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Chapter 1

Introduction

Many industries have been transformed by the rapid growth of connected data in re-

cent decades. Many of the biggest companies, including Amazon, Google, Meta, Instagram,

LinkedIn, Pinterest and Airbnb, have put data and how it relates to them at the heart of how

they operate. This data, which is often represented as a graph or a network, is vast and dy-

namic, and requires efficient management strategies.

Dynamic networks are subject to changes occurring in a variety of ways, including mod-

ifications to individual arcs or nodes or more extensive changes that affect several parts of

the network simultaneously. For instance, an individual arc’s weight may be increased or de-

creased, a node may be added or removed, or several connections may be altered due to cir-

cumstances. Efficiently managing these changes is important for enabling the network to

adapt and maintain optimal performance.

Tomeet the challenges posed by dynamic data, it is essential to have algorithms that can

efficiently handle changes in network structure. These algorithms are designed to update only

those parts of the network that are affected, thus avoiding the computational burden of having

to re-calculate solutions from the start. By focusing on incremental changes, these algorithms

significantly improve the ability to effectively manage dynamic networks. This ensures that

systems remain both performant and adaptive. Such algorithms are essential in a wide range

of applications, including the optimization of flows through the network, the maintenance of

shortest paths, the dynamic adjustment of configurations of nodes through clustering algo-

rithms, and the identification of unusual patterns in real time through anomaly detection algo-

rithms. They allow for rapid adaptation to change, ensuring that systems remain efficient and

responsive to changes in the environment.
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CHAPTER 1. INTRODUCTION 4

1.1 Motivation

In today’s interconnected world, large-scale networks are everywhere, spanning so-

cial media platforms, transportation systems, telecommunications infrastructures, and more.

Their size and dynamic nature require scalable algorithms that can efficiently manage and op-

timize their functioning. As these networks continue to grow and evolve, the ability to quickly

adapt to changes is becoming more and more important in order to maintain optimal perfor-

mance.

Two types of algorithms often appear intertwined in various aspects of dynamic network

management, namely shortest path algorithms and maximum flow algorithms. The relation-

ship between them is remarkable, although they focus on different optimization objectives.

Maximum flow algorithms optimize overall network utilization by ensuring the maximum pos-

sible flow from a source to a sink, while shortest path algorithms aim to minimize the total

travel cost or distance between nodes. Given the wide applicability and interconnected na-

ture of these problems, developing efficient algorithms that can handle dynamically changing

network conditions is essential.

Incremental changes in the network, such as adjustments to arc weights or node ad-

ditions and deletions have a considerable effect on the computations of shortest paths and

maximum flows. Addressing these changes incrementally, rather than recalculating solutions

from the beginning is essential for maintaining an optimal performance. The choice to focus on

maximum flow and single source shortest path (SSSP) algorithms is motivated by their funda-

mental importance in various real-world applications and their ability to address critical chal-

lenges in network optimisation and management. The interaction between these algorithms

highlights their complementary roles. By exploring and advancing these algorithms, we can

improve the ability of large-scale dynamic networks to operate efficiently and to withstand or

quickly recover from changes or disruptions. This involves ensuring that networks can handle

fluctuations in demand, adapt to new conditions and continue to operate smoothly without

significant degradation in performance.

1.2 Objectives

The main objectives of this thesis are:
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CHAPTER 1. INTRODUCTION 4
• Investigate existing algorithms. The first objective is to thoroughly investigate the cur-

rent state-of-the-art algorithms for incremental flowanddynamic single source shortest

path (SSSP) problems. This will include an in-depth analysis of their theoretical foun-

dations, computational complexity and the strategies they employ to deal with dynamic

network changes. Identifying the strengths andweaknesses of these existing algorithms

will highlight their limitations and potential improvements. In addition, understanding

their practical applications will provide insight into how these algorithms perform in dif-

ferent real-world scenarios and highlight specific use cases where they are particularly

effective.

• Develop efficient dynamic algorithms. The next objective is to propose new algorithms

that can efficiently manage dynamic changes in network conditions or demands, based

on the insights gained from the study of existing algorithms. These new methods will

focus onminimizing the computational complexity by updating only the affected parts of

the network, thus ensuring optimal performance. The goal is to develop algorithms that

are not only theoretically sound, but also practical. They must be able to handle large

networks while maintaining high performance and scalability.

• Application to real-world problems. Another objective of this thesis is to examine the

potential for integrating remote sensing data with dynamic networks in a variety of sce-

nariosdesigned to studyphenomena that over timeproduce visible changeson theEarth’s

surface. This objectiveunderscores the relevanceandapplicability of the research to real-

world problemsandhighlights the practical benefits andpotential impact of the proposed

solutions.

1.3 Outline of the Thesis

The present thesis is structured into the following chapters:

Chapter 2: Theoretical Background

This chapter provides the basic concepts and theoretical background necessary to understand

the dynamic and incremental algorithms related to the shortest path problem and the maxi-

mum flow problem. It covers the basics of network flow problems, shortest path algorithms,

and relevant computational techniques.

Chapter 3: Scoping Literature Review
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CHAPTER 1. INTRODUCTION 4
This chapter reviews current state-of-the-art algorithms for dynamic SSSP and incremental

flowproblems. It includes a detailed discussion of themostwell-knownsolutions, themethod-

ologies they use, and the applications they are used in.

Chapter 4: Dynamic Adjustment of Single Source Shortest Paths

This chapter introduces a new dynamic SSSP algorithm. It describes how it handles changes

in edge weights and efficiently maintains the shortest path tree. It uses a methodology that

minimises the computational complexity and ensures that updates are performed quickly. The

correctness and complexity of the algorithm are thoroughly investigated, providing a detailed

analysis of its theoretical foundations. In addition, several examples are presented to illustrate

the practical application and performance of the algorithm, showing how it adapts to changes

in the network while maintaining accurate shortest path calculations.

Chapter 5: Maximum Flow through Network Expansion

This chapter examines the practical and theoretical aspects of themaximum flow problemwith

a focus on network expansion. Often network expansion is necessary to increase the amount

of flow transported through a network. Starting from a given network G, the objective of the

Minimum Cost Network Expansion Problem (MCNEP) studied in this chapter is to obtain a new

networkG� by increasing the arc capacities within given limits or by adding new arcs. The goal

is to minimise the cost of the changes while allowing G′ to transport w units of flow from the

source to the sink.

We present a new algorithm designed to solve the MCNEP, provide detailed proofs of its cor-

rectness, and estimate its computational complexity. Several examples illustrate the applica-

tion of the algorithm, demonstrating its efficiency in optimizing network expansions to meet

increased flow demands while minimizing costs. This chapter highlights the practical utility of

the proposed algorithm in addressing the problem of dynamic flow augmentation in various

networked systems.

Chapter 6: Integration of Remote Sensing Data with Dynamic Network Processing

The objective of this chapter is to introduce a method for integrating remote sensing data with

dynamic networks and using them in combination in a dynamic vegetation monitoring algo-

rithm. The proposed approach can be used in agriculture or environmental monitoring, poten-

tially in combination with in situ measurements or devices, in order to enable timely interven-

tion in unfavorable situations, due to natural phenomena or human interventions. The appli-

cations discussed in this chapter were partially supported by the AI4AGRI project, entitled “Ro-
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CHAPTER 1. INTRODUCTION 4
manian Excellence Center on Artificial Intelligence on Earth Observation Data for Agriculture,”

which received funding from the European Union’s Horizon Europe research and innovation

program under grant agreement no. 101079136.

Chapter 7: Conclusions

The final chapter summarizes the findings of the thesis and reflects on the progress made.

