈ A, α, β ∈ R. (1.2.3)

Definition 1.2.3. [5] Operator L is positive if for ∀f ∈ A with f ≥ 0 we have
L(f) ≥ 0.

Let (A, d) a compact metric space.

Definition 1.2.4. [5] An application F : C(A) → R is called the positive linear
functional on the space C(A) if:
i)F (αf + βg) = αF (f) + βF (g),∀f, g ∈ C(A) and ∀α, β ∈ R;
ii)F (f) ≥ 0,∀f ∈ C(A), f ≥ 0.

Proposition 1.2.2. [87] Let A a linear subspace of F(J) and Fχ : A → R a linearly
positive functional. We have

F (f) ≤ F (g), f, g ∈ A, f ≤ g, (1.2.4)

| F (f) |≤ F (| f |), f ∈ A, | f |∈ A. (1.2.5)

Proposition 1.2.3. [87] Let a linear positive functional F : C(J) → R, J interval.
Let χ ∈ J fixed. We assume that one of the following conditions it is holds:
•F (ej) = ej(χ), j = 0, 1, 2 or
•F (ej) = ej(χ), j = 0, 1 and χ is the left end or the right end of the interval J .
Then

F (f) = f(χ), ∀f ∈ C(J).

Definition 1.2.5. [87] The moments of linearly positive functional F : A→ R,
where A is a linear subspace of F(J) and χ ∈ J are the numbers F ((e1 − χe0)j), j ∈
N ∪ {0} which are well defined if Πj ⊂ A.

Theorem 1.2.6. [96](Popoviciu)
Let the next form of linear and positive operators

Ln(f, χ) =
mn∑
i=1

f(ξn,i)Ψn,i(χ), f ∈ C[a, b], χ ∈ [a, b], (1.2.6)

where ξn,i ∈ [a, b] and Ψn,i are positive polynomials.
Let suppose

Ln(e0) = e0, (1.2.7)

and

lim
n→∞

(Ln(e1 − χe0)2)(χ) = 0, uniformly with regard to χ ∈ [a, b].

(1.2.8)

Then

lim
n→∞

Ln(f) = f, uniformly on [a, b], for any f ∈ C([a, b]). (1.2.9)
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Theorem 1.2.7. [16](Bohman)
Let the positive linear operators (Ln)n, Ln : C([a, b])→ C([a, b]), with the form

Ln(f, χ) =
∑
i∈In

f(ξn,i)Ψn,i(χ), f ∈ C([a, b]), χ ∈ [a, b], (1.2.10)

where I is a set at most countable, ξn,i ∈ [a, b], and Ψn,i are positive analytic functions.
If

lim
n→∞

Ln(ej) = ej, uniform for j = 0, 1, 2, (1.2.11)

then

lim
n→∞

Ln(f) = f, uniform for any f ∈ C([a, b]). (1.2.12)

Theorem 1.2.8. [64], [65](Korovkin)
Let the sequence of positive linear operators (Ln), Ln : V → F([a, b]), where

V ⊂ F([a, b]) is a linear subspace which containing the functions ϕ0, ϕ1, ϕ2 ∈ C([a, b]),
functions that form a Chebyshev system on the interval [a, b]. If

lim
n→∞

Ln(ϕj) = ϕj uniformly on [a, b], with j = 0, 1, 2, (1.2.13)

then

lim
n→∞

Ln(f) = f uniformly on [a, b], for all f ∈ C([a, b]) ∩ V. (1.2.14)

Remark 1.2.1. For the test functions e0, e1, e2 the Bohman’s theorem is obtained.

Theorem 1.2.9. [41](Voronovskaja)
If Ln : C([a, b]) → C([a, b]) is a positive linear operator such that Ln(ej) = ej , j ∈

{0, 1}, then, for f ∈ C2[a, b] and χ ∈ [a, b]

Ln(f, χ)− f(χ) =
1

2
(Ln(e1 − χe0)2)(χ)f ′′(χ) + o

(
(Ln(e1 − χe0)2)(χ)

)
,

(1.2.15)

uniformly in relation with χ ∈ [a, b].

1.2.3 Moduli of continuity

Definition 1.2.6. [87](Păltănea)
Let H ⊂ F(J) a linear subspace such that Πk ⊂ H, k ∈ N. A function Ωk :

H× (0,∞)→ [0,∞)∪ {∞} is the modulus of continuity of order k on H if the
following conditions are fulfilled:

Ωk(f, h1) ≤ Ωk(f, h2), f ∈ H, 0 < h1 < h2 (1.2.16)

Ωk(f + p, h) = Ωk(f, h), f ∈ H, p ∈ Πk−1, h > 0 (1.2.17)

Ωk(0, h) = 0, h > 0. (1.2.18)
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We define the following moduli of continuity:
• the usual first order modulus

ω1(ψ, λ) = sup{|ψ(u)− ψ(v)|, u, v ∈ [0, 1], |u− v| ≤ λ}, (1.2.19)

• the usual second order modulus

ω2(ψ, λ) = sup{|ψ(u− ρ)− 2ψ(u) + ψ(u+ ρ)|, u± ρ ∈ [0, 1], |ρ| ≤ λ},
(1.2.20)

• the second order modulus Ditzian-Totik

ωϕ2 (ψ, λ) = sup{|ψ(u− ρ)− 2ψ(u) + ψ(u+ ρ)|, u± ρ ∈ [0, 1], |ρ| ≤
λϕ(u)}, (1.2.21)

where ψ ∈ C([0, 1]), λ > 0 and ϕ(t) =
√
t(1− t) [87].

The main properties of moduli of continuity of order k = 1, 2 are presented below

1) ωk(f, 0) = 0, (1.2.22)

2) ωk(f, ·) is a positive function and continues on R+, (1.2.23)

3) ωk(f, h1 + h2) ≤ ωk(f, h1) + ωk(f, h2), h1, h2 ≥ 0, (1.2.24)

4) ωk+1(f, h) ≤ 2ωk(f, h), ∀h ≥ 0, (1.2.25)

5) ωk+1(f, h) ≤ hωk(f
′, h), h ≥ 0, f ∈ C1([0, 1]), (1.2.26)

6) ωk(f, nh) ≤ nkωk(f, h), ∀h > 0 and n ∈ N. (1.2.27)

Theorem 1.2.10. [114](Shisha, Mond)
Let the linear and positive operator L : C([a, b]) → C([a, b]), f ∈ C([a, b]). For

h > 0 and ∀χ ∈ [a, b]:

|L(f, χ)− f(χ)| ≤ |f(χ)||L(e0, χ)− 1|+
(
L(e0, χ)

+
1

h

√
L(e0, χ)(L(e1 − χe0)2)(χ)

)
ω1(f, h). (1.2.28)

Theorem 1.2.11. [83](Mond)
Let the linear and positive operator L : C([a, b]) → C([a, b]) and f ∈ C([a, b]). For

h > 0 and χ ∈ [a, b] we have:

|L(f, χ)− f(χ)| ≤ |f(χ)||L(e0, χ)− 1|+
(
L(e0, χ)

+
1

h2
(L(e1 − χe0)2)(χ)

)
ω1(f, h). (1.2.29)

The following two theorems are found in the works [84], [85] and [87].

Theorem 1.2.12. [87] (Păltănea)
We consider a real interval I and L : V → F(I) a linear and positive operator on the

subspace V ⊂ C(I), such that Π2 ⊂ V , then for ∀f ∈ V, χ ∈ I and 0 < h < 1
2
length(I)

we have:

|L(f, χ)− f(χ)| ≤ |f(χ)||L(e0, χ)− 1|+ h−1|(L(e1 − χe0))(χ)|ω1(f, h)

+
(
L(e0, χ) +

1

2h2
(L(e1 − χe0)2)(χ)

)
ω2(f, h). (1.2.30)
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Theorem 1.2.13. [87](Păltănea)
Let the linear positive operator L : F ([0, 1]) → F ([0, 1]). For χ ∈ (0, 1), h ∈ (0, 1

2
]

and ∀f ∈ B([0, 1]) we have:

|L(f, χ)− f(χ)| ≤ |L(e0, χ)− 1| · ||f ||+ h−1 |(L(e1 − χe0))(χ)|
2ϕ(χ)

ωϕ1 (f, 2h)

+
[
L(e0, χ) +

3

2

|(L(e1 − χe0)2)(χ)|
(hϕ(χ))2

]
ωϕ2 (f, h). (1.2.31)

A first variant of this theorem was established in the paper [36].

Definition 1.2.7. [91] Let (X, ‖ · ‖) a normed space and Y ⊂ X a subspace endowed
with semi-norm | · |Y . Let be f ∈ X and t > 0. It is called K-functional

K(f, t,X, Y ) = inf{‖f − g‖+ t|g|Y , g ∈ Y }. (1.2.32)

For example, for X = C([a, b]), ‖f‖ = maxχ∈[a,b] |f(χ)| Chebyshev norm, Y =

Cr([a, b]), |g|Cr([a,b]) = ‖g(r)‖ [91].

Kr(f, t, C([a, b]), Cr([a, b])) = inf {‖f − g‖+ tr‖g(r)‖, g ∈ Cr([a, b])}. (1.2.33)

Theorem 1.2.14. [56](Johnen)
Let [a, b] an interval. There are c1 > 0, c2 > 0 such that

c1 · ω2(f, h) ≤ K2(f, h, C([a, b]), C2([a, b])) ≤ c2 · ω2(f, h), (1.2.34)

∀f ∈ C([a, b]) and ∀ h > 0.

2 Spline functions. Schoenberg operators

2.1 Polynomial spline functions. B-splines

2.1.1 The general case of the splines functions on multiple knots

Let the interval [a, b] and a knot sequence ∆n = {χi}n0 with

a = χ0 < χ1 < ... < χn−1 < χn = b. (2.1.1)

Let k be a positive integer and M = (k1, k2, ..., kn−1) be a vector consisting of
integers with the property 1 ≤ ki ≤ k + 1, with i = 1, 2, ..., n − 1, vector called
multiplicity vector [111].

Definition 2.1.1. [111] The space of polynomial spline functions of order k
on the knots χ1, ..., χk, with the order of multiplicity k1, k2, ..., kn−1 it is

S(Πk,M,∆n) : = {s ∈ F([a, b])| ∃s0, s1, ..., sn−1 ∈ Πk such that s(χ) =

si(χ) with χ ∈ Ii, i = 0, 1, ..., n− 1; Djsi−1(χi) = Djsi(χi)

for j = 0, 1, ..., k − ki, i = 1, ..., n− 1}. (2.1.2)

Theorem 2.1.1. [111] Let

H =
n−1∑
i=1

ki. (2.1.3)

Then S(Πk,M,∆n) is a linear space of dimension k +H.
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Construction of a local base

Definition 2.1.2. [111] Let a < χ1 < ... < χn−1 < b and 1 ≤ ki ≤ k + 1, i =
1, 2, ..., n− 1 given. Let suppose that

y1 ≤ y2 ≤ ... ≤ y2(k+1)+H (2.1.4)

such that
y1 ≤ y2 ≤ ... ≤ yk+1 ≤ a, b ≤ yk+H+2 ≤ ... ≤ y2(k+1)+H (2.1.5)

and

yk+2 ≤ ... ≤ yk+H+1 =

k1︷ ︸︸ ︷
χ1, ..., χ1, ...,

kn−1︷ ︸︸ ︷
χn−1, ..., χn−1 . (2.1.6)

Then, we will name {yi}2(k+1)+H
1 extended knot sequence associated with the space

S(Πk,M,∆n).

Theorem 2.1.2. [111] Let {yi}2(k+1)+H
1 an extended knot sequence associated with the

space S(Πk,M,∆n) and let suppose that b < y2(k+1)+H . For i = 1, 2, ..., k +H + 1 let

Nn,i(χ) = (−1)k+1(yi+k+1 − yi)[yi, ..., yi+k+1](χ− ·)k+, a ≤ χ ≤ b. (2.1.7)

Then {Nn,i}k+H+1
1 forms a basis for S(Πk,M,∆n) with

Nn,i(χ) = 0 for χ /∈ [yi, yi+k+1], (2.1.8)

and
Nn,i(χ) > 0 for χ ∈ (yi, yi+k+1). (2.1.9)

Moreover,
k+H+1∑
i=1

Nn,i(χ) = 1, (2.1.10)

for all a ≤ χ ≤ b.

The functions Nn,1, Nn,2, ..., Nn,k+H+1 are called B-splines.

Remark 2.1.1. Using the identity

[yi, ..., yi+k+1](χ− ·)k+ = (−1)k+1[yi, ..., yi+k+1](· − χ)k+ (2.1.11)

the functions Nn,i also have the representation

Nn,i(χ) = (yi+k+1 − yi)[yi, ..., yi+k+1](· − χ)k+, 1 ≤ i ≤ k +H + 1. (2.1.12)

2.1.2 Spline functions on simple knots

Definition 2.1.3. Let a knot sequence be given ∆n = {χi}n0 defined as in the relation
(2.1.1). A spline of order k, k ≥ 1 on the interval [a, b] attached to the knot
sequence ∆n, is a function of class Ck−1([a, b]), which on each subinterval defined by
two consecutive knots is a polynomial of degree k. A function k order splines with
simple knots we will call it k order spline function. The set of k order spline
functions attached to the knot sequence ∆n is denoted by Sk(∆n).
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It follows from the above definition

Sk(∆n) = {s ∈ Ck−1([a, b]) | s
∣∣
[χi−1,χi]

∈ Πk, 1 ≤ i ≤ n}. (2.1.13)

Definition 2.1.4. If ∆n = {χi}n0 is a knot sequence of the interval [a, b] and k ≥ 1,
then we define the extended knot sequence ∆n,k = {χi}n+k

i=−k with knots of form

0 = χ−k = χ−k+1 = ... = χ0 < χ1 < χ2 < ... < χn = χn+1 = ... = χn+k = 1.

(2.1.14)

Definition 2.1.5. [11] The B-splines attached to the extended knot sequence ∆n,k

have the expression

Nj,k(χ) = (χj+k+1 − χj)[χj, χj+1, ..., χj+k+1](· − χ)k+, −k ≤ j ≤ n− 1.

(2.1.15)

Proposition 2.1.1. [11], [72], [97] For any extended knot sequence ∆n,k, n, k ∈
N, n, k ≥ 1 we have

i) Nj,k(χ) = 0 for χ < χj and for χ > χj+k+1, −k ≤ j ≤ n− 1,

ii) Nj,k(χ) > 0 for χj < χ < χj+k+1, −k ≤ j ≤ n− 1.

Theorem 2.1.3. [97] For any knot sequence ∆n = {χi}n0 of the interval [a, b] and for
any integer k ≥ 1, the space Sk(∆n) has the dimension n + k, and a base of his it
consists of functions Nj,k, −k ≤ j ≤ n− 1.