It discusses potential future research directions, emphasizing the importance of developing

robust algorithms that perform efficiently in a variety of applications and dynamic scenarios,

and are scalable for use in large networks.
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Chapter 2

Theoretical Background

2.1 Introduction

The field of network optimization represents an important area within operations re-

search and computer science, focusing on the analysis and optimization of the flow of re-

sources, data, or entities through networks represented as graphs. This field of study a -

ddresses a number of important problems, including determining the maximum amount of

flow that can be transmitted through a network (maximum flow problem) and the identifying

the shortest paths between nodes (shortest path problem). The significance of these problems

lies in their extensive practical applications in various real-life situations.

The relationship between maximum flow and shortest path algorithms is deep, despite

their focus on distinct optimization objectives. Maximum flow algorithms prioritize the op-

timization of overall network capacity utilization, whereas shortest path algorithms seek to

identify the most efficient route or path between two nodes, with the objective of minimizing

total cost or distance traveled. Computational similarities exist between the two in the sense

that shortest path algorithms can be related to maximum flow algorithms. This includes the

methods of finding augmenting path, which are used in Ford-Fulkerson and Edmonds-Karp al-

gorithms. Furthermore, in practical application, solutions to these problems often complement

each other. The following examples illustrate this.

In this next section, our focus will turn to the specific definitions, terminology, and types

of problems associated with the shortest path problem.
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CHAPTER 2. THEORETICAL BACKGROUND 4

2.2 The Shortest Path Problem

The definitions and terminologies presented here are based on [1].

Definition 1. A directed graph G = (V,A) consists of a set V of vertices (nodes) and a set

A = {(i, j) | i ∈ V, j ∈ V } of ordered pairs of distinct nodes. A directed network or directed

weighted graph is a directed graph where each arc has an associated numerical value (cost or

capacity) determined by the function

w : A→ R (2.1)

known as the weight function. In this case, the graph is denotedG = (V,A,w).

Definition 2. A directed arc (i, j) has two endpoints i and j: i is referred to as the start node

of the arc and j is referred to as the end node of the arc. We say that the arc (i, j) is incident

to nodes i and j. Additionally, the arc (i, j) is an outgoing arc of node i and an incoming arc of

node j. If an arc (i, j) ∈ A, we say that the node j is adjacent to node i.

Definition 3. A graph G′ = (N ′, A′) is a subgraph of G = (N,A) if N ′ ⊆ N and A′ ⊆ A. A

graphG′ = (N ′, A′) is a spanning subgraph ofG = (N,A) ifN ′ = N andA′ ⊆ A.

Definition 4. Awalk in a directed graph is a sequence of n1−a1−n2−a2− ...−ak−1−nk with

k ≥ 2 such that the i-th arc in the sequence is either ai = (ni, ni+1), in which case is called a

forward arc, or ai = (ni+1, ni), in which case is called a backward arc.

Adirectedwalk is awalkwhere for any twoconsecutivenodesni andni+1 of thewalk, (ni, ni+1) ∈

A.

Definition 5. A directed path is a directed walk without any repetition of nodes.

We can store a directed path by defining a predecessor index p(j) for any node in the

path. If i and j are two consecutive nodes on the path, then p(j) = i.

In a weighted directed graph G = (V,A,w) we define the length of a directed path as

the sum of lengths of the arcs in the path.

Definition 6. A directed cycle is a directed path for which the start node and the and node are

the same.

Definition 7. A graph is acyclic it it contains no directed cycles.
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CHAPTER 2. THEORETICAL BACKGROUND 4
Definition 8. A directed out-tree rooted at node s is a tree such that the unique path in the tree

from s to any other node is a directed path.

The Shortest Path Problem

In a weighted directed graph G = (V,A,w), the shortest path problem is concerned

with identifying the most efficient path between nodes based on arc weights. In particular, the

shortest path problem seeks to determine a path where the sum of arc weights (or costs) is

minimized, given a source node s and a target node t. In addressing the shortest path problem,

the following assumptions are made:

1. The graph is directed.

2. The graph does not contain any negative cycles,meaning that there are no directed cycles

with negative total weights.

3. There exists a directed path from a specified source node, designated as s, to every other

node in the graph.

Over the years, researchers have explored a number of distinct types of shortest path

problems in graph theory, including:

• The single source shortest path (SSSP) problem, which seeks to identify the shortest

paths from a single source node to all other nodes in the network.

• The single pair shortest path (SPSP) problem, where the objective is to determine the

shortest path between two specific nodes in the network.

• The all pairs shortest path (APSP) problem which is concerned with the computation of

the shortest path between every pair of nodes in the graph.

There are also a number of specialized versions of the shortest path problem: the max-

imum capacity path problem, the maximum reliability path problem, the shortest paths with

additional constraints or the resource constrained shortest path problem. Each of these vari-

ations addresses a specific challenge or application.
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CHAPTER 2. THEORETICAL BACKGROUND 4

2.3 The Maximum Flow Problem

This section will introduce the fundamental concepts of maximum flow, minimum cut,

and minimum cost flow, which will be crucial for understanding the techniques and algorithms

discussed in subsequent chapters. It introduces also the key concepts needed to understand

how network flow algorithms work. The definitions and theorems presented here are based

on [1].

LetG = (V,A, s, t, u) be an s− t directed network, where V is the set of n > 0 vertices

(nodes), and A ⊆ V × V is the set of m ≥ 0 arcs (directed edges). Each arc a = (i, j) ∈ A

connects two nodes i and j from V , s is a special node called source, and t is a node called sink.

In G, we define the capacity function u : A → R∗
+. The value u(a) is the maximum flow that

can be transported from node i to node j on the arc a = (i, j) ∈ A.

Definition 9. A (feasible) flow in an s−t directed networkG is a function f : A→ R+ satisfying

the boundary restrictions (2.2) and the conservation conditions from (2.3).

0 ≤ f(a) ≤ u(a), ∀a = (i, j) ∈ A (2.2)

∑
j∈V,

(i,j)∈A

f(i, j)−
∑
j∈V,

(j,i)∈A

f(j, i) =


0, if i ∈ V − {s, t}

vf , if i = s

−vf , if i = t

(2.3)

where vf = v(f) ≥ 0 is called the value of the flow f .

Definition 10. A feasible flow f ∗ is a maximum flow if it has the maximum value among all the

feasible flows in the networkG, i.e.:

v(f ∗) = max{v(f) | f is a feasible flow inG} (2.4)

In (2.4), v(f ∗) represents the maximum amount of flow that can be transported in the network

G, from s to t.

The concept of the residual network played a key role in the development of all the max-

imum flow algorithms we will be discussing. Therefore, we shall continue by defining the resi

- dual network as follows.

Definition 11. Given a feasible flow f, the residual capacity of any arc (i, j) ∈ A represents the

maximum additional flow that can be sent from node i to node j using the arcs (i, j) and (j, i).

The residual capacity of arc (i, j) has two components:
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CHAPTER 2. THEORETICAL BACKGROUND 4
1. u(i, j)− f(i, j)which represents the unused capacity of arc a = (i, j) ∈ A;

2. f(j, i) which represents the flow on arc (j, i) that can be reduced to increase the flow

from node i to node j.

Therefore, the residual capacity is calculated as

r(i, j) = u(i, j)− f(i, j) + f(j, i). (2.5)

and the residual network with respect to the flow f, G̃(f) = (V, Ã, s, t, r) consists only of arcs

with positive residual capacities, i.e. Ã = {(i, j) ∈ A | r(i, j) > 0}.

Definition 12. In a residual network G̃(f) = (V, Ã, s, t, r), a function d : V → Z+ is called a

distance function. The distance function d is considered valid if it satisfies the following two

conditions:

d(t) = 0 (2.6)

d(i)≤d(j) + 1, for any (i, j) ∈ Ã. (2.7)

The value d(i) is called the distance label of node i, and the conditions 2.6 and 2.7 are called

validity conditions.