Theorem 2.1.4. [71] For any extended knot sequence ∆n,k of the interval [a, b], n ≥
1, k ≥ 1 and for any t ∈ R and for any χ ∈ [a, b] we have

(t− χ)k =
n−1∑
j=−k

(t− χj+1)(t− χj+2)...(t− χj+k)Nj,k(χ). (2.1.16)

Corollary 2.1.1. In the conditions of the Theorem 2.1.4 for any 0 ≤ r ≤ k we have

n−1∑
j=−k

ξ
(r)
j Nj,k(χ) = χr, χ ∈ [a, b], (2.1.17)

where

ξ(r) =

(
k

r

)−1 ∑
1≤i1<i2<...<ir≤k

χi1χi2 . . . χir . (2.1.18)

Proposition 2.1.2. [71] If ∆n,k, n ≥ 1, k ≥ 1 is an extended knot sequence of the
interval [a, b], the functions Nj,k, −k ≤ j ≤ n− 1 verify the properties:

1) Nj,k(χ) ≥ 0; −k ≤ j ≤ n− 1, χ ∈ [a, b]; (2.1.19)

2)
n−1∑
j=−k

Nj,k(χ) = 1; a ≤ χ ≤ b, (2.1.20)

3)
n−1∑
j=−k

ξjNj,k(χ) = χ; a ≤ χ ≤ b. (2.1.21)
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2.2 Schoenberg operators

Definition 2.2.1. [71] Let ∆n a knot sequence of the interval [a, b] and k ≥ 1 an
integer. Schoenberg operator S∆n,k

: F([a, b]) → Sk(∆n), attached to the extended
knot sequence ∆n,k is defined by

(S∆n,k
f)(χ) =

n−1∑
j=−k

f(ξj,k)Nj,k(χ) (2.2.1)

where f : [a, b]→ R, χ ∈ [a, b] and

ξj,k =
χj+1 + χj+2 + . . .+ χj+k

k
, −k ≤ j ≤ n− 1, (2.2.2)

are Greville abscissas.

In the case when ∆n,k contains equidistant knots and we have k ≥ 1, then instead
of S∆n,k

we will denote Sn,k.

Theorem 2.2.1. [11], [71], [72], [97]

i) S∆n,k
(f) is a spline function of degree k on the knots χ0 < χ1 < . . . < χn, that

means, it is a polynomial of degree k on each interval [χν−1, χν ], (1 ≤ ν ≤ n),
and admits continuous derivatives of order k − 1 on whole interval [0, 1];

ii) S∆n,k
is a positive linear operator;

iii) (S∆n,k
f)(χ) is for any χ ∈ [a, b] a convex combination of a finite number of values

of the function f .

iv) S∆n,k
f interpolates the function f at the ends of the interval, that means (S∆n,k

f)(a)
= f(a) and (S∆n,k

f)(b) = f(b).

v) S∆n,k
(eα) = eα, for α = 0, 1.

Theorem 2.2.2. [71] For any integer k ≥ 1, and for n = 1, Schoenberg operators
attached to the extended knot sequence ∆1,k:

χ−k = χ−k+1 = . . . = χ0 = 0 < 1 = χ1 = χ2 = . . . χk+1

of the interval [0, 1] coincides with Bernstein operator Bk.

Theorem 2.2.3. [71] (Schoenberg)
For any extended knot sequence ∆n,k of an interval [a, b] the operator S∆n,k

has the
property of diminishing the variation of the sign. This means that for any function
f ∈ C([a, b]) and for any affine function h(χ) = cχ+ d, with the property f − h has a
finite number of sign changes over the interval [a, b] result that the function (S∆n,k

f)−h
has a number of sign changes at most equal to the number of sign changes of the function
f − h on the interval [a, b].

Definition 2.2.2. The second moment of S∆n,k
is defined by (S∆n,k

(e1 − χe0)2)(χ),

where ej(t) = tj, j = 0, 1, . . ., t ∈ [0, 1].
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Theorem 2.2.4. [29] For an extended knot sequence ∆n,k of an interval [a, b] with
k > 1, the next relation takes place:

0 ≤ (S∆n,k
(e1 − χe0)2)(χ) =

n−1∑
j=−k

1

k2(k − 1)

∑
1≤r<s≤k

(χj+r − χj+s)2Nj,k(χ). (2.2.3)

Corollary 2.2.1. [72] In the conditions of the Theorem 2.2.4 we have

0 ≤ S∆n,k
(e1 − χe0)2)(χ) ≤ min

{
1

2k
(b− a)2,

k + 1

12
‖∆n,k‖2

}
, (2.2.4)

where ‖∆n,k‖ = max1≤j≤n(χj − χj−1).

Theorem 2.2.5. [71] Let a sequence of extended knot sequence of the interval [a, b],
of the form ∆nm,km, m = 1, 2, . . ., where km > 1 for all m. If we have fulfilled the
condition

lim
m→∞

‖∆nm,km‖
km

= 0, (2.2.5)

then it takes place

lim
m→∞

(S∆nm,km
f)(χ) = f(χ), uniformly with regard to χ ∈ [a, b], ∀f ∈ C([a, b]).

(2.2.6)

Theorem 2.2.6. [11] For k ≥ 1, n ≥ 1

(Sn,k(e1 − χe0)2)(χ) ≤
min

{
2χ(1− χ), k

n

}
n+ k − 1

. (2.2.7)

3 Improving the approximation order

Further on, in Section 3, it is worked on the interval [0, 1]. We consider the extended
knot sequence ∆n,k given in (2.1.14), Greville abscissas (2.2.2), B-splines (2.1.15) and
Schoenberg operators (2.2.1) and k = 2.

3.1 Second degree Schoenberg operators on particularly chosen knots

In literature, [11], if the extended knot sequence ∆n,k consists of equidistant knots
and k = 2, the following result is establish:

(Sn,2(e1 − χe0)2)(χ)

χ(1− χ)
=

1
2n
− χ

4

1− χ
≤ 1

2n
,

and that imply

(Sn,2(e1 − χe0)2)(χ) ≤ 1

2n
· χ(1− χ), n ≥ 1, χ ∈ [0, 1], (3.1.1)

where the constant 1
2n

in front of χ(1− χ) is the best possible.

For n ≥ 1 and k = 2 the extended knot sequence ∆n,2 is:

0 = χ−2 = χ−1 = χ0 < χ1 < χ2 < ... < χn = χn+1 = χn+2 = 1. (3.1.2)
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From the formula (1.1.3), for four knots and for a function f : [0, 1]→ R, it follows:

[χ1, χ2, χ3, χ4]f =
4∑
p=1

( ∏
1≤ν≤4,ν 6=p

(χp − χν)−1
)
f(χp),

where χ1 < χ2 < χ3 < χ4 are points from [0, 1].

Remark 3.1.1.
[χ1, χ2, χ3, χ4]f = 0 if f ∈ Π2 (3.1.3)

[χ1, χ2, χ3, χ4](· − χ)2
+ = 0, for χ ≤ min{χ1, χ2, χ3, χ4}, (3.1.4)

and
[χ1, χ2, χ3, χ4](· − χ)2

+ = 0, for χ ≥ max{χ1, χ2, χ3, χ4}. (3.1.5)

3.1.1 The second moment of second degree Schoenberg operators on particu-
larly chosen knots

We consider a knot sequence ∆n formed from the following particularly knots:

χ0 = 0,

χ1 =
λ

n
,

χj =
λ

n
+ (j − 1)

n− 2λ

n(n− 2)
, for 2 ≤ j ≤ n− 2,

χn−1 = 1− λ

n
,

χn = 1, (3.1.6)

where λ ∈ (0, 1]. For λ = 1 the particular case of equidistant knots is obtained.

Lemma 3.1.1. Let n ≥ 7, λ ∈ (0, 1) and the knots chosen in (3.1.6) and the extra-
knots given in (3.1.2). The following relations take place:

Case 1. χ ∈ [χ0, χ1]

N−1,2(χ) =
2n

λ
χ− n2

λ2

2nλ+ n− 6λ

nλ+ n− 4λ
χ2,

N0,2(χ) =
n2(n− 2)

λ(nλ+ n− 4λ)
χ2,

Nj,2(χ) = 0 for 1 ≤ j ≤ n− 1.

Case 2. χ ∈ [χ1, χ2]

N−1,2(χ) =
n2(n− 2)2

(nλ+ n− 4λ)(n− 2λ)
χ2 − 2n(n− 2)

n− 2λ
χ+

nλ+ n− 4λ

n− 2λ
,

N0,2(χ) = −(nλ+ 3n− 8λ)n2(n− 2)2

2(nλ+ n− 4λ)(n− 2λ)2
χ2 +

(nλ+ 2n− 6λ)n(n− 2)

(n− 2λ)2
χ

−λ(nλ+ 2n− 6λ)(n− 2)

2(n− 2λ)2
,

N1,2(χ) =
n2(n− 2)2

2(n− 2λ)2
χ2 − nλ(n− 2)2

(n− 2λ)2
χ+

λ2(n− 2)2

2(n− 2λ)2
,

Nj,2(χ) = 0 for 2 ≤ j ≤ n− 1 or j = −2.
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Case 3. χ ∈ [χ2, χ3]

N0,2(χ) = χ2 n
2(n− 2)2

2(n− 2λ)2
− χn(n− 2)(nλ+ 2n− 6λ)

(n− 2λ)2
+

(nλ+ 2n− 6λ)2

2(n− 2λ)2
,

N1,2(χ) = −χ2n
2(n− 2)2

(n− 2λ)2
+ χ

n(n− 2)(2nλ+ 3n− 10λ)

(n− 2λ)2

−2λ2(n− 2)2 + 6λ(n− 2)(n− 2λ) + 3(n− 2λ)2

2(n− 2λ)2
,

N2,2(χ) = χ2 n
2(n− 2)2

2(n− 2λ)2
− χn(n− 2)(n+ nλ− 4λ)

(n− 2λ)2
+

(n+ nλ− 4λ)2

2(n− 2λ)2
,

Nj,2(χ) = 0 for 3 ≤ j ≤ n− 1 or j ∈ {−2,−1}.

Case 4. χ ∈ [χq, χq+1] with 3 ≤ q ≤ n− 4

Nj,2(χ) =
n2(n− 2)2

2(n− 2λ)2

3∑
i=0

di

(
(i+ j − 1)

n− 2λ

n(n− 2)
+
λ

n
− χ

)2

+
,

for q − 2 ≤ j ≤ q, where

d0 = −1, d1 = 3, d2 = −3, d3 = 1.

Nj,2(χ) = 0 for 2 ≤ j ≤ q − 3 or q + 1 ≤ j ≤ n− 1.

Case 5. χ ∈ [χn−3, χn−2]

Nn−5,2(χ) = (1− χ)2 n
2(n− 2)2

2(n− 2λ)2
− (1− χ)

n(n− 2)(n+ nλ− 4λ)

(n− 2λ)2

+
(n+ nλ− 4λ)2

2(n− 2λ)2
,

Nn−4,2(χ) = −(1− χ)2n
2(n− 2)2

(n− 2λ)2
+ (1− χ)

n(n− 2)(2nλ+ 3n− 10λ)

(n− 2λ)2

−2λ2(n− 2)2 + 6λ(n− 2)(n− 2λ) + 3(n− 2λ)2

2(n− 2λ)2
,

Nn−3,2(χ) =
χ2n2(n− 2)2

2(n− 2λ)2
− χn(n− 2)(n2 − 4n− nλ+ 6λ)

(n− 2λ)2

+
(n2 − 4n− nλ+ 6λ)2

2(n− 2λ)2
,

Nj,2(χ) = 0 for − 2 ≤ j ≤ n− 6 or j ≥ n− 2.
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Case 6. χ ∈ [χn−2, χn−1]

Nn−4,2(χ) =
n2(n− 2)2

2(n− 2λ)2
(1− χ)2 − nλ(n− 2)2

(n− 2λ)2
(1− χ) +

λ2(n− 2)2

2(n− 2λ)2
,

Nn−3,2(χ) = −(nλ+ 3n− 8λ)n2(n− 2)2

2(nλ+ n− 4λ)(n− 2λ)2
(1− χ)2

+
(nλ+ 2n− 6λ)n(n− 2)

(n− 2λ)2
(1− χ)− λ(nλ+ 2n− 6λ)(n− 2)

2(n− 2λ)2
,

Nn−2,2(χ) =
n2(n− 2)2

(nλ+ n− 4λ)(n− 2λ)
(1− χ)2 − 2n(n− 2)

n− 2λ
(1− χ)

+
nλ+ n− 4λ

n− 2λ
,

Nj,2(χ) = 0 for − 2 ≤ j ≤ n− 5 or j = n− 1.

Case 7. χ ∈ [χn−1, χn]

Nn−3,2(χ) =
(1− χ)2n2(n− 2)

λ(nλ+ n− 4λ)
,

Nn−2,2(χ) =
2n

λ
(1− χ)− n2

λ2

2nλ+ n− 6λ

nλ+ n− 4λ
(1− χ)2,

Nj,2(χ) = 0 for − 2 ≤ j ≤ n− 4.

Theorem 3.1.1. The second moment of the second degree Schoenberg spline operator
for the particularly chosen knots (3.1.6) has the next form: (S∆n,2(e1 − χe0)2)(χ)

=



χ2 n
2−nλ(n+2)−2λ2(n−1)(n−4)

4λ(n−2)(nλ+n−4λ)
+ χ λ

2n
, χ ∈

[
0, λ

n

]
χ2 n(λ−1)

4(n−2λ)
+ χ (1−λ)(nλ+n−4λ)

2(n−2)(n−2λ)

+λ3(n2−6n+4)+nλ2(n+2)−n2λ
4n2(n−2)(n−2λ)

, χ ∈
[
λ
n
, λ
n

+ n−2λ
n(n−2)

]
1

4n2

(n−2λ)2

(n−2)2
, χ ∈

[
λ
n

+ n−2λ
n(n−2)

, 1− λ
n
− n−2λ

n(n−2)

]
(1−χ)2n(λ−1)

4(n−2λ)
+ (1−χ)(1−λ)(nλ+n−4λ)

2(n−2)(n−2λ)

+λ3(n2−6n+4)+nλ2(n+2)−n2λ
4n2(n−2)(n−2λ)

, χ ∈
[
1− λ

n
− n−2λ

n(n−2)
, 1− λ

n

]
(1−χ)2[n2−nλ(n+2)−2λ2(n−1)(n−4)]

4λ(n−2)(nλ+n−4λ)
+ (1−χ)λ

2n
, χ ∈

[
1− λ

n
, 1
]

For λ = 1 the particular case of equidistant knots is obtained.

Theorem 3.1.2. The second moment of the second degree Schoenberg spline operators
for equidistant knots is:

(Sn,2(e1 − χe0)2)(χ) =


−χ2

4
+ χ

2n
, χ ∈

[
0, 1

n

]
1

4n2 , χ ∈
[

1
n
, n−1

n

]
− (1−χ)2

4
+ 1−χ

2n
, χ ∈

[
n−1
n
, 1
]

3.1.2 Comparing the order of approximation with the equidistant case

We make the comparison only for case λ = 1
2
.
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Lemma 3.1.2. For n ≥ 1 the next relations have place:

i)

sup
χ∈(0,1)

(Sλ=1
n,2 (e1 − χe0)2)(χ)

χ(1− χ)
=

1

2n
+ o
( 1

n

)
, (3.1.7)

uniformly regarding to χ ∈ (0, 1).

ii)

sup
χ∈(0,1)

(S
λ= 1

2
∆n,2

(e1 − χe0)2)(χ)

χ(1− χ)
=

1

4n
+ o
( 1

n

)
, (3.1.8)

uniformly regarding to χ ∈ (0, 1).

Theorem 3.1.3. [41] If Ln : C([0, 1]) → C([0, 1]) is a positive linear operator such
that Ln(ej) = ej, j ∈ {0, 1}, and exists a constant K > 0 such that

(Ln(e1 − χe0)2)(χ)

χ(1− χ)
≤ K · 1

n
, χ ∈ (0, 1),

then, for f ∈ C2([0, 1]) :∣∣∣∣(Lnf)(χ)− f(χ)

χ(1− χ)

∣∣∣∣ ≤ K

2n
|f ′′(χ)|+ o

( 1

n

)
, (3.1.9)

uniformly regarding to χ ∈ (0, 1).