It is known that if the distance labels are valid, then the distance label d(i) represents a lower

bound for the shortest path length from node i to node t in the residual network G̃(f).

Definition 13. Distance labels are said to be exact if, for each node i, d(i) is equal to the length

of the shortest path from node i to node t in the residual network G̃(f).

Definition 14. An arc (i, j) in the residual network G̃(f) is called admissible if it satisfies the

condition

d(i) = d(j) + 1 (2.8)

otherwise the arc (i, j) is called inadmissible.

A path from the source node to the sink node in the residual network G̃(f) is called ad-

missible if it contains only admissible arcs; otherwise it is called inadmissible.

Definition 15. A preflow in an s− t directed networkG is a function f : A→ R+ satisfying the

boundary restrictions (2.2) and a relaxation of the conservation conditions from (2.3).

e(i) =
∑
j∈V,

(j,i)∈A

f(j, i)−
∑
j∈V,

(i,j)∈A

f(i, j) ≥ 0, ∀i ∈ V − {s, t} (2.9)
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CHAPTER 2. THEORETICAL BACKGROUND 4
For a given preflow function f , the difference between the inflow and the outflow, e(i)

is called the excess of the node i ∈ V − {s, t}. If a node has positive excess then it is called an

active node.

Definition 16. A pseudoflow in an s− t directed networkG is a function f : A→ R+ satisfying

only the boundary restrictions (2.2).

For any pseudoflow,f we define the imbalance of node i as:

e(i) =
∑
j∈V,

(j,i)∈A

f(j, i)−
∑
j∈V,

(i,j)∈A

f(i, j), ∀i ∈ V (2.10)

We say that i is an excess node if e(i) > 0 and a deficit node if e(i) < 0. If e(i) = 0, node i is

balanced. Consequently, a preflow is a particular case of pseudoflow.

To further understand the network flow concepts, we introduce the concept of an s−t cut

and the min-cost flow problem.

Definition 17. An s−t cut in a network G = (V,A, s, t, u) is a partition of V into two disjoint

subsets S and T such that s ∈ S and t ∈ T . The capacity of the s−t cut, denoted as c(S, T ), is

the sum of the capacities of the arcs from S to T :

c(S, T ) =
∑

(i,j)∈S×T

u(i, j). (2.11)

The Max-Flow Min-Cut Theorem states that the value of the maximum flow in a network is

equal to the capacity of the minimum s−t cut in the network. This theorem establishes a fun-

damental relationship between flows and cuts in network theory.

Theorem 1 (Max-Flow Min-Cut Theorem [1]). In any flow network, the maximum value of the

flow is equal to the capacity of the minimum cut that separates the source and the sink.

While the max-flow problem concerns the identification of the maximum feasible flow

within a network, the min-cost flow problem is directed towards establishing the least costly

means for the transmission of a given volume of flow through a network. The min-cost flow

problem can be regarded as an extension of the max-flow problem, where each arc is associ-

atedwith a cost factor reflecting the cost of sending flow through it and it is defined as follows:

Definition 18. The Min-Cost Flow Problem in a directed network G=(V,A) with a capacity func-

tion u : A → R∗
+ and a cost function c : A → R+ seeks to find a flow u : A → R+ that

11



CHAPTER 2. THEORETICAL BACKGROUND 4
minimizes the total cost:

min
∑

(i,j)∈A

c(i, j)f(i, j) (2.12)

subject to:

0 ≤ f(i, j) ≤ u(i, j), ∀(i, j) ∈ A (2.13)

and where: ∑
j∈V,(i,j)∈A

f(i, j)−
∑

j∈V,(j,i)∈A

f(j, i) = b(i), ∀i ∈ V (2.14)

with b(i) being the supply/demand at node i. If b(i)>0, node i is a supply node, and if b(i)<0, node

i is a demand node.

In general, the following assumptions are made:

1. All data are integers.

2. The network is directed.

3. The sum of all excesses (supplies) and deficits (demands) is zero:∑
i∈V

b(i) = 0 (2.15)

4. All arc cost are nonnegative.

To conclude, this chapter has presented the principal definitions and terminologies as-

sociated with the shortest path problem and maximum flow problem. This has established

a foundation for understanding the computational methodologies employed to address these

issues.

Efficient static algorithms for maximum flow and shortest path problems have been a

focus of research for years. The development of incremental and dynamic network algorithms

arises from the recognition of the limitations of static algorithms in addressing real-life sce-

narios where network characteristics or flow requirements change over time. Although static

algorithms provide valuable computational techniques for maximum flow and shortest path

problems, they operate under the assumption of fixed network structures and capacities. How-

ever, in dynamic environments such as transportation systems, communication networks, or

supply chains, these assumptions frequently do not hold true. Therefore, incremental and dy-

namic algorithms are necessary to accommodate the dynamic nature of such systems. In-

cremental and dynamic algorithms are two types of algorithms used to update the solutions
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CHAPTER 2. THEORETICAL BACKGROUND 4
in response to changes in the network. Incremental algorithms efficiently update the solu-

tions in response to small changes in the network, such as edge additions or capacity/weight

adjustments. Dynamic algorithms, on the other hand, can adapt to variations such as edge

insertions, deletions, or capacity adjustments, ensuring that the solutions remain effective as

the network evolves. Dynamic algorithms aim to maintain optimal or near-optimal solutions

despite changes in network topology. By incorporating temporal dynamics into the optimiza-

tion problem, incremental and dynamic algorithms offer flexibility and adaptability, enabling

them to effectively respond to changing network conditions. This adaptability is crucial for ap-

plications such as real-time traffic management and dynamic resource allocation in evolving

environments. Therefore, it is essential to use incremental and dynamic algorithms to address

the complexities of dynamic network scenarios. Chapter 3 of the thesis will discuss the state

of the art incremental (dynamic) algorithms.

13



Chapter 3

Scoping Literature Review

3.1 Introduction

Static algorithms for single source shortest path problems (SSSP) typically assume that

the network remains constant over time. However, this standard approach is not suitable for

real-life situationswhere conditions are likely to change as a result of an evolving environment.

In such cases, dynamic SSSP algorithms are specifically designed to handle changes, such as

updates to edge weights, by incrementally adjusting the shortest path tree (SPT) rather than

recalculating it from scratch. This method is particularly important in scenarios where the net-

work experiences incremental changes and requires adaptive strategies to maintain optimal

paths without requiring a complete recalculation.

DynamicSSSPalgorithmsefficiently update the shortest path tree in response to changes

in edgeweights. These algorithms incrementally adjust only the affected parts of the network,

significantly improving time complexity and enabling rapid adaptation to changing conditions.

This selective updating allows for rapid responses to changing network conditions, making dy-

namic SSSP algorithms crucial for applications where network dynamics are frequent.

In our review, we examine the fundamentals of dynamic SSSP algorithms, their theore-

tical basis, and their importance in practical applicationswhere network changes are a frequent

phenomenon. We explore how these algorithms minimize computational complexity by selec-

tively updating only those parts of the network directly affected by changes, thus ensuring

efficient recalculations of shortest path trees.
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CHAPTER 3. SCOPING LITERATURE REVIEW 4

3.2 Dynamic Single Source Shortest Path Algorithms

Although there is a considerable amount of literature on shortest path problems, in this

chapter of the thesis, we will focus on the most well-known solutions for the single source

shortest path problem in dynamic contexts. The dynamic maintenance of single source short-

est paths, or equivalently of the shortest path tree (SPT), involvesmaintaining anoptimal short-

est path tree in a graph as its edge weights change over time. This problem is important in a

series of applications, such as network routing and urban traffic management. A set of algo-

rithms have been proposed to address this problem in an efficient manner, utilizing diverse

methodologies to accommodate dynamic updates. A number of these will be discussed in this

section.