We apply Theorem 3.1.3 and Lemma 3.1.2 for λ = 1 and λ = 1
2

in the following two
corollaries.

Corollary 3.1.1. One has∣∣∣(Sn,2f)(χ)− f(χ)

χ(1− χ)

∣∣∣ ≤ 1

4n
|f ′′(χ)|+ o

( 1

n

)
, uniformly regarding to χ, (3.1.10)

for f ∈ C2([0, 1]), χ ∈ (0, 1); or∣∣∣∣∣∣Sn,2(f)− f
e1 − e2

∣∣∣∣∣∣
(0,1)
≤ 1

4n
‖f ′′‖+ o

( 1

n

)
. (3.1.11)

Corollary 3.1.2. One has

∣∣∣(Sλ= 1
2

∆n,2
f
)
(χ)− f(χ)

χ(1− χ)

∣∣∣ ≤ 1

8n
|f ′′(χ)|+ o

( 1

n

)
, uniformly regarding to χ,

(3.1.12)

for f ∈ C2([0, 1]), χ ∈ (0, 1); or

∣∣∣∣∣∣Sλ= 1
2

∆n,2
(f)− f

e1 − e2

∣∣∣∣∣∣
(0,1)
≤ 1

8n
‖f ′′‖+ o

( 1

n

)
. (3.1.13)
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Also we can make the comparison of the cases λ = 1 and λ = 1
2

in estimates with
Ditsian-Totik modulus. For this we apply Lemma 3.1.2 and Theorem 1.2.13 and we
obtain:

Corollary 3.1.3. The next relations take place:
i) ∣∣∣∣∣∣(Sλ=1

∆n,2
f)(χ)− f(χ)

∣∣∣∣∣∣
(0,1)
≤
(7

4
+ o(1)

)
ωϕ2

(
f,

1√
n

)
. (3.1.14)

ii) ∣∣∣∣∣∣(Sλ= 1
2

∆n,2
f)(χ)− f(χ)

∣∣∣∣∣∣
(0,1)
≤
(11

8
+ o(1)

)
ωϕ2

(
f,

1√
n

)
. (3.1.15)

So that, for λ = 1
2

an improvement of the order of approximation is obtained in
both comparisons.

3.2 The second moment of second degree Schoenberg operators on arbi-
trary knots

3.2.1 A first method which use an auxiliary extended knot sequence

In this Section, a more general extended knot sequence ∆n,2 is used:

y−2 < y−1 < 0 = y0 < y1 . . . < yn = 1 < yn+1 < yn+2, n ≥ 1. (3.2.1)

The relations (3.1.3), (3.1.4), (3.1.5) from Remark 3.1.1 are validate for yj, −2 ≤ j ≤
n+ 2, too.

For any real numbers t1 ≤ t2 < t3 ≤ t4 and χ, we note:

Γ(t1, t2, t3, t4)(χ) =
1

4

(
t4 − t1
t3 − t2

− 3

)
(χ− t3)2 +

1

2
(t4 − 2t3 + t2)(χ− t3)

+
1

4
(t3 − t2)(t4 − t3). (3.2.2)

Lemma 3.2.1. Let the extended knot sequence ∆n,2 defined in (3.2.1), n ≥ 1. Let
χ ∈ [yq, yq+1] where 0 ≤ q ≤ n− 1. Then

(S∆n,2
(e1 − χe0)2)(χ) = Γ(yq−1, yq, yq+1, yq+2)(χ). (3.2.3)

Theorem 3.2.1. Let the extended knot sequence ∆n,2, n ≥ 1 given in (3.1.2) and the
appropriate operator S∆n,2. Let χ ∈ [χq, χq+1] where 0 ≤ q ≤ n− 1.

The next relations take place:

i) (S∆n,2(e1 − χe0)2)(χ) = Γ(χq−1, χq, χq+1, χq+2)(χ), for 1 ≤ q ≤ n− 2;

ii) (S∆n,2(e1 − χe0)2)(χ) = Γ(0, 0, χ1, χ2)(χ), for q = 0;

iii) (S∆n,2(e1 − χe0)2)(χ) = Γ(χn−2, χn−1, 1, 1)(χ), for q = n− 1.
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3.2.2 A second method with the direct calculation

Further on, using divided differences on multiple knots for the second moment of
second degree Schoenberg operators, the above results are reached. It can be verified
by comparison that the results obtained by the two methods are the same. We consider
the extended knot sequence ∆n,2 given in (3.1.2).

Theorem 3.2.2. Let χ ∈ [0, 1], and q ∈ {0, 1, ...n − 1} a natural number such that
χ ∈ [χq, χq+1]. In these conditions, the second moment of second degree Schoenberg
operators on arbitrary knots has the next form.

i) If q = 0,

(S∆n,2(e1 − χe0)2)(χ) =
χ2

4

(χ2

χ1

− 3
)

+
χ

2
χ1. (3.2.4)

ii) If q = 1,

(S∆n,2(e1 − χe0)2)(χ) =
χ2

4

( χ3

χ2 − χ1

− 3
)
− χ

2

( χ1χ3

χ2 − χ1

− χ1 − χ2

)
+

χ1

4

( χ1χ3

χ2 − χ1

− χ2

)
. (3.2.5)

iii) If 2 ≤ q ≤ n− 3,

(S∆n,2(e1 − χe0)2)(χ) =
χ2

4

(χq+2 − χq−1

χq+1 − χq
− 3
)

+
χ

2

(
χq + χq+1 +

χq−1χq+1 − χqχq+2

χq+1 − χq

)
+

χ2
q(χq+1 + χq+2)− χ2

q+1(χq−1 + χq)

4(χq+1 − χq)
. (3.2.6)

iv) If q = n− 2,

(S∆n,2(e1 − χe0)2)(χ) =
(1− χ)2

4

( χ3

χ2 − χ1

− 3
)

− 1− χ
2

( χ1χ3

χ2 − χ1

− χ1 − χ2

)
+

χ1

4

( χ1χ3

χ2 − χ1

− χ2

)
. (3.2.7)

v) If q = n− 1,

(S∆n,2(e1 − χe0)2)(χ) =
(1− χ)2

4

(χ2

χ1

− 3
)

+
1− χ

2
χ1. (3.2.8)

3.3 The second moment of second degree Schoenberg operators on knots
in the roots of Chebyshev polynomials

Theorem 3.3.1. [118] For ∆n,1, extended knot sequence of form (2.1.14), with

χk = sin2 (2k − 1)π

4(n− 1)
,
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1 ≤ k ≤ n− 1, n ≥ 2, χ0 = 0, χn = 1 it takes place

(S∆n,1(e1 − χe0)2)(χ) ≤ π2 · χ(1− χ)

n2
, n ≥ 2, χ ∈ [0, 1]. (3.3.1)

The roots of Chebyshev polynomials Tn(µ) = cos(n arccos µ), µ ∈ [−1, 1] are

µk = cos
( π

2n
+ k

π

n

)
, 0 ≤ k ≤ n− 1. (3.3.2)

Using the transformation of the interval [−1, 1] in interval [0, 1] by function υ(ξ) = ξ+1
2

,
the following knots are obtained

χ?k = υ(µn−k), 1 ≤ k ≤ n,

or, more explicitly,

χ?k = sin2 (2k − 1)π

4n
, 1 ≤ k ≤ n. (3.3.3)

We define also, χ?0 = 0 and χ?n+1 = 1.
We consider the extended knot sequence ∆?

n+1,2:

0 = χ?−2 = χ?−1 = χ?0 < χ?1 < ... < χ?n < χ?n+1 = χ?n+2 = χ?n+3 = 1. (3.3.4)

3.3.1 The method which use an auxiliary extended knot sequence

From Theorem 3.2.1 we get by particularization the next Corollary. We replace
n with n + 1, and we choose an auxiliary extended knot sequence in a given form in
(3.2.1) with yj = χ?j , (0 ≤ j ≤ n+ 1), y−2 < y−1 < 0, and yn+3 > yn+2 > 1.

Corollary 3.3.1. Let the extended knot sequence ∆?
n+1,2, n ≥ 1 given in (3.3.4) and

the appropriate operator S∆?
n+1,2

. Let χ ∈ [χ?q, χ
?
q+1], 0 ≤ q ≤ n.

The next relations take place:

i) For 1 ≤ q ≤ n− 1,

(S∆?
n+1,2

(e1 − χe0)2)(χ) = Γ(χ?q−1, χ
?
q, χ

?
q+1, χ

?
q+2)(χ). (3.3.5)

ii) For q = 0,

(S∆?
n+1,2

(e1 − χe0)2)(χ) = Γ(0, 0, χ?1, χ
?
2)(χ). (3.3.6)

iii) For q = n,

(S∆?
n+1,2

(e1 − χe0)2)(χ) = Γ(χ?n−1, χ
?
n, 1, 1)(χ). (3.3.7)

An explanation of these formulas will be made in the next section using a direct
calculation method.

3.3.2 The direct calculation method

Further on, using divided differences on multiple knots the above results are ob-
tained. We use the extended knot sequence ∆?

n+1,2 defined in (3.3.4).
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Theorem 3.3.2. Let n ≥ 2, ∆?
n+1,2 and χ ∈ [0, 1]. Exists a unique q ∈ {0, 1, ...n} such

that χ ∈ [χq, χq+1) if 0 ≤ q ≤ n − 1, respectively χ ∈ [χn, χn+1] if q = n.The second
moment of second degree Schoenberg operators with knots in the roots of Chebyshev
polynomials has the next form.

i) If q = 0,

(S∆?
n+1,2

(e1 − χe0)2)(χ) =
χ2

2

(
3− 12 sin2 π

4n
+ 8 sin4 π

4n

)
+
χ

2
sin2 π

4n
. (3.3.8)

ii) If q = 1,

(S∆?
n+1,2

(e1 − χe0)2)(χ)

=
(χ− sin2 π

4n
)2

32
(

1− sin2 π
4n

)(
1− 2 sin2 π

4n

) + 4 sin2 π

4n

(
sin2 π

4n
− 1
)
χ2

− sin2 π

4n

(
4 sin2 π

4n
− 7

2

)
χ+ sin4 π

4n

(
2 sin2 π

4n
− 3

2

)
. (3.3.9)

iii) If 2 ≤ q ≤ n− 2,

(S∆?
n+1,2

(e1 − χe0)2)(χ) = sin2 π

2n
χ(1− χ)− 1

4
sin4 π

2n
. (3.3.10)

iv) If q = n− 1,

(S∆?
n+1,2

(e1 − χe0)2)(χ)

=
(1− χ− sin2 π

4n
)2

32
(

1− sin2 π
4n

)(
1− 2 sin2 π

4n

) + 4 sin2 π

4n

(
sin2 π

4n
− 1
)

(1− χ)2

− sin2 π

4n

(
4 sin2 π

4n
− 7

2

)
(1− χ) + sin4 π

4n

(
2 sin2 π

4n
− 3

2

)
. (3.3.11)

v) If q = n,

(S∆?
n+1,2

(e1 − χe0)2)(χ)

=
(1− χ)2

2

(
3− 12 sin2 π

4n
+ 8 sin4 π

4n

)
+

1− χ
2

sin2 π

4n
. (3.3.12)

The results from Corollary 3.3.1 coincide with the results from Theorem 3.3.2.

3.3.3 Basic results

Theorem 3.3.3. If n ≥ 1 and χ ∈ [0, 1] then

(S∆?
n+1,2

(e1 − χe0)2)(χ) ≤ π2

4
· χ(1− χ)

n2
. (3.3.13)

Moreover, the constant π2

4
is the best possible in this inequality.
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Remark 3.3.1. Because the extended knot sequence with equidistant knots divide
the interval [0, 1] in n subintervals and the extended knot sequence ∆?

n+1,2 divide the
interval [0, 1] in n + 1 subintervals, it is necessary to take n − 1, n ≥ 2 in (3.3.13), to
compare the relation (3.1.1) with the relation (3.3.13). It is observed that

χ(1− χ)

4(n− 1)2
=

(
n

n− 1

)2
χ(1− χ)

4n2
≤ χ(1− χ)

n2
,

for n ≥ 2.

Corollary 3.3.2. If f ∈ C([0, 1]), χ ∈ [0, 1], n ≥ 1, then

|S∆?
n+1,2

(f, χ)− f(χ)| ≤
(

1 +
π

2

)
ω1

(
f,

√
χ(1− χ)

n

)
. (3.3.14)

We observe that in the case of equidistant knots, for k = 2, Theorem 2.2.6 approx-
imates weaker

|Sn,2(f, χ)− f(χ)| ≤ Cω1

(
f,

√
χ(1− χ)

n

)
, (3.3.15)

where the constant C is independent of n, f and χ.

Corollary 3.3.3. For any f ∈ C([0, 1]) and any n ≥ 2, there is a spline s of degree 2,
attached to the knots {0 = χ0 < χ1 < . . . < χn = 1}, such that

|f(χ)− s(χ)| ≤ Cω1

(
f,

√
χ(1− χ)

n

)
, χ ∈ [0, 1], (3.3.16)

with a constant independent of f , n and χ.

We notice that the relation (3.3.16) is formally analogous to Teliakovsky’s estimate,
[124], of the best polynomial approximation on the interval [0, 1], where n has another
meaning:

Theorem 3.3.4. There is a constant C > 0, such that for any function f ∈ C([0, 1])
and for every n ∈ N, exists a polynomial P of degree at most n, such that

|f(χ)− P (χ)| ≤ Cω1

(
f,

√
χ(1− χ)

n

)
, χ ∈ [0, 1]. (3.3.17)

Corollary 3.3.4. For n ≥ 1, χ ∈ [0, 1] we have∣∣∣S∆?
n+1,2

(f, χ)− f(χ)
∣∣∣ ≤ (

1 +
π2

8

)
ω2

(
f,

√
χ(1− χ)

n

)
. (3.3.18)

Again, an improvement is obtained by comparing it with the case of equidistant
knots, from the Theorem 2.2.6,

|f(χ)− Sn,2(f, χ)| ≤ Cω2

(
f,

√
χ(1− χ)

n

)
, (3.3.19)

with a constant C independent of n, f and χ.

Formally, the estimation (3.3.18) can be compared to Gavrea’s result [34] regarding
the polynomial approximation, which improves Teliakovsky’s result.
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Theorem 3.3.5. Exists a sequence of positive linear operators (Ln)n, Ln : C([0, 1])→
Πn and a constant C > 0, such that for any function f ∈ C([0, 1]) and any n ∈ N

|f(χ)− (Lnf)(χ)| ≤ Cω2

(
f,

√
χ(1− χ)

n

)
, χ ∈ [0, 1]. (3.3.20)

Using the second Ditzian–Totik modulus the following result is obtained.

Corollary 3.3.5. For f ∈ C([0, 1]) and n ≥ 1 we have

‖S∆?
n+1,2

(f)− f‖ ≤
(

1 +
3π2

8

)
ωϕ2

(
f,

1

n

)
. (3.3.21)

In the case of equidistant knots in [11], the following relation was obtained:

‖Sn,2(f)− f‖ ≤ 15

8
ωϕ2

(
f,

1√
n

)
, (3.3.22)

where f ∈ C([0, 1]), n ≥ 1.

4 The second moment of third degree Schoenberg operators
and applications

4.1 The case of arbitrary knots

4.1.1 The method with an auxiliary extended knot sequence

We consider the extended knot sequence of type (2.1.14) with arbitrary knots and
k = 3 which we denote ∆n,3

0 = χ−3 = χ−2 = χ−1 = χ0 < χ1 < χ2 < ... < χn = χn+1 = χn+2 = χn+3 = 1.

(4.1.1)

We will apply Marsden’s identity (2.1.16) for k = 3. We consider an auxiliary knot
sequence ∆n,3 with the knots:

y−3 < y−2 < y−1 < 0 = y0 < y1 < y2 < ... < yn = 1 < yn+1 < yn+2 < yn+3,

(4.1.2)

where the knots y−3 < y−2 < y−1 < 0 and 1 < yn+1 < yn+2 < yn+3 are variable and
yi = χi, for 0 ≤ i ≤ n. By taking into account that in (S∆n,k

(e1−χe0)2)(χ), (χ ∈ [0, 1])
is build using divided differences with multiple knots, we obtain, for χ ∈ [0, 1]

(S∆n,3(e1 − χe0)2)(χ) = lim
y−3,y−2,y−1→0

yn+1,yn+2,yn+3→1

(S∆n,3
(e1 − χe0)2)(χ). (4.1.3)

In this limit the order of the points y−3 < y−2 < y−1 < 0 and 1 < yn+1 < yn+2 < yn+3

is maintained.
For any χ ∈ [0, 1] exists an integer 0 ≤ q ≤ n − 1, such that χ ∈ [χq, χq+1] =

[yq, yq+1].
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For knot sequence (4.1.2) and for 0 ≤ q ≤ n− 1 and χ ∈ [yq, yq+1] we define

Γ(yq−2, yq−1, yq, yq+1, yq+2, yq+3)(χ)

=
1

9

{yq+3 − yq−1

yq+2 − yq
· (χ− yq)3

yq+1 − yq
− yq+2 − yq−2

yq+1 − yq−1

· (χ− yq+1)3

yq+1 − yq
−

∑
q−1≤i<j≤q+2

(χ− yi)(χ− yj)
}
, (4.1.4)

more explicitly,

Γ(yq−2, yq−1, yq, yq+1, yq+2, yq+3)(χ)

=
χ3

9(yq+1 − yq)

(yq+2 − yq−2

yq−1 − yq+1

+
yq−1 − yq+3

yq − yq+2

)
− χ2

3(yq+1 − yq)

[
yq+1

(yq+2 − yq−2

yq−1 − yq+1

+ 2
)

+ yq

(yq−1 − yq+3

yq − yq+2

− 2
)]

+
χ

3

{
yq+2 + yq−1 +

1

yq+1 − yq

[
y2
q+1

(yq+2 − yq−2

yq−1 − yq+1

+ 1
)

+ y2
q

(yq−1 − yq+3

yq − yq+2

− 1
)]}
− 1

9

{
(yq+2 + yq−1)(yq + yq+1) + yqyq+1

+ yq−1yq+2 +
1

yq+1 − yq

[
y3
q+1

(yq+2 − yq−2

yq−1 − yq+1

)
+ y3

q

(yq−1 − yq+3

yq − yq+2

)]}
. (4.1.5)

Remark 4.1.1. Because yi 6= yj, ∀i 6= j, q − 2 ≤ i, j ≤ q + 2, the form of Γ have
sense.

Theorem 4.1.1. Let the knot sequence ∆n,3 given in (4.1.1). If χ ∈ [χq, χq+1], with
0 ≤ q ≤ n− 1, then

(S∆n,3(e1 − χe0)2)(χ) = Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ). (4.1.6)

Remark 4.1.2. Although in the computation of (S∆n,3
(e1 − χe0)2)(χ) we use all the

knots yq−3 < . . . < yq+4 the final results depends only on the knots yq−2 < . . . < yq+3.

The form of the second moment will be established separately in some cases, from
the above theorem and relation (4.1.3) in the following corollaries. For simplicity in
most of the situations we consider only the case where χ is in the left part of the interval
[0, 1], since on the right part the result can be obtained by symmetry, replacing χ with
1− χ and yi with yn−i, (−3 ≤ i ≤ n+ 3).

Corollary 4.1.1. If n = 1 and χ ∈ [0, 1], then

(S∆1,3(e1 − χe0)2)(χ) = −χ
2

3
+
χ

3
. (4.1.7)

Corollary 4.1.2. Let n = 2. For χ ∈ [0, χ1] we have

(S∆2,3(e1 − χe0)2)(χ) =
χ3

9χ1

(
1− 1

χ1

)
− χ2

3

(
2− 1

χ1

)
+
χ

3
χ1. (4.1.8)

For χ ∈ [χ1, 1] the expression (S∆2,3(e1 − χe0)2)(χ) can be obtained by symmetry.
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Corollary 4.1.3. Let n = 3.
i) For χ ∈ [0, χ1], we obtain

(S∆3,3(e1 − χe0)2)(χ) =
χ3

9χ1

( 1

χ2

− χ2

χ1

)
− χ2

3

(
2− χ2

χ1

)
+
χ

3
χ1. (4.1.9)

ii) For χ ∈ [χ1, χ2], we have

(S∆3,3(e1 − χe0)2)(χ)

=
χ3

9(χ2 − χ1)

( 1

1− χ1

− 1

χ2

)
+

χ2

3(χ2 − χ1)

(1− 2χ2
1

1− χ1

− 2χ2

)
+

χ

3(χ2 − χ1)

(
χ2

2

− χ1 +
χ3

1

1− χ1

)
+
χ1

9

[ χ1

χ2 − χ1

− χ2
1

(χ2 − χ1)(1− χ1)
− χ2

]
. (4.1.10)

iii) For χ ∈ [χ2, 1], the expression of (S∆3,3(e1−χe0)2)(χ) can be obtained from case
i) by symmetry.

Corollary 4.1.4. i) For n ≥ 4 and χ ∈ [0, χ1] we have:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9χ1

(χ3

χ2

− χ2

χ1

)
− χ2

3

(
2− χ2

χ1

)
+
χ

3
χ1.

(4.1.11)

ii) For n ≥ 4 and χ ∈ [χ1, χ2] we have:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9(χ1 − χ2)

(χ3

χ2

+
χ4

χ1 − χ3

)
− χ2

3

[2χ1 − χ3

χ1 − χ3

+
χ3(χ2 − χ3) + χ1χ4

(χ1 − χ2)(χ1 − χ3)

]
+
χ

3

[
χ1 + χ2 +

χ1

χ1 − χ2

(
χ3 +

χ1χ4

χ1 − χ3

)]
− χ1

9

[
χ2 +

χ1χ3

χ1 − χ2

+
χ2

1χ4

(χ1 − χ2)(χ1 − χ3)

]
. (4.1.12)

iii) For n ≥ 5 and χ ∈ [χq, χq+1], with 2 ≤ q ≤ n− 3 we have:

(S∆n,3(e1 − χe0)2)(χ) = Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ). (4.1.13)

iv) For n ≥ 4 and χ ∈ [χn−2, χn−1] the expression of (S∆n,3(e1 − χe0)2)(χ) can be
obtained by symmetry from case ii).

v) For n ≥ 4 and χ ∈ [χn−1, χn] the expression of (S∆n,3(e1 − χe0)2)(χ) can be
obtained by symmetry from case i).

4.1.2 The method based on direct calculation

The explicit form of B-splines and of second moment of third degree Schoenberg
operators, for arbitrary knots, on intervals of the type [0, χ1], [χ1, χ2], [χ2, χ3] are pre-
sented below.

Proposition 4.1.1. For χ ∈ [0, χ1] and n ≥ 4 we have:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9χ1

(χ3

χ2

− χ2

χ1

)
− χ2

3

(
2− χ2

χ1

)
+
χ

3
χ1. (4.1.14)
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Proposition 4.1.2. For χ ∈ [χ1, χ2] and n ≥ 4, the second moment of third degree
Schoenberg operators has the following form:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9(χ1 − χ2)

(χ3

χ2

+
χ4

χ1 − χ3

)
− χ2

3

[2χ1 − χ3

χ1 − χ3

+
χ3(χ2 − χ3) + χ1χ4

(χ1 − χ2)(χ1 − χ3)

]
+
χ

3

[
χ1 + χ2 +

χ1

χ1 − χ2

(
χ3 +

χ1χ4

χ1 − χ3

)]
− χ1

9

[
χ2 +

χ1χ3

χ1 − χ2

+
χ2

1χ4

(χ1 − χ2)(χ1 − χ3)

]
. (4.1.15)

Proposition 4.1.3. For χ ∈ [χ2, χ3] and n ≥ 5, we have:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9(χ3 − χ2)

(χ1 − χ5

χ2 − χ4

+
χ4

χ1 − χ3

)
− χ2

3

[
1 +

χ3

χ3 − χ2

+
χ2(χ1 − χ2 − χ5)

(χ3 − χ2)(χ2 − χ4)
+

χ4(χ1χ2 − χ3χ4)

(χ1 − χ3)(χ3 − χ2)(χ2 − χ4)

]
+

χ

3

[
χ2 + χ3 +

1

χ3 − χ2

(
χ1χ3 − χ2χ4 −

χ2
2χ5

χ2 − χ4

− χ1χ4(χ3χ4 − χ1χ2)

(χ1 − χ3)(χ2 − χ4)

)]
− 1

9(χ2 − χ4)

[
χ2

2(χ3 + χ4) +
χ2(χ1χ

2
3 − χ2

2χ5)

χ3 − χ2

+
χ2χ3χ4(χ2

3 − χ2χ4)

(χ3 − χ2)(χ1 − χ3)

+
χ1χ4(χ2

3 − χ1χ4 − χ2χ4 − χ1χ3)

χ1 − χ3

]
. (4.1.16)

Particular cases

Proposition 4.1.4. For n = 1 we have:

(S∆1,3(e1 − χe0)2)(χ) = −χ
2

3
+
χ

3
. (4.1.17)

Proposition 4.1.5. Let n = 2. For χ ∈ [0, χ1], we obtain:

(S∆2,3(e1 − χe0)2)(χ) =
χ3

9χ1

(
1− 1

χ1

)
− χ2

3

(
2− 1

χ1

)
+
χ

3
χ1, (4.1.18)

and for χ ∈ [χ1, 1], we have (S∆2,3(e1 − χe0)2)(χ) =

χ3χ1

9(1− χ1)2
− χ2

3

[
1 +

χ2
1

(1− χ1)2

]
+
χ

3

[
1 +

χ3
1

(1− χ1)2

]
− χ1

9

[
1− χ1(1− 2χ1)

(1− χ1)2

]
.

(4.1.19)

Proposition 4.1.6. Let n = 3. For χ ∈ [0, χ1], we obtain:

(S∆3,3(e1 − χe0)2)(χ) =
χ3

9χ1

( 1

χ2

− χ2

χ1

)
− χ2

3

(
2− χ2

χ1

)
+
χ

3
χ1. (4.1.20)

For χ ∈ [χ1, χ2], we have (S∆3,3(e1 − χe0)2)(χ)

=
χ3

9(χ2 − χ1)

( 1

1− χ1

− 1

χ2

)
+

χ2

3(χ2 − χ1)

(1− 2χ2
1

1− χ1

− 2χ2

)
+

χ

3(χ2 − χ1)

(
χ2

2

− χ1 +
χ3

1

1− χ1

)
+
χ1

9

[ χ1

χ2 − χ1

− χ2
1

(χ2 − χ1)(1− χ1)
− χ2

]
. (4.1.21)
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For χ ∈ [χ2, 1] we have (S∆3,3(e1 − χe0)2)(χ)

=
χ3

9(1− χ2)

[1− χ1

1− χ2

− 1

1− χ1

]
− χ2

3

[
1 +

χ2
2

(1− χ2)2
− χ1(1− χ1χ2)

(1− χ1)(1− χ2)2

]
+

χ

3

[
3 + χ2 −

2χ2
1 − 4χ1 + 3

(1− χ1)(1− χ2)
+

1− χ1

(1− χ2)2

]
+

1

9

[ 3χ2
1 − 6χ1 + 4

(1− χ1)(1− χ2)

− 1− χ1

(1− χ2)2
− 3χ2 − 3

]
. (4.1.22)

Proposition 4.1.7. Let n = 4. For χ ∈ [0, χ1] we have:

(S∆n,3(e1 − χe0)2)(χ) =
χ3

9χ1

(χ3

χ2

− χ2

χ1

)
− χ2

3

(
2− χ2

χ1

)
+
χ

3
χ1.

(4.1.23)

For χ ∈ [χ1, χ2] we obtain:

(S∆n,3(e1 − χe0)2)(χ)

=
χ3

9

[ 1

(χ1 − χ2)(χ1 − χ3)
+

χ3

χ2(χ1 − χ2)

]
+
χ2

3

[
− 2 +

χ2
3 − χ1(χ3 + 1)

(χ1 − χ2)(χ1 − χ3)

]
+

χ

3

[χ2
1(1 + χ1)− χ1(χ2

2 + χ2
3) + χ2

2χ3

(χ1 − χ2)(χ1 − χ3)

]
+
χ1

9

[
− χ2 −

χ1(χ1 + χ1χ3 − χ2
3)

(χ1 − χ2)(χ1 − χ3)

]
.

(4.1.24)

For χ ∈ [χ2, χ3] we have (S∆n,3(e1 − χe0)2)(χ)

=
−χ3

9(χ2 − χ3)

[ 1

χ1 − χ3

+
1− χ1

1− χ2

]
+
χ2

3

[ −χ1χ2

(χ1 − χ3)(χ2 − χ3)

+
χ2(χ1 − 2χ3)

(1− χ2)(χ1 − χ3)
+

2χ3

(1− χ2)(χ2 − χ3)
− χ2

1χ2 − χ3

(1− χ2)(χ1 − χ3)(χ2 − χ3)

]
− χ

3

[
− χ3

3

(χ1 − χ3)(χ2 − χ3)
− χ2

χ2 − χ3

− χ2
1

(χ1 − χ3)(1− χ2)

+
χ3

2

(χ2 − χ3)(1− χ2)
+

χ1χ3(1− χ1χ2)

(1− χ2)(χ1 − χ3)(χ2 − χ3)

]
+

1

9

[
− χ1χ2

+
χ3

1

(χ1 − χ2)(χ3 − χ1)
+
χ3

2(1 + χ1 − χ2
1 − 2χ2 + χ1χ2)

(χ1 − χ2)(1− χ2)(χ2 − χ3)
− χ3(χ1 + χ2)

]
.

(4.1.25)

For χ ∈ [χ3, 1] we have (S∆n,3(e1 − χe0)2)(χ) =

χ3

9(1− χ3)

[ χ1

1− χ2

− χ2

1− χ3

− χ2 − χ3

(1− χ2)(1− χ3)

]
− χ2

3(1− χ3)

[
1− χ3

+
χ1 − χ2

1− χ2

− χ3(χ2 − χ3)

1− χ3)

]
+
χ

3

[
3 +

1− χ2

(1− χ3)2
+
χ1 + 4χ2 − 2χ2

2 − 3

(1− χ2)(1− χ3)
+ χ3

]
+

χ3(χ2 + χ3 − χ2
3)

3(1− χ3)2
− χ2 + χ3 − 2χ2

2

9(1− χ2)(1− χ3)2
− χ1

9(1− χ2)(1− χ3)
. (4.1.26)
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4.2 The case of equidistant knots

Let us now consider the equidistant knots χj = j
n

with 0 ≤ j ≤ n and extra-knots
χ−3 = χ−2 = χ−1 = 0, respectively χn+1 = χn+2 = χn+3 = 1.