Ramalingam and Reps node consistency based algorithm

In 1996, Ramalingam and Reps [19] introduced an iterative algorithm, which is referred

to as Dynamic SWSF-FP. This algorithmwas designed to handle edge insertions and deletions

in a dynamic graph, but it can be adapted to manage also weight increases and decreases. The

fundamental concepts of their approach involve defining nodes and edges in terms of consis-

tency. The main idea of this algorithm is to maintain a consistent shortest-path tree by using

priority queue Q to manage updates efficiently. A node j is termed as consistent if its distance

d[j]matches the minimum distance obtained by traversing any incoming edge (i, j). Formally,

this consistent value con(j) is given by:

con(j) =


min

(i,j)∈A
{d[i] + w(i, j)}, if j ̸= s

0, if j = s

(3.1)

A node is defined as over-consistent if d[j] > con(j). An edge (i, j) is defined as consistent if

d[j] = w(i, j) + d[i], and underconsistent if d[j] > w(i, j) + d[i].

The algorithm maintains auxiliary data in order to track whether or not an edge lies on

the shortest path subtree, SPT, which is rooted at the source node s. In addition, the number of

incoming edges for each node in SPT is also recorded. The steps of the algorithm can be briefly

summarized as follows:

• Processing weight decreases: The algorithm updates the edge length, relaxes the edge,

and processes nodes to maintain consistency in the shortest-path tree. When an edge
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CHAPTER 3. SCOPING LITERATURE REVIEW 4
weight decreases, the algorithm first updates the length of the edge and relaxes it. If the

edge is underconsistent, it updates the distance of the node and inserts it into a priority

queueQ.

• Processing weight increases: The algorithm updates the edge length and removes the

edge from SPT if it lies within it. Upon the deletion of the edge, a subtree B of the SPT

is no longer connected to s. Each edge from B is deleted from the SPT. For each node

i from B that is now affected by the change, an update of the distances is performed.

This is done by using only unaffected nodes adjacent to i, and inserting them into Q as

necessary.

• Main phase: The main phase of the algorithm involves processing the nodes from Q by

extracting the minimum node, adjusting distances, and updating or inserting edges in

SPT untilQ is empty. Then, the main phase of the algorithm proceeds as before.

Algorithm of Frigioni et al

In 2000, Frigioni and al. [8] proposed an iterative algorithm that is similar in nature as

Ramalingam and Reps’ algorithm, except that more complex auxiliary data are used, giving

better theoretical worst case bounds. Their approach uses a k-bounded accounting function

on G, which is a functionK : A→ V such that for each edge (i, j), the nodeK(i, j) is either i

or j and no more than k edges are associated with any node i.

The algorithm stores the k-bounded accounting function K of the graph. For a given

node i, the set of edges (i, j) withK(i, j) = i is referred to as ownership(i). The set of other

edges adjacent to i is called not ownership(i). The backward level of an edge (k, l) and of vertex

l relative to vertex k is defined as b_levelk(l) := d[l] − w(k, l). The forward level of an edge

(k, l) and of vertex l relative to vertex k is defined as f_levelk(l) := d[l] + w(k, l).

For each node i, the algorithm maintains two priority queues, each of them containing the

edges from not ownership(i). The queue Bi is max-based, with the priority of an edge (i, j)

given by b_leveli(j) while The queue Fi is min-based, with the priority of an edge (i, j) given

by f_leveli(j). Additionally, a shortest-path tree is maintained by storing a parent node p[i]

for each node i ̸= s. The steps of the algorithm can be briefly summarized as follows:

• Processing weight decreases: Given an edge (i, j)with aweight decrease, the algorithm

updates w(i, j) and the queues Bi, Fi, Bj , and Fj . If (i, j) is underconsistent, it sets

d[j] = d[i] + w(i, j) and inserts j with priority d[j] intoQ.
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• Processing weight increases: Given an edge (i, j)with a weight increase, the algorithm

updatesw(i, j) and the queuesBi, Fi,Bj , and Fj . The tentative shortest-path subgraph

SPT is given implicitly by all consistent edges. Upon the deletion of the edge having

increased weight from the SPT, a subtreeB of the SPT is no longer connected to s. Each

edge from B is deleted from the SPT. For each node j from B that is now affected by

the change, an update of the distances is performed d[j] := min{d[i] + w(i, j) | (i, j) ∈

A, i /∈ B}, followed by the insertion of j intoQ.

• Main phase: The main phase proceeds as follows untilQ is empty:

– Extract and delete the minimum node j fromQ.

– Update the queuesB(j) and F (j).

– Check each edge (j, k) in not ownership(j) and each edge (j, k) in ownership(j)

with b_levelj(k) > d[j]. If (v, w) is underconsistent, set d[k] = d[j] + w(j, k) and

insert k with priority d[k] intoQ.

This algorithm efficiently handles dynamic changes by leveraging complex auxiliary data and k-

bounded accounting functions to maintain the shortest path tree structure with better worst-

case performance bounds.

Algorithm of Narvaez et al.

In 2000 Narvaez et al. [12] proposed a flexible batch processing algorithm, which incor-

porates different data structures and processing variants to optimize the handling of dynamic

changes. This algorithm offers two degrees of freedom: the choice of the priority queue type

(FIFO, heap, or D’Esopo-Pape) and two main phase variants. The basic idea of this algorithm

is to provide flexibility and efficiency in processing dynamic updates by using different data

structures and processing methods. The algorithmmaintains a shortest-path tree SPT of the

graph by recording the parent node p[j] for each node j. The setB(i, j) denotes the collection

of nodes in the branch of SPT that begins with the edge (i, j), excluding i. During the algo-

rithm’s execution, a tentative parent p′[i] is stored for each node i in the priority queueQ. The

steps of the algorithm can be briefly summarized as follows:

• Initialization phase: The initialization phase handles weight increases and decreases it-

eratively.

– For each edge (i, j) with weight increases ∆, the algorithm updates the length of

each affected edge w(i, j) = w(i, j) + ∆ and adjusts the distances of nodes in the
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branch B(i, j), d[k] := d[k] + ∆ for each k ∈ B(i, j), and enqueues the affected

nodes. The set of all vertices with previously incremented weights is denoted as

Ninc. Subsequently, each edge with a target in Ninc is relaxed, and each overcon-

sistent node k ∈ Ninc is inserted into Q with priority con(k), and p′[k] is updated

accordingly.

– For weight decreases, the algorithm similarly updates lengths, adjusts distances,

and enqueues nodes for further updates. Specifically, it updates the length of each

affected edge, sets d[k] := d[k] − ∆ for each k ∈ B(i, j), and denotes the set of

all vertices with previously decremented weights asNdec. Each edge with a source

in Ndec is then relaxed, and each node k for which dl := min{d[k] + w(k, l) | k ∈

Ndec} < d[l] is inserted intoQwith priority dl, and p′[l] is updated accordingly.

• Main phase:

– First variant: Nodes are processed from the queue by extracting the next node j,

setting its distance d[j] to the priority of j inQ, and updating its parent p[j] to p′[j].

The algorithm then relaxes each outgoing edge (j, k). If (j, k) is underconsistent, it

inserts k with priority d[j] + w(j, k) into Q and sets p′[k] = j. If k is already in Q,

the algorithm only updates the priority and p′[k].

– Second variant: After extracting the next node j, the algorithm identifies and pro-

cesses descendants that need updating. It extracts the next node j fromQ, where

key(j) denotes the priority of j inQ. It sets λ := key(j)− d[j] and p[j] := p′[j]. The

algorithm then identifies the set N of all descendants of j in SPT . Subbranches

starting with nodes i that already have key(i) < d[i] + λ inQ are excluded fromN .

Each node inN with key(i) ≥ d[i] + λ inQ is removed fromQ. The algorithm then

relaxes each edge (j, k) outgoing from a node j ∈ N . If (j, k) is underconsistent, it

inserts k with priority d[j] + w(j, k) into Q and sets p′[k] = j. If k is already in Q,

the algorithm only updates the priority and p′[k].