Theorem 4.2.1. i) For n = 1 we have:

(Sn,3(e1 − χe0)2)(χ) = −χ
2

3
+
χ

3
.

ii) For n = 2 we have:

(Sn,3(e1 − χe0)2)(χ) =

 −
2χ3

9
+ χ

6
, χ ∈ [0, 1

2
]

2χ3

9
− 2χ2

3
+ χ

2
− 1

18
, χ ∈ [1

2
, 1].

iii) For n = 3 we have:

(Sn,3(e1 − χe0)2)(χ) =


−χ3

6
+ χ

9
, χ ∈ [0, 1

3
]

−χ2

6
+ χ

6
− 1

162
, χ ∈ [1

3
, 2

3
]

χ3

6
− χ2

2
+ 7χ

18
− 1

18
, χ ∈ [2

3
, 1]

.

iv) For n = 4 we have:

(Sn,3(e1 − χe0)2)(χ) =



−2χ3

9
+ χ

12
, χ ∈ [0, 1

4
]

2χ3

9
− χ2

3
+ χ

6
− 1

144
, χ ∈ [1

4
, 1

2
]

−2χ3

9
+ χ2

3
− χ

6
+ 7

144
, χ ∈ [1

2
, 3

4
]

2χ3

9
− 2χ2

3
+ 7χ

12
− 5

36
, χ ∈ [3

4
, 1]

.

v) For n ≥ 5 we have:

(Sn,3(e1 − χe0)2)(χ) =



−χ3n
18

+ χ
3n
, χ ∈ [0, 1

n
]

χ3n
18
− χ2

3
+ 2χ

3n
− 1

9n2 , χ ∈ [ 1
n
, 2
n
]

1
3n2 , χ ∈ [ 2

n
, n−2

n
]

(1−χ)3n
18

− (1−χ)2

3
+ 2(1−χ)

3n
− 1

9n2 , χ ∈ [n−2
n
, n−1

n
]

− (1−χ)3n
18

+ 1−χ
3n
, χ ∈ [n−1

n
, 1]

.

Remark 4.2.1.

(Sn,3(e1 − χe0)2)(χ) ≤ 1

3n2
. (4.2.1)
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4.3 Applications in approximation

Theorem 4.3.1. Let ∆n,3 defined in (4.1.1), n ≥ 5. Let f ∈ C([0, 1]). If χ ∈ [χq, χq+1],
0 ≤ q ≤ n− 1, 0 < h ≤ 1

2
, then we have

|(S∆n,3f)(χ)− f(χ)| ≤
(

1 +
1

2

Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ)

h2

)
ω2(f, h), (4.3.1)

|(S∆n,3f)(χ)− f(χ)| ≤
(

1 +
3

2

Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ)

h2χ(1− χ)

)
ωϕ2 (f, h), (4.3.2)

where in the last inequality we have the additional condition χ ∈ (0, 1).

In the case of equidistant knots, using the estimate

(Sn,3(e1 − χe0)2)(χ)

χ(1− χ)
≤ 1

3(n− 1)
, n ≥ 2, χ ∈ (0, 1) (4.3.3)

given in [11] we get from (4.3.2), for h = 1√
n−1

:

‖Sn,3f − f‖ ≤
3

2
ωϕ2

(
f,

1√
n− 1

)
,

where the constant 3
2

improves the constant 19
12

given in [11].

Theorem 4.3.2. Let ∆n,3 given in (4.1.1), with n ≥ 5. Let f ∈ C2([0, 1]). If χ ∈
[χq, χq+1], 0 ≤ q ≤ n− 1, then∣∣∣(S∆n,3f)(χ)− f(χ)− 1

2
f ′′(χ)Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ)

∣∣∣
≤ 5

6
Γ(χq−2, χq−1, χq, χq+1, χq+2, χq+3)(χ)ω1(f ′′, ‖∆k,3‖). (4.3.4)

Lemma 4.3.1. For χ ∈
[

2
n
, n−2

n

]
, n ≥ 5 we have:

(Sn,3(e1 − χe0)4)(χ) ≤ 1

3n4
. (4.3.5)

Remark 4.3.1. Lemma 4.3.1 improves the estimation (Sn,3(e1 − χe0)4)(χ) ≤ 4
3n4 ,

χ ∈ [0, 1], obtained in [120].

Corollary 4.3.1. For Schoenberg operators with equidistant knots, Sn,3, for f ∈ C2([0, 1]),

χ ∈ (0, 1) and n ≥ max
{

2
χ
, 2

1−χ , 5
}

we have∣∣∣∣n2[(Sn,3f)(χ)− f(χ)]− 1

6
f ′′(χ)

∣∣∣∣ ≤ 7

36
ω

(
f ′′,

1

n

)
. (4.3.6)

Finally there exists the limit:

Corollary 4.3.2. For Schoenberg operators with equidistant knots, Sn,3, for f ∈ C2([0, 1])
and any compact interval [a, b] ⊂ (0, 1) we have

lim
n→∞

n2[(Sn,3f)(χ)− f(χ)] =
1

6
f ′′(χ), uniformly for χ ∈ [a, b]. (4.3.7)
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4.4 Schoenberg operators for which the space of polynomials of degree two
is invariant

The preservation of certain class of functions is a natural question which can be
considered for the positive linear operators. For instance, Bernstein operators of degree
k have the property of preservation of the degree of polynomials of degree smaller or
equal to k. In the case of Schoenberg operators it is well known that the space of
polynomials of degree 1 is invariant. But the invariance of the space of polynomials of
degree 2 is not a general property of Schoenberg cubic operators. In the next theorem
we construct special Schoenberg operators which have a such property.

Theorem 4.4.1. Let n ∈ N, n ≥ 5, n odd. There is an extended knot sequence ∆n,3 :

0 = χ−3 = χ−2 = χ−1 = χ0 < χ1 < . . . < χn−1 < χn = χn+1 = χn+2 = χn+3 = 1,

such that

S∆n,3(Π2) ⊂ Π2.

4.5 Schoenberg-King type operators

If (Ln)n, Ln : C([a, b]) → C([a, b]) is a sequence of positive linear operators that
preserves the constant functions, by King type modification of them we mean a sequence
of operators (LKn )n, LKn : C([a, b])→ C([a, b]), defined by

LKn (f, χ) := Ln(f, rn(χ)), f ∈ C([a, b]), χ ∈ [a, b],

where rn ∈ C([a, b]), is a function such that rn([a, b]) ⊂ [a, b] and LKn (e2) = e2.

This kind of modification is due to King, [62] who applied it to Bernstein operators
Bn : C([0, 1])→ C([0, 1]). The resulting operators, which are noted here BK

n , maintain
the property of the uniform approximation of the functions in C([0, 1]). Since then, this
idea was generalized in several directions. One of them is the application to several
type of approximation operators, in [40]. However this kind of modification is not
possible to be applied to any sequence of positive operators. We show that the King
modification can be applied to Schoenberg operators.

Theorem 4.5.1. For any knot sequence ∆n,3

0 = χ−3 = χ−2 = χ−1 = χ0 < χ1 < . . . < χn−1 < χn = χn+1 = χn+2 = χn+3 = 1,

exists a unique function rn : [0, 1] → [0, 1], such that SK∆n,3
(e2) = e2. More rn is

continuous and

‖SK∆n,3
f − f‖ ≤ 5

3
ω1(f, ‖∆n,3‖). (4.5.1)

Corollary 4.5.1. In the conditions of Theorem 4.5.1, if ‖∆n,3‖ → 0, (n→∞), then

lim
n→∞

‖SK∆n,3
f − f‖ = 0. (4.5.2)
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5 A definition of two–dimensional Schoenberg type operators

5.1 Two–dimensional Schoenberg type operators on arbitrary knots

Let f : [0, 1]× [0, 1]→ R, n > 0, h > 0, m > 0, k > 0 and the knot sequence ∆n,h:

0 = χ−h = χ−h+1 = ... = χ0 < χ1 < χ2 < ... < χn = χn+1 = ... = χn+h = 1,

(5.1.1)

respectively ∆m,k:

0 = µ−k = µ−k+1 = ... = µ0 < µ1 < µ2 < ... < µn = µm+1 = ... = µm+k = 1.

(5.1.2)

The Greville abscissas associated with knot sequence ∆n,h are

ξi,h :=
χi+1 + χi+2 + ...+ χi+h

h
, with − h ≤ i ≤ n− 1, (5.1.3)

and the Greville abscissas associated with knot sequence ∆m,k are

ζj,k :=
µj+1 + µj+2 + ...+ µj+k

k
, with − k ≤ j ≤ m− 1. (5.1.4)

The B-splines Ni,h(χ) depending on ∆n,h are defined through:

Ni,h(χ) = (χi+h+1 − χi)[χi, χi+1, ..., χi+h+1](· − χ)h+, −h ≤ i ≤ n− 1, (5.1.5)

and the B-splines Nj,k(µ) depending on ∆m,k are defined through:

Nj,k(µ) = (µj+k+1 − µj)[µj, µj+1, ..., µj+k+1](· − µ)k+, −k ≤ j ≤ m− 1. (5.1.6)

Remark 5.1.1. If χ ∈ [χq, χq+1] and µ ∈ [µr, µr+1] with 0 ≤ q ≤ n−1, 0 ≤ r ≤ m−1,
then

Ni,h(χ) = 0 for i < q − h or i ≥ q + 1; and Ni,h(χ) ≥ 0 for q − h ≤ i ≤ q,

and

Nj,k(µ) = 0 for j < r − k or j ≥ r + 1; and Nj,k(µ) ≥ 0 for r − k ≤ j ≤ r.

Remark 5.1.2. For χ ∈ [0, 1] :

i)
n−1∑
i=−h

Ni,h(χ) = 1,
n−1∑
i=−h

Ni,h(χ) ≥ 0,

For µ ∈ [0, 1] :

ii)
m−1∑
j=−k

Nj,k(µ) = 1,
m−1∑
j=−k

Nj,k(µ) ≥ 0.

Definition 5.1.1. Points with coordinates (χi, µj) where χi ∈ ∆n,h and µj ∈ ∆m,k

forms a network of points associated with knot sequence ∆n,h and ∆m,k.
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We use the following notations

∆1 = {χi}−h≤i≤n+h, ∆2 = {µj}−k≤j≤m+k, (5.1.7)

∆̃ := ∆1 ×∆2. (5.1.8)

∆̃ := ∆̃h,k
n,m = {(χi, µj),−h ≤ i ≤ n+ h,−k ≤ j ≤ m+ k}. (5.1.9)

Definition 5.1.2. Two-dimensional Schoenberg type operators associated with ∆̃, are
defined as follows:

(
S∆̃f

)
(χ, µ) =

n−1∑
i=−h

m−1∑
j=−k

Ni,h(χ)Nj,k(µ)f(ξi,h, ζj,k), (5.1.10)

where f : [0, 1]× [0, 1]→ R, (χ, µ) ∈ [0, 1]× [0, 1].

Remark 5.1.3. By taking into account Remark 5.1.1 it follows that if χ ∈ [χq, χq+1],
with 0 ≤ q ≤ n− 1 and µ ∈ [µr, µr+1] with 0 ≤ r ≤ m− 1, then

(
S∆̃f

)
(χ, µ) =

q∑
i=q−h

r∑
j=r−k

Ni,h(χ)Nj,k(µ)f(ξi,h, ζj,k). (5.1.11)

Definition 5.1.3. The surface generated by the two-dimensional operators of Schoen-
berg type defined in (5.1.10) is called the Schoenberg type surface.

Proposition 5.1.1. Let f, g : [0, 1]× [0, 1]→ R. Then

S∆̃(af + bg) = a(S∆̃f) + b(S∆̃g),∀a, b ∈ R. (5.1.12)

Proposition 5.1.2. Let f : [0, 1]× [0, 1]→ R, f ≥ 0. Then

(S∆̃f) ≥ 0. (5.1.13)

Proposition 5.1.3. Two-dimensional Schoenberg type operator S∆̃ is a polynomial of
degree at most h in the variable χ and degree at most k in variable µ, on each rectangle
[χi−1, χi]× [µj−1, µj] with 0 ≤ i ≤ n−1 and 0 ≤ j ≤ m−1. Moreover, S∆̃ is a B–spline
in each variable.

Proposition 5.1.4. Two-dimensional Schoenberg type operators admit partial contin-
uous derivatives on [0, 1]× [0, 1].

Further on, the functions e0, π1, π2 ∈ C2([0, 1] × [0, 1]), defined by e0(χ, µ) =
1, π1(χ, µ) = χ, π1(χ, µ) = µ with (χ, µ) ∈ [0, 1]× [0, 1] are considered.

Proposition 5.1.5. For two-dimensional Schoenberg type operators and any (χ, µ) ∈
[0, 1]× [0, 1] we have:

i) (S∆̃e0)(χ, µ) = 1,

ii) (S∆̃π1)(χ, µ) = χ,

iii) (S∆̃π2)(χ, µ) = µ,

iv) S∆̃(π1π2)(χ, µ) = χµ.
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Proposition 5.1.6. Let ϕ : [0, 1]× [0, 1]→ R an affine function. Then

(S∆̃ϕ) = ϕ. (5.1.14)

In the next proposition the notation e1(t) = t, t ∈ [0, 1] is used, and e0 denotes the
constant function equal to 1, on the both sets [0, 1] and [0, 1]× [0, 1].

Proposition 5.1.7. For two-dimensional Schoenberg type operators S∆̃ and each (χ, µ) ∈
[0, 1]× [0, 1] we have:

i) (S∆̃(π1 − χe0))(χ, µ) = 0,

ii) (S∆̃(π2 − µe0))(χ, µ) = 0,

iii) (S∆̃(π1 − χe0)2)(χ, µ) = (S∆1(e1 − χe0)2)(χ),

iv) (S∆̃(π2 − µe0)2)(χ, µ) = (S∆2(e1 − µe0)2)(µ).

The sufficient condition for one-dimensional positive linear operators Ln(f1) to
uniformly converge at the continuous function f1, [16], it is also preserved for two-
dimensional Schoenberg type operators as shown in the following theorem.

Theorem 5.1.1. For that two-dimensional Schoenberg type operators

(S∆̃f)(χ, µ) =
n−1∑
i=−h

m−1∑
j=−k

Ni,h(χ)Nj,k(µ)f(ξi,h, ζj,k)

to converge uniformly on [0, 1]× [0, 1] to the continuous function f(χ, µ) it is sufficient
that for any ηε > 0 ∑∑

‖(ξi,h,ζj,k)−(χ,µ)‖<ηε
Ni,h(χ)Nj,k(µ)→ 1, (5.1.15)

uniformly for 0 ≤ χ ≤ 1, 0 ≤ µ ≤ 1 when n→∞ and m→∞.

Definition 5.1.4. We consider knot sequence (5.1.7). The norm corresponding to each
knot sequence is:

‖∆1‖ = maxi(χi+1 − χi), respectiv ‖∆2‖ = maxi(µi+1 − µi). (5.1.16)

In these conditions, we define the norm

‖∆̃‖ := ‖∆1‖+ ‖∆2‖, (5.1.17)

therefore ‖∆̃‖2 = maxi((χi+1 − χi)2 + (µi+1 − µi)2).