This approach allows for significant flexibility and efficiency, adapting to different scenarios and

optimizing the propagation of distance updates through the shortest-path tree.

The ball and string model

In 2001, Narvaez [13] proposed an intuitive ball-and-string model to explain the linear

programming formulation of the dynamic SPT problem. The basic idea is to physically inter-
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pret the shortest path problem using a visual and intuitive model. In this model, each node in

the graph is represented by a ball, and each edge with a weight is represented by an inelastic

string with a length equal to the weight of the edge. To ensure feasibility, the Euclidean dis-

tance between the balls must not exceed the length of the string. A string becomes tightwhen

the distance between its nodes is equal to its length, and represents a consistent edge in the

shortest path tree.

As weights change, the model adjusts by moving the balls to maintain the shortest path

tree. Weight increases cause balls to drop, representing increased distances, while weight de-

creases cause balls to rise, representing shorter paths. This model helps to visualize the prop-

agation of changes in the graph and the maintenance of valid shortest path trees.

In the execution of the algorithm, the root node is anchored in a fixed positionwhile other

nodes fall under gravity. As gravity pulls down these nodes, the resulting Euclidean distance of

a node from the anchored root node is equal to the shortest distance. As the length of a string

increases, the ball attached to the lower end will fall until one of its attached strings becomes

tight. Conversely, as the length of a string decreases, the ball rises accordingly. The efficiency of

this approach lies in the natural order of distance propagation, whichminimizes computational

effort.

The execution of the algorithm can be briefly summarised as follows:

• Process the weight increases: Update the length of each edge with a weight increase.

If the edge is part of the existing SPT, mark its ending node and its reachable descen-

dants as floating. For anchored nodes connected to floating nodes, compute potential

distances and enqueue these floating nodes for further updates.

• Process weight decreases: Compute potential new distances for end nodes for edges

with decreased weight. If the new distance is less than the old one, then the node is

enqueued with its potential new parent and its new distance.

• Main phase: Extract the node with the smallest change from the queue and update its

parent. Adjust the tree structure to reflect the new parent-child relationships and up-

date distances. Mark nodes as anchored and remove them from the queue if necessary.

Repeat until the queue is empty, ensuring that all affected nodes are updated efficiently.
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3.3 Conclusions

From the existing algorithms in the literature, it can be concluded that themost challeng-

ing aspect of dynamic single source shortest path (SSSP) algorithms is managing the increase

or decrease of edge weights. These operations require quickly updating the shortest path tree

(SPT) without recomputing it from scratch. The efficiency of a dynamic SSSP algorithm is sig-

nificantly influenced by its ability to handle these changes efficiently.

Techniques that selectively adjust only the affected parts of the SPT are essential for

maintaining the efficiency of these algorithms. The use of competitive data structures, such as

Fibonacci heaps or dynamic trees, plays a crucial role in ensuring rapid updates. These selective

adjustments and efficient data structures help in minimizing the computational complexity,

thereby enabling the algorithm to adapt swiftly to changes in the network.

Although significant progress has been made in the area of dynamic SSSP algorithms,

there is still considerable potential for achieving faster running times in practical settings. A

pertinent question iswhether it is possible todevelop robust algorithms that performefficiently

over awide range of applications and for different types of networks, in both static and dynamic

environments, while guaranteeing worst-case strongly polynomial-time complexity.
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Chapter 4

Dynamic Adjustment of Single Source

Shortest Paths

4.1 Introduction

The problem of computing shortest paths has constituted an important field of research

within graph theory for a considerable period of time, and it remains a fundamental subroutine

for numerous advanced tasks in various domains. Solving this problem is of great importance

in fields including transportation, navigation, logistics, supply chainmanagement, telecommu-

nication, as well as urban planning. Additionally, shortest path computations are of great sig-

nificance in social networks, where measuring the degree of separation between individuals

is important in the context of social influence analysis and community detection. In biologi-

cal networks, shortest path calculations assist in the analysis of protein interaction networks,

enabling the identification of critical pathways in biological processes.

A traditional approach to the shortest path problem assumes a static graph, where arc

weights and structures remain unchanged following the calculation of a shortest path. How-

ever, in dynamic environments, changes such as increases or decreases in arcweights necessi-

tate the recomputation of shortest paths. This process can be computationally expensive and

inefficient, particularly in the case of large graphs or frequent updates.

In this chapter, we introduce a dynamic approach to recompute single source shortest

paths (SSSP) when an arc weight increases or decreases. In contrast to the conventional ap-

proach of recalculating the entire shortest path solution from scratch, dynamic algorithms up-
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date the existing shortest path information based on the changes in the graph. If an arc weight

increases, for instance, the algorithm merely needs to verify and update the affected paths.

Conversely, if an arc weight decreases, the algorithm can efficiently disseminate this improve-

ment throughout the network, updating the shortest paths as needed. To minimize recom-

putation time, the dynamic update of single-source shortest paths (SSSP) employs previously

computed shortest paths. This approach is particularly useful in environmentswhere the graph

changes frequently, enabling real-time updates, while maintaining optimal paths. This algo-

rithm is an extension of our ideas presented in [3].

4.2 Preliminaries

Sequential shortest path algorithms typically use iterative labelingmethods,whichmain-

tain a temporary distance value d[v] for all nodes. The value assigned to the temporary dis-

tance, may be either∞ or the weight of a path from the source s to v. This temporary distance

value serves as an upper bound on the actual distance between the source s and v. Tempo-

rary distances are updated through an operation called ”arc relaxation”: for an arc (u, v) ∈ A ,

d[v] = min{d[v], d[u] + w(u, v)}.

There are two main categories of labeling methods: label-setting and label-correcting.

Algorithms that perform label setting, such asDijkstra’s, set the distance of a node as optimal in

each iteration. This requires at most n iterations, where n is the number of nodes. In contrast,

algorithms that are correcting labels, can relax arcs of non-optimal nodes and the number of

iterations requiredmay vary. All labels are considered temporary until the final step when they

become permanent. Despite the superiority of worst-case bounds for label-setting algorithms

versus label-correcting ones, label-correcting approaches often exhibit good practical perfor-

mance, particularly for large graph classes with random arc weights. In order to exploit the

advantageous practical performance of label-correcting approaches, [11] introduces a label-

correcting algorithm, known as the Delta-stepping algorithm. This algorithm can be imple-

mented in a highly efficient manner in both sequential and parallel settings for diverse classes

of graphs. Furthermore, it is capable of achieving optimal linear time with high probability.

The Delta-stepping algorithm maintains eligible nodes with temporary distances, orga-

nized in an array of buckets. Each bucket corresponds to a specific distance range, with the size

∆ of this range determined by the user. During each phase, the algorithm removes and pro-
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cesses all nodes from the first non-empty bucket and relaxes all outgoing arcs having weights

at most∆. Arcs with higher weights are relaxed only afterwards. The choice of∆ is crucial to

balance between excessive node reconsideration and excessive bucket traversal.

Since a modified version of the Delta-stepping algorithm is used in our Dynamic Adjust-

ment Single Source Shortest Path algorithm (DynAdjSSSPA), a brief overview of first one is pro-

vided below. Detailed information on the Delta - stepping algorithm and its auxiliary functions

can be found in [11].

The Delta - stepping algorithm processes a graph G = (V,A,w) and a source node s in

order to return the array d[v] containing the minimum cost to reach any node v starting from

s. The algorithm keeps the nodes still to be processed and that have non-optimal shortest

distances in an array B of buckets, each bucket representing a distance range equal to∆. The

parameter∆ is a positive real number, which is also referred to as the ”step size” or the ”bucket

width” andwhich determines the distribution of the nodes inside the buckets. Each bucketB[i]

contains the nodes to be processed in an iteration, and if, for a node v ∈ V , d[v] represents the

best known cost of reaching v from s, then v belongs toB[i] , where i =
⌊
d[v]
∆

⌋
.

The algorithm processes the buckets B[i] one by one, starting from i = 0. At each iter-

ation i, the algorithm focuses on the first bucket that is not empty (the current bucket) and re-

moves all the nodes from it. For each node u removed, it relaxes all light arcs (withw(u, v) ≤ ∆)

leaving from this node. This relaxation processmay result in newnodes being added to the cur-

rent bucket. These nodeswill be processed in the next phase. Additionally, previously removed

nodes may be reinserted if their temporary distance improves during the current phase.

The process of relaxing the light arcs is carried out in a loop in order to take into account

possible re-insertions into the same bucket. Two auxiliary sets are used during this process:

the request set Req, which stores pairs of nodes that can be reached by light arcs, together

with their corresponding costs, and the set R (removed nodes), which collects all nodes from

the bucketB[i] that have been explored in order to avoid reprocessing of their light arcs in sub-

sequent iterations of the inner loop. At the end of each iteration of the inner loop, the relaxation

function is called on the pairs from the request set.

Relaxation of heavy arcs (with w(u, v) > ∆) is postponed during the processing of the

current bucket, since these arcs can only affect temporary distances outside the rage interval

of the current bucket. As a result, they will not cause any nodes to be inserted back into the

current bucket. If the current bucket remains empty after a phase, all nodes within its distance
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range have been assigned their permanent distance values during the preceding phases. Con-

sequently, all heavy arcs originating from these nodes are relaxed. After this, the algorithm

searches sequentially for the next bucket that is not empty, and repeats the process. The al-

gorithm continues until all the buckets have been processed and there are no nodes left for

exploration. At this point it stops and returns the array d, where d[v] contains the minimum

cost to reach v from s.

The following theorem provides a complexity estimate for the sequential Delta-stepping

algorithm, which serves as a fundamental component in the development of our dynamic al-

gorithm.

Theorem 2. ([11]) The sequential delta-stepping algorithm has a time complexity ofO(n+m+

L/∆ + n∆ +m∆).

4.3 Dynamic Adjustment Single Source Shortest Path Algorithm

Let G = (V,A,w) be the initial weighted digraph, where the shortest paths from the

source node s to the other nodes have already been determined. Let d be the array containing

the shortest path weights, and let p be the array containing the predecessors of nodes in these

shortest paths. The results of running an algorithm like Dijkstra onG to find the single-source

shortest paths can be represented as a shortest path tree, which is a subgraphG′ = (V,A′, w)

ofG. This tree is rooted at the source node and spans all reachable nodes in the graph. The set

of arcs in the tree is denoted by A′, and it is defined as follows: A′ = {(p[x], x)|p[x] ̸= null}.

Each path from the root to any other node in the tree represents the shortest path from the

source to that node in the original digraph.

In the event of an arc weight change in the digraph G, whether it be an increase or a de-

crease, it is possible that some shortest paths may be altered, while others remain unchanged

but experience an overall distance modification. Additionally, there may be some shortest

paths that are not affected. The nodes in the digraph that may experience an alteration in

their shortest paths, and implicitly their distances from the source, are referred to as Affected

Nodes. The set of nodes thatmay only have their distance labelsmodified, without any change

in the actual shortest path structure, are referred to as Relabel-Only Nodes. Finally, there are

nodes that do not undergo any changes in their shortest paths or distance labels, and these

can be identified as Unaffected Nodes.
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Thealgorithm for updating shortest paths in response to changes in arcweights is divided

into three phases.

Phase 1: Identification

In this phase, the algorithm identifies the nodes that are affected by the change in arc weight

and those that only need to be relabeled. This step is important as it identifies which nodes

require further processing.

Phase 2: Relabeling

In this phase, the algorithm performs some necessary distance label updates, specific to the

Relabel Only Nodes or Affected Nodes, depending on the case. These updates constitute a

preliminary step prior to commencing the third phase.

Phase 3: Delta-Stepping Algorithm

In this phase, the algorithm completes the computation of distance labels for the affected

nodes using a modified delta-stepping algorithm. This subroutine is focused on updating the

distance labels of the Affected Nodes. It maintains a list of buckets and a list of updated nodes

for processing, and ensures that all potential shorter paths are evaluated, taking into account

both light and heavy arcs. This targeted approach guarantees the efficient updating of the

shortest paths.

The following two subsections discuss the specifics of increasing and decreasing arc

weights. These are followed by a subsection in which the Dynamic Adjustment Single Source

Shortest Path algorithm (DynAdjSSSPA) is presented in detail.

4.3.1 Arc Capacity Increase

Let Ĝ = (N,A, ŵ) be defined as a weighted directed graph that differs from G solely

in terms of the weight of an individual arc, specifically the weight of arc (k, l). In this case,

the weight of arc (k, l) is greater than that of the initial weight of arc (k, l). Consequently,

ŵ(x, y) = w(x, y) for each (x, y) ∈ A \ {(k, l)} and ŵ(k, l) = w(k, l) + ∆w, where ∆w is a

given positive amount. There are two possible cases:

Case 1: When p[l] ̸= k the shortest paths in G will be identical to those in Ĝ, with the same

distances as inG. This means that all the nodes of Ĝ are Unaffected Nodes.

Case 2: When p[l] = k is possible for the shortest paths in themodified digraph Ĝ to differ from

those in the initial digraphG. These modified shortest paths can only be from the source node
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to node l, as well as to the descendants of l in the predecessor subgraph G′ = (V,A′, w) of

G. Therefore these nodes will be the Affected Nodes and they can be identified by employing

breadth-first search (BFS) within the shortest path tree G′ = (V,A′, w). All the other nodes

will be Unaffected Nodes.

4.3.2 Arc Capacity Decrease

While an increase in arc weights results in a localized update, focusing on the paths di-

rectly affected by the increase, a decrease in arc weights necessitates a more global update

process. This is because the decreased weight can create new shorter paths that propagate

through the network. Therefore, the decrease in an arc weight often requires a more compre-

hensive update.

Let Ĝ = (N,A, ŵ) be theweighted directed graph that differs fromG by theweight of arc

(k, l) that is smaller than that of the initial weight of arc (k, l). Consequently, ŵ(x, y) = w(x, y)

for each (x, y) ∈ A \ {(k, l)} and ŵ(k, l) = w(k, l)−∆w, where∆w is a given positive amount.

There are again, two possible cases:

Case 1: When p[l] ̸= k the the shortest pathsmay be altered for nodes that are reachable from

the source through node l. Therefore these nodes will be the Affected Nodes and they can be

identified by employing breadth-first search (BFS) within the digraph Ĝ = (V,A, ŵ). All the

other nodes will be Unaffected Nodes.

Case 2: When p[l] = k the shortest paths in the modified digraph Ĝ may differ from those in

the initial digraph G. These modified shortest paths can only be from the source node to the

nodes that are reachable from the source through node l in the graph Ĝ = (V,A, ŵ), therefore

these nodes will be the Affected Nodes. For node l and its descendants in the shortest path

tree G′ = (V,A′, w), the shortest paths will remain the same, and only the label distances

will decrease by ∆w. Therefore these nodes will be the Relabel-Only Nodes and they can be

identified by employing breadth-first search (BFS)within the shortest path treeG′ = (V,A′, w).

All the other nodes, except the previous two sets, will be Unaffected Nodes.

4.3.3 Description of the Algorithm

The Dynamic Adjustment Single Source Shortest Path Algorithm ( Algorithm 7) is de-

signed to efficiently update shortest paths in a digraphwhen theweight of an arc changes. This
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algorithm uses precomputed shortest path information, specifically the distance label vector

d and the predecessor vector p, in order to implement the necessary adjustments resulting

from the modification of an arc weight w(k, l) by an amount equal to∆w, which can be either

positive or negative.