A quantitative version of the degree of approximation can be given using the first
order modulus of continuity, defined as follows:

ω1(f, ρ) = sup{|f(χ1, µ1)− f(χ2, µ2)|, (χ1, µ1), (χ2, µ2) ∈ [0, 1]× [0, 1],

‖(χ1, µ1)− (χ2, µ2)‖ ≤ ρ}, (5.1.18)

where f ∈ C([0, 1]× [0, 1]) and ρ > 0.
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Theorem 5.1.2. For any f ∈ C([0, 1]× [0, 1]) two-dimensional Schoenberg type oper-
ators S∆̃ satisfies inequality

‖(S∆̃f)− f‖ ≤ Vω1(f, ‖∆̃‖), (5.1.19)

where V = 1
2

max{h+ 1, k + 1}.

Corollary 5.1.1. If

‖∆̃‖ → 0,

then two-dimensional Schoenberg type operators

(S∆̃f)(χ, µ) =
n−1∑
i=−h

m−1∑
j=−k

Ni,h(χ)Nj,k(µ)f(ξi,h, ζj,k)

converge uniformly on [0, 1]× [0, 1] to f , for any continuous function f .

Theorem 5.1.3. The second moment of the two-dimensional Schoenberg type operators
S∆̃ for h = k = 3, is(

S∆̃

(
(π1 − χe0)2 + (π2 − µe0)2

))
(χ, µ)

=
1

9

[χq+3 − χq−1

χq+2 − χq
· (χ− χq)3

χq+1 − χq
− χq+2 − χq−2

χq+1 − χq−1

· (χ− χq+1)3

χq+1 − χq

−
∑

q−1≤i<j≤q+2

(χ− χi)(χ− χj) +
µr+3 − µr−1

µr+2 − µr
· (µ− µr)3

µr+1 − µr

− µr+2 − µr−2

µr+1 − µr−1

· (µ− µr+1)3

µr+1 − µr
−

∑
r−1≤i<j≤r+2

(µ− µi)(µ− µj)
]

(5.1.20)

where (χ, µ) ∈ [χq, χq+1]× [µr, µr+1] with 0 ≤ q ≤ n− 1 and 0 ≤ r ≤ m− 1.

5.2 Two–dimensional Schoenberg type operators on equidistant knots

Now the case h = k = 3, m = n and equidistant knots is analysed. More precisely,
the equidistant knots are χi = i

n
, 0 ≤ i ≤ n, and the extra-knots are χ−3 = χ−2 =

χ−1 = 0 and χn+1 = χn+2 = χn+3 = 1, respectively µj = j
n
, 0 ≤ j ≤ n,with extra-knots

µ−3 = µ−2 = µ−1 = 0 and µm+1 = µm+2 = µm+3 = 1.
The Greville abscissas are in this case

ξi,3 =
χi + χi+1 + χi+2

3
:=

 χi+2, i ∈ {−3, . . . , n− 1} \ {−2, n− 2}
1

3n
, i = −2,

3n−1
3n

i = n− 2
(5.2.1)

respectively

ζj,3 =
µj + µj+1 + µj+2

3
:=

 µj+2, j ∈ {−3, . . . , n− 1} \ {−2, n− 2}
1

3n
, j = −2,

3n−1
3n

j = n− 2
(5.2.2)

The B–splines are

Ni,3(χ) = (χi+4 − χi)[χi, χi+1, χi+2, χi+3, χi+4](· − χ)3
+, (5.2.3)
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respectively

Nj,3(µ) = (µj+4 − µj)[µj, µj+1, µj+2, µj+3, µj+4](· − µ)3
+. (5.2.4)

We denote with S̃n,3 two-dimensional Schoenberg type operators on equidistant knots
with h = k = 3, m = n, and with Sn,3 one-dimensional third degree Schoenberg
operators on equidistant knots.

Definition 5.2.1. Two-dimensional Schoenberg type operators S̃n,3, total degree at
most 6, are:

(S̃n,3f)(χ, µ) =
n−1∑
i=−3

n−1∑
j=−3

Ni,3(χ)Nj,3(µ)f(ξi,3, ζj,3). (5.2.5)

Lemma 5.2.1. The second moment of the two-dimensional Schoenberg type operators
S̃n,3, with n ≥ 5, (χ, µ) ∈ [0, 1]× [0, 1] verifies the relation(

S̃n,3(π1 − χe0)2
)
(χ, µ) ≤ 1

3n2
. (5.2.6)

Moreover, (
S̃n,3(π1 − χe0)2

)
(χ, µ) =

1

3n2
, (5.2.7)

for χ ∈
[

2
n
, n−2

n

]
and µ ∈ [0, 1].

Similar relations are true for
(
S̃n,3(π2 − χe0)2

)
(χ, µ).

Lemma 5.2.2. For n ≥ 5 it results(
S̃n,3

(
(π1 − χe0)4 + (π2 − µe0)4

))
(χ, µ) ≤ 8

3n4
. (5.2.8)

Theorem 5.2.1. The following limit is true

lim
n→∞

n2
(
(S̃n,3f)(χ, µ)− f(χ, µ)

)
=

1

6

[∂2f

∂χ2
(χ, µ) +

∂2f

∂µ2
(χ, µ)

]
, (5.2.9)

for any f ∈ C2([0, 1]× [0, 1]) and (χ, µ) ∈ (0, 1)× (0, 1).

To evaluate the approximation order through the operators S̃n,3 we use general
evaluations, expressed with second order moduli of continuity, demonstrated in the
paper [87]. These give a finer evaluation than the evaluations with the first order
modulus. For this we introduce the following notations. Let be (X, ‖ · ‖X) a normed
space and D ⊂ X a compact and convex set. Let be e0 ∈ F(X,R), e0(t) = 1, t ∈ D
and id : X → X the identical function. Let be a family of positive Borel measures
{µ̃x}x∈D on D, σx 6= 0. For any Banach space (Y, ‖ · ‖Y ) we can consider the linear
operator LY : C(D, Y )→ F(D, Y ) defined by the relation

(LY f)(x) =

∫
D

fdσx, f ∈ C(D, Y ), x ∈ D, (5.2.10)

where the integral is taken in the Bochner sense. Denote by X?, the space of linear
continous functionals ϕ : X → R.

If f ∈ C(D, Y ) and h > 0 then the usual second order modulus is defined by

ω̃2(f, h) := sup
{∥∥∥f(u)− 2f

(u+ v

2

)
+ f(v)

∥∥∥
Y
, u, v ∈ D, ‖u− v‖X ≤ 2h

}
. (5.2.11)

With these elements the following theorem it will prove.
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Theorem 5.2.2. In the above conditions, if in addition we assume that X has a finite
dimension p and the conditions are fulfill:
i) LR(e0) = e0

ii) LR(ϕ) = ϕ, for any ϕ ∈ X?,
then

‖(LY )(f)(x)− f(x)‖Y ≤
(
pLR(e0, x) +

1

2h2
LR(‖ · −x‖2

X , χ)
)
ω̃2(f, h), (5.2.12)

for f ∈ C(D, Y ), h > 0, x ∈ D [86], [87].

In the case of operators S̃n,3 we get:

Theorem 5.2.3. We have

|(S̃n,3f)(χ, µ)− f(χ, µ)| ≤
(

2 +
1

3h2n2

)
ω̃2(f, h), (5.2.13)

where f ∈ C([0, 1]× [0, 1]), h > 0, (χ, µ) ∈ [0, 1]× [0, 1], n ∈ N.
Consequently:

‖(S̃n,3f)− f‖ ≤ 7

3
ω̃2

(
f,

1

n

)
, f ∈ C([0, 1]× [0, 1]), n ∈ N. (5.2.14)

In [87] the following second order global continuity modulus is also defined:

Definition 5.2.2.

ω̃?2(f, h) = sup
{∥∥∥ n∑

i=1

λif(χi)− f(χ)
∥∥∥
Y
, χ ∈ D,χi ∈ D, ‖χi − χ‖X ≤ h,

λi ∈ (0, 1), 0 ≤ i ≤ n, λ1 + ...+ λn = 1
}
, (5.2.15)

where f ∈ C(D, Y ), D ⊂ X it is a compact and convex set in the normed space X, Y
is another normed space, and h > 0.

For the same previously defined operators, an evaluation that does not depend on
the size of the space X is demonstrated:

Theorem 5.2.4. We assume that conditions i) and ii) of Theorem 5.2.2 are fulfilled.
Then for any Banach space Y , the operator LY define in (5.2.10) satisfies the inequality

‖(LY f)(x)− f(x)‖Y ≤
(

(LR(e0))(x) +
1

h2
(LR(‖ · −x‖2

X)(x)
)
ω̃?2(f, h),

(5.2.16)

for f ∈ C(D, Y ), h > 0 [87], [88] .

Applying this theorem to operators S̃n,3 we obtain

Theorem 5.2.5. For a function f continue on [0, 1]× [0, 1] and h > 0 we have

|(S̃n,3f)(χ, µ)− f(χ, µ)| ≤
(

1 +
2

3n2h2

)
ω̃?2(f, h).

Consequently

‖(S̃n,3f)− f‖ ≤ 5

3
ω̃?2

(
f,

1

n

)
, f ∈ C([0, 1]× [0, 1]), n ∈ N. (5.2.17)
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6 Applications of Schoenberg spline operators in practice

The main parameter in the design of solar energy conversion systems is the solar
irradiance. A low accuracy of the theoretical models for estimating the solar irradi-
ance leads to an inaccurate estimation of the energy that will be obtained and also
affects the durability of the solar energy conversion systems. The values of the direct
solar irradiance were measured in the Research Center Renewable Energy Systems and
Recycling from R&D Institute of Transilvania University of Brasov.

6.1 Evaluation of the errors between the experimental values of the direct
solar irradiance and the values calculated with the Meliss model

In this study, the maximum value of the direct solar irradiance in one minute ”i”,
is denoted by Bexp. Standard local time is transformed into apparent solar time using
the equation of time

ET = 9.87sin2B − 7.53cosB − 1.5sinB, (6.1.1)

with

B = (N − 81)
360

364
, (6.1.2)

and longitude correction

AST = LST + ET ± 4(SL− LL)−DS, (6.1.3)

where LST is the standard local time, ET is the equation of time, SL is the standard
longitude, LL is the local longitude, and DS is a factor that takes into account whether
the time in the analyzed period is summer time or winter time (it is 0 or 60 minutes)
[57].

The study uses the measured values Bexp from the period 2013-2016, for the im-
provement of the theoretical model, and those of 2017 for the validation of the new
formulations of the model. The arithmetic mean of the values of the direct solar irra-
diance in the clear days of the monitored period was calculated for each minute ”i”,
noted with Bexp,m.

Experimental solar energy for the period of time [t1, t2] is note EBexp and is calcu-
lated with the formula

EBexp =
1

60

t2∑
i=t1

Bexp · τ [Wh/m2], (6.1.4)

considering Bexp constant over a period of time τ of one minute between two measure-
ments. Analogous proceeded for the average experimental solar energy, noted EBexp,m,
using in (6.1.4) arithmetic mean of values Bexp.

The interval [t1, t2] was first considered between 04:00-20:00 for the classification
of days, then was reduced to 08:00-16:00, because between these hours there are big
differences between the values Bexp and the direct solar irradiance, denoted by B,
obtained from the theoretical Meliss model.

To estimate every minute ”i” the direct solar irradiance at ground level, B, for
Braşov, 45.67N latitude and 25.55E longitude, we use the theoretical clear sky Meliss
model [75]:

B = B0 · e
−TR

0.9+9.4sinα , [W/m2] (6.1.5)
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Solar irradiance at the upper limit of the Earth’s atmosphere B0, take values be-
tween 1413W/m2 on January 3, corresponding to the shortest distance from Earth to
the Sun and 1321W/m2 on July 3, corresponding to the greatest Earth-Sun distance.
B0 is calculated [57] depending on the number of the day (N) and using the solar
constant BSC = 1367W/m2 with the formula

B0 = BSC(1 + 0.0334 · cos(0.9856N − 2.72)) [W/m2]. (6.1.6)

The turbidity factor TR represents the transparency of the atmosphere to the solar
radiation, and is given in [75] as monthly constant values with values between 1.8 and
2.7 for mountain areas, respectively between 2.1 and 3.5 for plain areas, and for cities
the values are between 3.1 and 4.3. TR depends on local atmospheric conditions, with
monthly values between 2.8 and 3.2 for Braşov [126].

The elevation solar angle, α, takes daily values between zero (at sunrise and sunset)
and a maximum value at noon; the highest values are recorded at the summer solstice
and the lowest values are recorded at the winter solstice [130]. This angle depends on
time and location [31] and is calculated with

sinα = sin δ sinϕ+ cos δ cosϕ cosω (6.1.7)

where δ is the angle of solar declination, ω is the hour angle, and ϕ is the latitude.
The absolute error, εa, is calculated like the difference between an experimental

value Vexp and the theoretical one V , corresponding to minute ”i”. For this reason it
can take both positive and negative values during a day.

εa = Vexp,i − Vi. (6.1.8)

The absolute average error, εa,m, is calculated by considering the average of the exper-
imental values and the average of the theoretical values corresponding to the minute
”i” in (6.1.8).
The relative error, εr expressed as a percentage, is calculated with

εr =
Vexp,i − Vi

V
· 100, [%]. (6.1.9)

The absolute mean square error between an experimental value Vexp,i and the theoretical
one Vi, for n values in the considered time interval, it is

RMSE =

√∑n
i=1(Vexp,i − Vi)2

n
. (6.1.10)

The relative mean square error of an experimental value Vexp,i and the theoretical one
Vi, for n values in the considered time interval, is

rRMSE =

√∑n
i=1(εr,i)2

n
, [%]. (6.1.11)

A first step in the proposed analysis was the study of July in the period 2013–2016.
For July 2016, the available direct solar energy is evaluated based on the relation
(6.1.4). Analyzing the variability of the direct solar irradiance, four types of days were
identified, namely: clear sky days, partially clear sky days, partially cloudy days and
cloudy days. Only four clear sky days were found in July 2016. The procedure for
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identifying clear days was repeated for July 2013, 2014 and 2015. Therefore, 13 clear
sky days were selected.

In 11 from those the 13 clear days selected, the model overestimates the direct solar
irradiance in the central part of the day, more precisely in the time interval 8:00–16:00.
An analysis was performed for this time interval using the absolute, relative error
and respectively the mean square error between the experimental values and those
calculated with the Meliss model.

Similarly, an analysis was performed corresponding to the time interval 4:00–20:00
for those 13 clear days. The obtained results lead to the conclusion that there are
big differences between the experimental values and those calculated with the Meliss
model appear in the central part of the day, in the time interval 08:00–16:00.

Except for two of the 13 clear days, the model overestimates the direct solar irradi-
ance, the absolute average error is −140.86 W/m2 corresponding to an average relative
error of −20.35%, in solar time interval 08:00–16:00.

A similar analysis was conducted for a winter month, November, on the same period
as 2013–2016. The conclusions of the November months study from the period 2013–
2016 indicates to us that, except for two days out of the 11 clear sky days identified in
the period mentioned above, the model underestimates the direct solar irradiance, the
absolute average error is 135.14 W/m2 corresponding to an average relative error of
29.54% in solar time interval 08:00–16:00. The absolute mean error between the direct
solar energy and the calculated one in the same range as above is 0.56 kWh/m2, and
the average relative error is 9.49%. For the solar time interval 07:00-17:00, the absolute
average error increases to 0.65 kWh/m2, showing the importance of your accuracy in
estimating the area in the central part of the day.

We deduce that the Meliss model underestimates the experimental values in the
winter months, in contrast to the summer months when the model overestimates the
direct solar irradiance on clear sky days. Therefore, the accuracy of the Meliss model
needs to be improved, mainly in the solar time interval 08:00–16:00.

Using the Schoenberg spline operators, the Meliss model was improved, the study
being extended to all months of the years 2013–2016. The experimental values mea-
sured in 2017 were used to validate the results obtained.

6.2 The use of third degree Schoenberg spline operators in the purpose
improve the accuracy of the Meliss model

To improve the model, the turbidity factor considered constant during a month
was replaced by time dependent fourth degree polynomials. Experimental direct solar
irradiance values were used to determine cubic spline functions, using Schoenberg op-
erators in a program created in Wolfram Mathematica 10.1. These spline functions are
used to obtain two interpolation polynomials for the turbidity factor, one for the warm
season and one for the cold season. The new form of the model has been validated
using the 2017 measurements, the accuracy has been improved, reducing the relative
error from 8.12% to 4% in the warm season and from 5.02% to 4.15% in the cold season.
These improvements influence both the more accurate assessment of the solar energy
to be captured and the design process of the systems.

A general algorithm has been developed to improve the accuracy of clear sky models.
This algorithm was applied to the Meliss model, which estimates it every minute ”i”
direct solar irradiance with the formula (6.1.5). The algorithm consists of the following
steps.
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1. Data acquisition and processing
Based on the experimental values of the direct solar irradiance, clear days are iden-

tified and selected. For the identified clear days, in order to evaluate the accuracy
of the model for clear sky, they are calculated for each minute ”i”, absolute and rel-
ative errors between experimental values Bexp of the direct solar irradiance and the
calculated values B with the theoretical model.

2.Creating daily spline functions corresponding to experimental values, using
Schoenberg operators

For clear days, in the case of databases with measured values at a rate of one minute,
the measured values are still considered every 10 minutes along the interval between
the sunrise and the sunset. These values are stored in a database and used to create
third degree spline functions.

The solar time interval [tr, ta] is normalized to [0,1] using

x =
ts − tr
ta − tr

(6.2.1)

where: x is the normalized solar time, ts is the solar time expressed in minutes, tr
represents the time corresponding to sunrise, and ta represents the time corresponding

to the sunset. Further,
[
ta−tr

10

]
normalized values of solar time are considered knots in

the procedure of creating daily splines.
Creating spline functions using Schoenberg operators was made possible by writing

a program in Wolfram Mathematica 10.1. Equidistant knots have been used to build
spline functions with Schoenberg operators, more precisely these equidistant knots are

those
[
ta−tr

10

]
normalized solar time values.

Hence, the program built in Wolfram Mathematica 10.1, works with the number of

knots n =
[
ta−tr

10

]
, degree of splines k = 3 and with x ∈ [0, 1], finally obtaining the

analytical expressions of the cubic splines s(x).
Considering that the solar elevation angle depends on time solar, the direct solar

irradiance can be calculated as a function with normalized solar time as variable,
x ∈ [0, 1], using the Meliss model (6.1.5), with constant turbidity factor, presented in
[75]. The measured direct solar energy is obtained from the experimental values of the
direct solar radiation from (6.1.4).

Direct solar energy EBf calculated by considering a function f that corresponds to
a period of time [t1, t2], is

EBf =

∫ t2

t1

f(x)dx[Wh/m2]. (6.2.2)

The values of solar energy obtained from (6.1.4) and from (6.2.2) are used to deter-
mine absolute error and relative error. These errors evaluate how well the measured
values are approximated by the created spline functions.

Using splines has also the advantage that, the spline function mediates the measured
values of direct solar irradiance, eliminating accidental deviations due to the variability
of the solar radiation.

3. Determination of a daily interpolation polynomial for direct solar irradiance
using the spline function created
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To simplify the analytical expression of the spline function s(x), which contain[
ta−tr

10

]
of third degree polynomials, in Wolfram Mathematica 10.1 an interpolation

polynomial of degree low Bpol(x) is obtained.
The fourth degree of the polynomial is recommended because the third or lower

degree interpolation polynomials do not approximate well enough, and the fifth or
higher degree interpolation polynomials do not bring a significant improvement over
those of the fourth degree. This conclusion is based on the analysis of a large number of
experimental data for clear sky days for which relative errors below 1% were obtained.

This daily interpolation polynomial is obtained using the spline function. If the

interpolation is applied directly to
[
ta−tr

10

]
of measured values of direct solar irradi-

ance, we obtain in Wolfram Mathematica 10.1 an interpolation polynomial of degree[
ta−tr

10

]
, which is not convenient. This is another reason that demonstrates the need to

create spline functions, because in this way a small degree interpolation polynomial is
obtained.

4. Determination of the turbidity factor as a daily interpolation polynomial
To reduce the error between the experimental data and the calculated values, the

interpolation polynomial Bpol(x) is used further to determine the daily variation of
turbidity

TR(x) = f(Bpol)(x). (6.2.3)

To simplify the analytical expression of turbidity which is calculated with (6.2.3),
an interpolation polynomial TRpol(x) is obtained in Wolfram Mathematica 10.1 approx-
imating the daily variation of the turbidity.

Similar to way for determining the degree of the interpolation polynomial Bpol(x),
a fourth degree polynomial is recommended. The relative errors between TR(x) and
TRpol(x) they are very small, smaller than 0.1%.

5. Determination of the interpolation polynomial corresponding to the factor of
turbidity for the warm season, respectively for the cold season

For each month in the monitored interval, a monthly interpolation polynomial is
obtained that approximates the turbidity, a polynomial denoted TRM(x). This poly-
nomial is obtained by averaging the homologous coefficients of the daily interpolation
polynomials TRpol(x) from a month.

From interpolation polynomials TRM(x) established for the warm season months,
averaging the coefficients of the homologous terms, the interpolation polynomial for
the warm season is obtained, noted TRWS(x). Similarly, for the cold season months,
an interpolation polynomial TRCS(x) is obtained.

6.New formulations of the model
Using TRWS(x) a new formulation of the model for direct solar irradiance for the

warm season is obtained, namely

BTRWS(x) = f(TRWS)(x) [W/m2], (6.2.4)

respectively for the cold season

BTRCS(x) = f(TRCS)(x) [W/m2]. (6.2.5)

Direct solar energy for the warm season, noted EBWS, obtained with the help of the
improved model, it is calculated with (6.2.2) considering the function TRWS. Similar
is calculated, using TRCS, direct solar energy for the cold season, noted EBCS.
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The above algorithm was applied to improve the model Meliss (6.1.5), using data
measured on clear days identical between the years 2013 and 2017.

1.Data acquisition and processing
For this study, the experimental data recorded every minute, for each day of the

period 2013-2016, were processed. From the whole monitored period, 121 clear sky
days were identified.

2.Creating daily spline functions corresponding to experimental values, using
Schoenberg operators

For clear days, from the values measured every minute, the measured values of the
direct solar irradiance every 10 minutes during the hourly interval are still considered
[4:00, 20:00], which means 16 hours with 6 measured values considered in an hour,
therefore 96 measured values selected for a day. These values are stored in a database
and used to create third degree spline functions. The solar time interval [4:00, 20:00]
corresponding to solar time ta − tr is normalized to [0,1] using the relation (6.2.1).

Creating spline functions using Schoenberg operators was made possible by writing a
program in Wolfram Mathematica 10.1, in the Figure 6.1 an excerpt from this program
is presented. Equidistant knots were used to build spline functions with Schoenberg
operators, more precisely these equidistant knots are the 96 values of the normalized
solar time. The program built in Wolfram Mathematica 10.1, works with n = 96, k = 3
and x ∈ [0, 1] normalized solar time, resulting a third degree spline function for each
clear day, spline function which contains 96 third degree polynomials.

In the Table 6.1, the excerpt of spline function for 28 August 2015 is presented.

Table 6.1: Spline function created based on the measured values from 28.08.2015 (excerpt)
Expression of spline function Normalized Solar time

solar time

s = 1.474x3 [0, 1/96] [4:00, 4:10]

s = −0.165 + 47.71x− 4580.17x2 + 146567x3 [1/96, 2/96] [4:10, 4:20]

s = 3.81− 524.822x+ 22901.4x2 − 293138x3 [2/96, 3/96] [4:20, 4:30]

s = −9.608 + 763.384x− 18321.2x2 + 146570x3 [3/96, 4/96] [4:30, 4:40]

s = 2.06− 76.8x+ 1843.2x2 − 14745.6x3 [4/96, 5/96] [4:40, 4:50]

s = −4.189 + 283.2x− 5068.8x2 + 29491.2x3 [5/96, 6/96] [4:50, 5:00]

... ... ...

s = 137612− 893649x+ 1.943 · 106x2 − 1.407 · 106x3 [45/96, 46/96] [11:30, 11:40]

s = −539555 + 3.346 · 106x− 6.904 · 106x2 + 4.747 · 106x3 [46/96, 47/96] [11:40, 11:50]

s = 411395− 2.481 · 106x+ 4.997 · 106x2 − 3.355 · 106x3 [47/96, 48/96] [11:50, 12:00]

s = −308449 + 1.837 · 106x− 3.64 · 106x2 + 2.403 · 106x3 [48/96, 49/96] [12:00, 12:10]

s = 57870.9− 315095x+ 577894x2 − 351683x3 [49/96, 50/96] [12:10, 12:20]

s = 641683− 3.677 · 106x+ 7.034 · 106x2 − 4.483 · 106x3 [50/96, 51/96] [12:20, 12:30]

... ... ...

s = −4.263 · 106 + 1.39 · 107x− 1.51 · 107x2 + 5.465 · 106x3 [89/96, 90/96] [18:50, 19:00]

s = 7.339 · 106 − 2.322 · 107x+ 2.45 · 107x2 − 8.615 · 106x3 [90/96, 91/96] [19:00, 19:10]

s = −11460.9 + 37187.5x− 40172.5x2 + 14450.7x3 [91/96, 92/96] [19:10, 19:20]

s = 91585.5− 285392x+ 296433x2 − 102629x3 [92/96, 93/96] [19:20, 19:30]

s = −81753.4 + 251399x− 257675x2 + 88031.2x3 [93/96, 94/96] [19:30, 19:40]

s = 28437.4− 86206.8x+ 87114.2x2 − 29343.7x3 [94/96, 95/96] [19:40, 19:50]

s = 1.093− 1.164 · 10−10x3 [95/96, 96/96] [19:50, 20:00]
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Figure 6.1: Program built to create daily spline functions (fragment)

In Figure 6.2 are represented for 28 August 2015 and x ∈ [0, 1]: the direct solar
irradiance B calculated with the Meliss model; the experimental values of direct solar
irradiance Bexp and the spline function s. Analyzing these data, the biggest differences
are in the solar time interval [8:00, 16:00] corresponding to the normalized solar time
[0.25, 0.75]. In Figure 6.3 is a detail of Figure 6.2 for the solar time interval [10, 14].

On the normalized solar time [0, 1], in 28 August 2015, the direct solar energy
corresponding to the experimental data is EBexp = 8184.26 Wh/m2, and the one
corresponding to the spline function is EBs = 8187.23 Wh/m2. The relative error of
these values is εrE = 0.03%, which highlights the excellent approximation made by the
splines s to the experimental values.

Because the spline functions approximate very well the evolution of the direct solar
irradiance, in the next steps of the algorithm we will use the spline function instead of
the measured values.
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Figure 6.2: The direct solar radiation B calculated with the Meliss model, experimental values
Bexp and the spline function s in 28 August 2015

Figure 6.3: Detail for direct solar radiation B calculated with the Meliss model, experimental
values Bexp and the spline function s

3. Determination of a daily interpolation polynomial for direct solar irradiance
using the spline function created

In order to simplify the analytical expression of the function of the spline s(x), which
contains 96 third degree polynomials, it is obtained in Wolfram Mathematica 10.1 an
interpolation polynomial Bpol(x). This polynomial has degree four and is obtained
using the spline function.

Further, the study is focused on the time interval [8:00, 16:00] corresponding to
normalized solar time [0.25, 0.75]. The interpolation polynomial Bpol(x) which approx-
imates the spline function for 28 August 2015, it corresponds to x ∈ [0.25, 0.75] and
has the expression

Bpol(x) = −558.707 + 7282.269x− 13630.299x2 + 11786.011x3 − 4941.108x4.(6.2.6)

This interpolation polynomial Bpol(x) approximates splines s very well in the central
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part of the day, as can be seen in Figure 6.4 for 28 August 2015, unlike the Meliss model
with constant turbidity factor. Maximum absolute error between s(x) and Bpol(x) is
max εa = −32.28 W/m2 and the maximum relative error is max εr = −0.58% obtained
at 0.72 normalized solar time.

Figure 6.4: The solar radiation B calculated with the Meliss model, spline function s and the
interpolation polynomia Bpol in 28 August 2015

4. Determination of the turbidity factor as a daily interpolation polynomial
The interpolation polynomial Bpol(x) is used to calculate the daily variation of

turbidity, based on the Meliss model (6.1.5)

TR(x) = −(0.9 + 9.4 sinα) · lnBpol(x)

B0

. (6.2.7)

Using in relation (6.2.3) the interpolation polynomial Bpol from (6.2.6) for 28 August
2015 and B0 of this day calculated with (6.1.6), turbidity results as a function of the
variable x (normalized solar time).

TR(x) = −(0.9 + 9.4 sinα) ·

ln
−558.707 + 7282.269x− 13630.299x2 + 11786.011x3 − 4941.108x4

1340.05
(6.2.8)

To reduce the complexity of the relation (6.2.8) an interpolation polynomial TRpol(x)
for turbidity

TRpol(x) = 2.654 + 22.39x− 94.585x2 + 151.806x3 − 83.791x4, (6.2.9)

is obtained in Wolfram Mathematica 10.1.
5. Determination of the interpolation polynomial corresponding to the factor

of turbidity for the warm season, respectively for the cold season
The previous steps of the algorithm were applied to all clear sky days in the period

2013–2016, obtaining an interpolation polynomial TRpol(x) for each day. For August
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2013–2016, averages of the homologous coefficients of these polynomials are calculated
for each term, and in this way, an average monthly interpolation polynomial TRMAug(x)
is obtained.

TRMAug(x) = 8.336− 41.648x+ 143.437x2 − 200.09x3 + 95.903x4. (6.2.10)

Using TRMAug(x) in (6.1.5) it is obtain BTRAug(x).
The direct solar energy calculated using the spline function is EBs = 6087 Wh/m2,

using the Meliss model is EB = 6871 Wh/m2 and using the average monthly interpo-
lation polynomial is EBTRAug = 6025 Wh/m2. Thus, the relative error decreases from
12.9% (between EBs and EB) to 1% (between EBs and EBTRAug).

All previous steps of the algorithm are applied to each clear sky day of each month
of the period 2013-2016.

An interpolation polynomial TRWS(x) was obtained for turbidity in the warm sea-
son, calculating the average of the homologous coefficients of the monthly interpolation
polynomials from April, May, June, July, August. Similarly, it was obtained TRCS(x)
for the cold season (September, October, November, December, January, February,
March).