The algorithm starts by calling the subroutine ’Affected and Relabel-Only Nodes Identi-

fication’ (Algorithm 2) in order to identify those nodes which mat be affected by the change in

arc weight. This subroutine performs a breadth-first search (Algorithm 1) either in the digraph

G or in the predecessor subgraph G′, and returns two sets: Affected Nodes and Relabel-Only

Nodes. The former is comprised of those nodes whose shortest paths may be affected as a

consequence of the modification to the arc weight, whereas the latter is made up of nodes

that retain their shortest paths but require their distance labels to be updated.

Algorithm 1 Breadth First Search
Input: G = (V,A), start node r;

Output: Reachable Set

1: Queue = {r}

2: Reachable = {r}

3: while Queue ̸= ∅ do

4: remove a node x from Queue

5: for each (x, y) ∈ A do

6: if y /∈ Reachable then

7: Reachable = Reachable ∪{y}

8: Queue = Queue ∪{y}

9: end if

10: end for

11: end while

12: return Reachable Set

If ∆w is negative, Relabel-Only Nodes may be a non-empty set. Consequently, the al-

gorithm updates the distance labels for the nodes in the set Relabel-Only Nodes to reflect the

decreased (k, l) arc weight. If∆w is positive, the algorithm updates the distance labels for the

nodes in Affected Nodes to reflect the increased (k, l) arc weight from the current paths ( see

lines 4-12 from Algorithm 7).
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Following the update of the relabeled nodes, the algorithm proceeds to it’s main sub-

routine which is the Delta-Stepping Modified Algorithm (Algorithm 3). This subroutine uses a

modified version of the Delta-Stepping algorithm that focuses only on the nodes that are not

Affected and on the Affected Nodes that have been updated. It processes each node, consi-

dering both light and heavy outgoing arcs towards Affected Nodes, to ensure that all potential

shorter paths are evaluated.

The process beginswith the initialization of two primary data structures: a list of buckets

B and a list of sets UpdatedNodesList. Each bucket inB holds nodes based on their distance

labels, while UpdatedNodesList is employed to track nodes whose distance labels have been

updated during the process. The total number of buckets is determined by computing the in-

teger part of the maximum distance divided by the step size ∆, with the additional value of

one.

Subsequently, algorithm 3 populates the initial buckets. For each node u in the graphG

that is not in the set of Affected Nodes, the appropriate bucket index is calculated based on the

node’s current distance label : bucket_index =
⌊
d[u]
∆

⌋
, where d[u] is the distance label of node

u. The node is then placed in the corresponding bucket.

The principal component of the algorithm is the iterative process,which continues as long

as there are non-empty buckets or non-empty sets in UpdatedNodesList. In each iteration,

the smallest non-empty bucket index i is identified. Two sets, R and R_updated, are initial-

ized to maintain records of nodes undergoing processing. Initially, the algorithm processes the

non-Affected Nodes in the current bucketB[i]. The nodes extracted from the bucket are added

one by one to the set R, after which the light arcs (arcs with weights≤ ∆) leading to Affected

Nodes are relaxed. This is achieved using the function process_light_arcs_to_affected(u)

(Algorithm 4), whereby the distance labels of the target nodes are updated if a shorter path is

found. Once all non-Affected Nodes inB[i] have been processed, the updated nodes in the cur-

rent bucket’s UpdatedNodesList[i] are addressed. Each updated node is deleted from the list,

then added to the setR_updated, and their light arcs to Affected Nodes are similarly relaxed.

Once the light arcs for the nodes in bucket i have been fully processed, the algorithm

enters the next stage, which is the processing of heavy arcs (arcs with weights >∆). First, the

function process_heavy_arcs_to_affected(R) (Algorithm 5) is invoked to manage the nodes

in R; then, process_heavy_arcs_to_affected(R_updated) is invoked to address the nodes in

R_updated. This process guarantees the evaluation of all potential shorter paths, including
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Algorithm 2 Affected and Relabel-Only Nodes Identification
Input: G = (V,A),G′ = (V,A′), s, k, l,∆w, p

Output: Affected Nodes, Relabel- Only Nodes

1: Affected Nodes = ∅

2: Relabel-Only Nodes = ∅

3: if ∆w > 0 then

4: if p[l] = k then

5: Affected Nodes = BFS(G′, l)

6: end if

7: else if ∆w < 0 then

8: if p[l] ̸= k then

9: Affected Nodes = BFS(G, l)

10: else

11: Relabel-Only Nodes = BFS(G′, l)

12: All Affected Nodes = BFS(G, l)

13: Affected Nodes = All Affected Nodes− Relabel-Only Nodes− {s}

14: end if

15: end if

16: return (Affected Nodes, Relabel-Only Nodes)
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Algorithm 3 Delta-Stepping Modified Algorithm
Input: G = (V,A,w), distance labels d, predecessors p, Affected Nodes, step size∆

Output: Updated distance label vector d, updated predecessor vector p

1: Initialize bucketsB as a list of sets

2: Initialize UpdatedNodesList as a list of sets, one corresponding to each bucket

3: num_buckets = ⌊max distance/∆⌋+ 1

4: for each node u in V \ AffectedNodes do

5: bucket_index =
⌊
d[u]
∆

⌋
6: B[bucket_index] = B[bucket_index] ∪ {u}

7: end for

8: while there exists an index i such thatB[i] ̸= ∅ or UpdatedNodesList[i] ̸= ∅ do

9: i = min{j : B[j] ̸= ∅ or UpdatedNodesList[j] ̸= ∅}

10: R = ∅

11: R_updated = ∅

12: while B[i] ̸= ∅ do

13: u = B[i].pop()

14: R = R ∪ {u}

15: process_light_arcs_to_affected(u)

16: end while

17: while UpdatedNodesList[i] ̸= ∅ do

18: u = UpdatedNodesList[i].pop()

19: R_updated = R_updated ∪ {u}

20: process_light_arcs_to_affected(u)

21: end while

22: if R ̸= ∅ then

23: process_heavy_arcs_to_affected(R)

24: end if

25: if R_updated ̸= ∅ then

26: process_heavy_arcs_to_affected(R_updated)

27: end if

28: end while
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those involving arcs with higher weights.

Algorithm 4 Process Light Arcs to Affected
1: Function process_light_arcs_to_affected(u)

2: for each outgoing arc (u, v) such that w(u, v) ≤ ∆ do

3: if v ∈ Affected Nodes then

4: relax(u, v, w(u, v))

5: end if

6: end for

Algorithm 5 Process Heavy Arcs to Affected
1: Function process_heavy_arcs_to_affected(R)

2: for each node u inR do

3: for each outgoing arc (u, v) such that w(u, v) > ∆ do

4: if v ∈ Affected Nodes then

5: relax(u, v, w(u, v))

6: end if

7: end for

8: end for

The relaxation function used in both Algorithm 4 and Algorithm 5 it is a modified re-

laxation function (Algorithm 6). This version of the relaxation function extends the classic re-

laxation operation by incorporating bucket management to optimize the processing of nodes.

The function is responsible for computing a new potential distance for a target node v via an

arc (u, v). If the newly computed distance is shorter than the actual distance label, the function

updates the distance label and marks the node as updated, inserting it into the corresponding

list of updated nodes, according to its new distance.