TRWS(x) = 7.03− 32.08x+ 110.94x2 − 157.28x3 + 77.69x4, (6.2.11)

TRCS(x) = 23.96− 170.04x+ 507.45x2 − 656.42x3 + 308.62x4. (6.2.12)

6.New formulations of the Meliss model
Using TRWS(x) in (6.1.5), a new formulation of the model for direct solar irradiance

for the warm season is obtained, namely

BTRWS(x) = B0 · e
−(7.03−32.08x+110.94x2−157.28x3+77.69x4)

0.9+9.4 sinα , (6.2.13)

respectively replacing TRCS in (6.1.5), we get a new formulation of the model for direct
solar irradiance for the cold season

BTRCS(x) = B0 · e
−(23.96−170.04x+507.45x2−656.42x3+308.62x4)

0.9+9.4 sinα . (6.2.14)

The direct solar energy corresponding to the interval [0.25, 0.75] normalized solar
time, is EBs = 6087 Wh/m2, the solar energy determined using the Meliss model is
EB = 6871 Wh/m2, and the solar energy EBWS

= 6323.76 Wh/m2. The relative er-
ror decreases from −12.9% (between EBs and EB) to −3.85% (between EBs and EBWS

).

Validation of new formulations using the measures in 2017

For validation, the days of 2017 were analyzed and the clear sky days were identified.
Thus, 31 clear sky days were selected and for these days, the steps 1–6 of the above
algorithm were applied.

For each clear day of the warm season 2017, an error analysis was performed,
comparing the measured direct solar energy EBs, with solar energy EB obtained with
the Meliss model considering the turbidity factor constant TR. The solar energy EBs
has also been compared to daily solar energy EBWS calculated with (6.2.2) where the
function is the direct solar irradiance determined with the relation (6.2.4).

Therefore, for each clear day in the warm season 2017, the relative errors were
calculated εr,E (between EBs and EB), and from their absolute values the relative
average error was obtained εr,E,m = 8.12%.
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For the same days, the relative errors were calculated εr,EWS (between EBs and
EBWS). The absolute values of these relative errors were used to calculate the average
relative error εr,EWS,m = 4%. This was used for estimating the accuracy of the new
formulations of the Meliss model.

Thus, for the warm season 2017, using the new formulations, an improvement is
obtained in order to ensure the accuracy of 4.12%. This result, obtained for a 10
minute time scale based only on the most accurate values of direct solar irradiance,
is comparable to the best improvements in accuracy obtained in other studies, such
as be 4.3% in [58] where several variables are considered as inputs (air temperature,
relative humidity, barometric pressure and time of day) or 4.33% in [63] where this
improvement is obtained in the estimation of solar irradiance daily average monthly.
Moreover, the improvement obtained by 4.12% is significantly higher than 0.22% and
0.37% obtained in [48] for estimating the hourly solar irradiance.

In the case of a photovoltaic plant with an installed power of 50 MW , which in
a temperate continental climate region (Brasov, Romania) produces during the warm
season approximately 40000 MWh, the obtained accuracy improvement of 4.12% rep-
resents a difference in energy production estimation of 1648 MWh/year, which cor-
responds to an yearly amount of 412000 euro considering the actual Green Certificate
Scheme in force in Romania.

A similar analysis was made for the cold season, obtaining a decrease in the relative
error from 5.02% to 4.15%. In the case of the considered photovoltaic platform (with an
installed capacity of 50 MW), which produces in the cold season approximately 28500
MWh, accuracy improves with 0.87% which represents a difference in estimating the
energy of 248 MWh, corresponding to an amount of 62000 euro. Therefore, because
large differences are recorded in the warm season, it is necessary to keep note that the
solar energy in the analyzed area is significantly higher in the months of the warm
season (6 kWh/day) than in the months of the cold season (1 kWh/day).

As a recommendation, the new formulations can be renewed annually using the new
measured data and thus increasing the number of years monitored.

Therefore, a better estimate of direct solar irradiance leads to important financial
benefits, which is essential for a good management of photovoltaic platforms. A great
advantage of this algorithm is that it can be applied in any location.

The algorithm presented has a general character and has been developed in order
to improve the accuracy of the models for clear days that estimate the direct solar
irradiance based on the turbidity factor considered variable during a day.
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Conclusions

The study of Schoenberg operators is important from both sides: from a theoretical
point of view and from practical applications.

Schoenberg operators are a specific method of spline approximation, and for prac-
tice, the spline functions are preferable to be used because they have a very good order
of approximation and also they have sufficient smoothness. This Doctoral Thesis has
a unitary character, it is especially concerned with the theoretical study of Schoenberg
operators.

The Schoenberg operators continue to be an area of great interest in research, a
field on which we intend to focus our work in the future.
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doctorat, Univ. Babe-̧Bolyai, Cluj-Napoca.

[70] Mamedov, R.G., (1962). On the asymptotic value of the approximation of repeat-
edly differentiable functions by linear positive operators (Russian), Doklady SSSR,
146, 1013-1016.

[71] Marsden, M.J., (1970). An identity for spline functions with applications to
variation diminishing spline approximation, J. Approx. Theory, 3, 7-49. DOI:
10.1016/0021-9045(70)90058-4.

[72] Marsden, M.J., (1972). On Uniform Spline Approximation, University of Pitts-
burgh, Pennsylvania, J. Approx. Theory, 6, 249-253.

[73] Marsden, M.J., (1974). Cubic Spline Interpolation of Continuous Functions, J.
Approx. Theory, 10, 103-111.

[74] Marsden, M.J., (1983). Linear and Quadratic Spline Interpolation at Knot Aver-
ages, J. Approx. Theory, 38, 201-208.

[75] Meliss M., (1997). Regenerative Energiequellen, Springer, Berlin.
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[80] Moldovan C.L., Păltănea R., Visa I., (2018). Experimental assessment of the
Meliss simulation model accuracy of the direct solar irradiance in Brasov, Roma-
nia, The Annals of the West University of Timisoara - Physics Series Vol. 60, DOI:
10.2478/awutp-2018-0003



56 Abstract–The Study of Some Functions Approximation Procedures
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[90] Păvăloiu, I.,Pop, N., (2005). Interpolarea şi aplicaţiile ei, Risoprint, Cluj Napoca.

[91] Peetre, J., (1969). On the connection between the theory of interpolation spaces and
approximation theory, Proc. Conf. Const. Theory of Functions, Eds. G. Alexits and
S.B. Stechkin, Akademiai Kiado, Budapest, 351-363.
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Short abstract (english / romanian)

Chapter

 

1

 

contains

 

general

 

notions

 

from

 

the

 

theory

 

of

 

approximation,

 

notions

 

used

 

in

 

the

 
Doctoral

 

Thesis.

 

Chapter

 

2

 

presents

 

specific

 

results

 

about

 

the

 

Schoenberg

 

operators,

 

opera-tors

 
that

 

form

 

the

 

essence

 

of

 

the

 

research

 

done

 

in

 

the

 

Doctoral

 

Thesis.

 

Chapters

 

3,

 

4,

 

5

 

and

 

6

 
represent

 

entirely

 

the

 

original

 

contribution

 

of

 

the

 

author

 

of

 

the

 

Doctoral

 

Thesis.

 

In

 

Chapter

 

3

 
the

 

author

 

presents

 

the

 

results

 

established

 

in

 

the

 

field

 

of

 

second

 

degree

 

Schoenberg

 

operators,

 
namely

 

the

 

improvement

 

of

 

the

 

approximation

 

order,

 

using

 

another

 

way

 

of

 

choice

 

of

 

nodes

 

for

 
Schoenberg

 

operators,

 

equidistant

 

nodes

 

being

 

usually

 

used;

 

Voronovskaja

 

type

 

theorems;

 

the

 
second

 

moment

 

of

 

second

 

degree

 

Schoenberg

 

operators

 

with

 

arbitrary

 

nodes,

 

respectively

 

with

 
nodes

 

in

 

the

 

roots

 

of

 

Chebyshev

 

polynomials.

 

In

 

Chapter

 

4

 

the

 

author

 

presents

 

the

 

exact

 

form

 
of

 

the

 

second

 

moment

 

of

 

third

 

degree

 

Schoenberg

 

operators

 

on

 

arbitrary

 

knots,

 

respectively

 
equidistant

 

knots,

 

the

 

applications

 

in

 

approximation,

 

Schoenberg

 

operators

 

for

 

which

 

the

 
space

 

of

 

second

 

degree

 

polynomials

 

is

 

invariable

 

and

 

Schoenberg–King

 

type

 

op-erators.

 

In

 
Chapter

 

5,

 

a

 

definition

 

of

 

two-dimensional

 

Schoenberg

 

type

 

operators

 

and

 

their

 

properties

 

are

 
presented.

 

The

 

definition

 

was

 

obtained

 

by

 

generalizing

 

the

 

one-dimensional

 

Schoenberg

 
operators’

 

formula.

 

The

 

second

 

moment

 

of

 

two-dimensional

 

Schoenberg

 

type

 

op-erators

 

on

 
arbitrary

 

knots,

 

and

 

on

 

equidistant

 

knots,

 

respectively,

 

alongside

 

a

 

Voronovskaja

 

type

 
theorem

 

and

 

estimates

 

with

 

moduli

 

of

 

continuity

 

are

 

given.

 

Applications

 

of

 

Schoenberg

 

spline

 
operators

 

in

 

practice

 

are

 

presented

 

in

 

Chapter

 

6,

 

where

 

a

 

general

 

method

 

to

 

improve

 

the

 
accuracy

 

of

 

clear

 

sky

 

models

 

through

 

replacement

 

the

 

constant

 

turbidity

 

factor

 

with

 

an

 
interpolation

 

polynomial

 

which

 

depends

 

of

 

solar

 

time,

 

for

 

estimating

 

the

 

direct

 

solar

 

irra-
diance

 

is

 

presented.

 

Data

 

measured

 

between

 

2013

 

and

 

2016

 

in

 

Renewable

 

Energy

 

Systems

 

and

 
Recycling

 

Research

 

Center

 

of

 

R&D

 

Institute

 

of

 

Transilvania

 

University

 

of

 

Brasov

 

were

 
analyzed

 

and

 

used

 

to

 

improve

 

the

 

clear

 

sky

 

model

 

Meliss.

 

The

 

improved

 

model

 

was

 

validated

 
based

 

on

 

the

 

data

 

measured

 

in

 

2017.

 

Daily

 

spline

 

functions

 

were

 

built

 

corresponding

 

for

 

each

 
clear

 

sky

 

day

 

from

 

2013

 

to

 

2017.

 

The

 

analytical

 

expressions

 

of

 

these

 

spline

 

functions

 

were

 
created

 

using

 

the

 

Schoenberg

 

operators.

Capitolul

 

1

 

conţine

 

noţiuni

 

cu

 

caracter

 

general

 

din

 

teoria

 

aproximării,

 

noţiuni

 

folosite

 

ı̂n

 

teza

 

de

 

doctorat.

 

Capitolul

 

2

 

prezintă

 

rezultate

 

specifice

 

despre

 

operatorii

 

Schoenberg,

 

operatori

 

care

 

formează

 

esenţa

 

cercetărilor

 

efectuate

 

ı̂n

 

teza

 

de

 

doctorat.

 

Capitolele

 

3,

 

4,

 

5

 

şi

 

6

 

reprezintă

 

ı̂n

 

ı̂ntregime

 

contribuţia

 

originală

 

a

 

autorului

 

tezei

 

de

 

doctorat.

 

În

 

Capi-
tolul

 

3

 

autorul

 

prezintă

 

rezultatele

 

stabilite

 

ı̂n

 

domeniul

 

operatorilor

 

Schoenberg

 

de

 

gradul

 

doi,

 

şi

 

anume

 

ı̂mbunătăţirea

 

ordinului

 

de

 

aproximare,

 

folosind

 

un

 

alt

 

mod

 

de

 

alegere

 

a

 

nodurilor

 

pentru

 

operatorii

 

Schoenberg,

 

uzual

 

fiind

 

folosite

 

nodurile

 

echidistante;

 

teoreme

 

de

 

tip

 

Voronovskaja;

 

momentul

 

de

 

ordinul

 

doi

 

al

 

operatorilor

 

Schoenberg

 

de

 

gradul

 

doi

 

cu

 

noduri

 

arbitrare,

 

respectiv

 

cu

 

noduri

 

ı̂n

 

rădăcinile

 

polinoamelor

 

Ceb̂ıshev.

 

În

 

Capitolul

 

4

 

autorul

 

prezintă

 

forma

 

exactă

 

a

 

momentului

 

de

 

ordinul

 

doi

 

al

 

operatorilor

 

spline

 

Schoenberg

 

de

 

gradul

 

trei

 

pe

 

noduri

 

arbitrare,

 

respectiv

 

echidistante,

 

aplicaţii

 

ı̂n

 

aproximare,

 

operatorii

 

Schoenberg

 

pentru

 

care

 

spaţiul

 

polinoamelor

 

de

 

gradul

 

doi

 

este

 

invariabil

 

şi

 

operatori

 

de

 

tip

 

Schoenberg-King.

 

În

 

Capitolul

 

5

 

este

 

prezentată

 

o

 

definiţie

 

a

 

operatorilor

 

bidimensionali

 

de

 

tip

 

Schoenberg

 

construiţi

 

considerând

 

noduri

 

arbitrare,

 

respectiv

 

echidistante.

 

Sunt

 

studiate

 

momentul

 

de

 

ordinul

 

doi

 

ai

 

operatorilor

 

bidimensionali

 

de

 

tip

 

Schoenberg,

 

teorema

 

de

 

tip

 

Voronovskaja

 

şi

 

evaluări

 

folosind

 

moduli

 

de

 

continuitate.

 

Aplicaţii

 

ale

 

operatorilor

 

spline

 

Schoenberg

 

ı̂n

 

practică

 

compun

 

conţinutul

 

Capitolului

 

6,

 

unde

 

este

 

prezentată

 

o

 

metodă

 

gen-
erală

 

de

 

ı̂mbunătăţire

 

a

 

acurateţii

 

modelelor

 

de

 

cer

 

senin

 

prin

 

ı̂nlocuirea

 

factorului

 

de

 

turbid-
itate

 

constant

 

cu

 

un

 

polinom

 

de

 

interpolare

 

care

 

depinde

 

de

 

timpul

 

solar,

 

pentru

 

estimarea

 

intensităţii

 

radiaţiei

 

solare.

 

Au

 

fost

 

analizate

 

şi

 

utilizate

 

pentru

 

ı̂mbunătăţirea

 

modelului

 

Meliss,

 

date

 

măsurate

 

ı̂n

 

perioada

 

2013-2016,

 

ı̂n

 

cadrul

 

Centrului

 

de

 

Cercetare

 

Sisteme

 

de

 

Energii

 

Regenerabile

 

şi

 

Reciclare

 

din

 

Institutul

 

de

 

Cercetare

 

Dezvoltare

 

al

 

Universităţii

 

Tran-
silvania

 

din

 

Braşov.

 

Modelul

 

ı̂mbunătăţit

 

a

 

fost

 

validat

 

pe

 

baza

 

datelor

 

măsurate

 

ı̂n

 

2017.

 

Au

 

fost

 

construite

 

funcţiile

 

spline

 

zilnice

 

corespunzătore

 

fiecărei

 

zi

 

senină

 

din

 

perioada

 

2013-2017.

 

Expresiile

 

analitice

 

ale

 

acestor

 

funcţii

 

spline

 

au

 

fost

 

create

 

folosind

 

operatorii

 

Schoenberg.