The Dynamic Adjustment Single Source Shortest Path Algorithm ends by returning the

optimal shortest paths from the source node to all other nodes in the modified digraph. These

paths can be reconstructed from the updated distance label vector d and the updated prede-

cessor vector p, which represents the output of the algorithm. This dynamic adjustmentmech-

anism ensures that recalculation is efficient, without the necessity of recomputing the entire

shortest path tree from scratch.
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Algorithm 6 Relax Function with Bucket Check
1: Function relax(u, v, w)

2: new_distance = d[u] + w

3: if new_distance < d[v] then

4: current_bucket_index =
⌊
d[v]
∆

⌋
5: new_bucket_index =

⌊
new_distance

∆

⌋
6: found = false

7: for each bucket j in UpdatedNodesList do

8: if v ∈ UpdatedNodesList[j] then

9: found = true

10: if current_bucket_index ̸= new_bucket_index then

11: Remove v from UpdatedNodesList[j]

12: UpdatedNodesList[new_bucket_index] = UpdatedNodesList[new_bucket_index]∪

{v}

13: end if

14: break

15: end if

16: end for

17: if not found then

18: UpdatedNodesList[new_bucket_index] = UpdatedNodesList[new_bucket_index]∪

{v}

19: end if

20: d[v] = new_distance

21: p[v] = u

22: end if
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Algorithm 7 Dynamic Adjustment Single Source Shortest Path Algorithm
Input: Digraph G = (V,A,w), distance label vector d, predecessor vector p, arc (k, l), weight

change∆w

Output: Updated distance label vector d, updated predecessor vector p

1: Phase 1: Find Affected and Relabel Only Nodes

2: (Affected Nodes, Relabel-Only Nodes) =

3: = Affected and Relabel-Only nodes Identification(G,G′, (k, l),∆w, p)

4: Phase 2: Relabel Nodes

5: if ∆w < 0 then

6: for each node u in Relabel-Only Nodes do

7: d[u] = d[u] + ∆w

8: end for

9: end if

10: if ∆w > 0 then

11: for each node u in Affected Nodes do

12: d[u] = d[u] + ∆w

13: end for

14: end if

15: Phase 3: Update distances. Call Delta-Stepping Modified Algorithm

16: (d, p) = Delta-Stepping Modified Algorithm(Ĝ, d, p,Affected Nodes)

17: return (d, p)
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4.4 Conclusions

This chapter presents the Dynamic Adjustment Single Source Shortest Path Algorithm

(DynAdjSSSPA), which uses a modified version of the Delta-stepping algorithm to efficiently

manage shortest path computations in dynamic graph environments. Our investigation into

the algorithm’s correctness and complexity highlights several potential findings and areas for

future research and improvements.

In order to ensure the correctness of the DynAdjSSSPA, it is important to identify and

process all affected nodes whose shortest paths may change due to arc weight modifications.

This is achieved through a structured approach involving the identification of affected nodes

(phase 1), relabelling of nodes (phase 2), and the application of the Delta-stepping algorithm

for final adjustments (phase 3). The correctness of the algorithm is supported by its capability

to correctly differentiate between affected nodes, relabel only nodes and unaffected nodes,

thereby ensuring accurate and efficient updates to the shortest paths.

The use of buckets in the Delta-stepping algorithm allows for the organized process-

ing of nodes based on their distance ranges. Despite the worst-case bounds favoring label-

setting algorithms likeDijkstra’s, the practical performance of label-correcting algorithms, such

as Delta-stepping, is often superior for large graphs with random arc weights.
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Chapter 5

Flow Increment through Network

Expansion

5.1 Introduction

In modern infrastructure management, network expansion is a critical task to meet the

growing demand for essential services such as electricity, gas, water and data. This expansion

can be achieved by increasing the transport capacity of existing wires, pipes or bandwidths.

Alternatively, new connections can be added to the system. However, each of these strategies

is constrained by physical or technological limitations and comes at a significant cost. Given

these constraints, the challenge is to optimize network design to achieve maximum efficiency

at minimum cost.

The field of network flow optimization offers a number of problem formulations that are

directly related to these challenges. Two such problems, which are central to the discussions in

this chapter, are the inverse maximum flow problem and the reverse maximum flow problem.

These problems use sophisticated mathematical models to find optimal solutions and involve

strategic changes in the capacity of network arcs to meet specific objectives.

The inverse maximum flow problem provides a mathematical framework for making

minimal adjustments to the existing capacities of a network in order to achieve the desired

maximum flow, while minimizing the changes to the original capacities. The inverse maximum

flow problem arose from the need to optimize existing network infrastructures without the

extensive costs associated with building new connections or completely redesigning the net-
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work. This problem is particularly relevant in contexts where physical, financial or regulatory

constraints limit the possibility of expanding the capacity of the network by traditional means.

The optimization of the network is quantified using various norms tomeasure capacity adjust-

ments. In particular, the problem under the L∞ norm can be solved efficiently using a binary

search approach, as shown in [4]. When considering the Lk norm, a strongly polynomial algo-

rithm has been developed that mainly involves computing a minimum cut in a special network

[5]. Furthermore, theproblemhasbeen shown tobeNP-hard [21], and its complexity increases

in scenarios involving losses or gains on arcs.

The reverse maximum flow problem [22] aims to identify new capacity vectors that en-

sure the maximum flow in a modified network is maintained above a specified threshold, v0,

while reducing the distance,measured by the Chebyshev norm, between the initial and the new

capacity vectors. A polynomial algorithm, which operates in two phases, has been developed

to solve this problem. In the initial phase, a binary search is employed to identify an interval

that contains the optimal value of the flow, v0. Subsequently, in the second phase, the Newton

method, as described in [24] , is employed to determine the optimal capacity vector. The Re-

verseMaximumFlowproblem is particularly relevant in contextswhere it is critical to control or

reduce network capacity without completely redesigning the network, such as during down-

sizing operations, or to comply with new environmental or safety regulations. Applications

include environmental management to prevent overuse of resources, ensuring safety compli-

ance in the chemical, oil and gas industries, and managing network capacity during economic

slowdowns or corporate reorganization.

The problem of network expansion under budgetary constraints has been the studied in

[7]. The objective is tomake use of the budget in an optimalmanner, whilemaximizing the flow

within the network, given a budget, a maximum potential expansion of arc capacity and an arc

capacity expansion cost function. This is referred to as the budget-constrained flow expansion

problem (BFEP). The fundamental approach to solving this problem is to incrementally increase

the flow in the network by one unit, using the most cost-effective path from the source to the

sink. At each iteration, the remaining budget is recalculated, and the process concludes when

the entire budget has been expended. The solution to this problem is based on two polyno-

mial algorithms. One algorithm identifies the arcs that require extension to achieve a one-unit

increase in flow at minimal cost. The second iteration calls the first and verifies whether the

imposed budget limit has been reached. The Budget-Constrained Flow Expansion Problem

(BFEP) effectively incorporates strategies from both the inverse maximum flow problem and
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the reverse maximum flow problem to improve its approach to optimising network expansion

within fixed budget constraints. The connectionwith the inversemaximum flow problem is ob-

vious, as both focus on maximising network flow - BFEP does so within the constraints of the

budget, while the inverse problem seeks to achieve this throughminimal capacity adjustments.

This common goal allows BFEP to use strategies from the inverse problem to determinewhich

changes will most efficiently improve flow. Similarly, the relationship with the reverse max-

imum flow problem is critical in guiding capacity management. The reverse problem, which

typically aims to reduce capacity to avoid exceeding certain flow thresholds, provides valuable

insights into managing expansions to ensure they are necessary and sustainable. In the same

way that the reverse problem uses capacity adjustments to maintain operational efficiency

and safety, the BFEP applies these principles to ensure that any expansion is both economi-

cally viable and essential to meet the demands of the network, thereby ensuring strategic and

cost-effective growth of the network.

Awide range of applications of themaximum flow problem can be found in the literature,

such as transport problems [20], [2] and pipeline transport problems [9], [10], [23], and in all of

these types of problems, network expansionmay be necessary to increase the amount of flow

transported through the network. This necessity provides a compelling background for the

analysis that is carried out in this chapter, in which we deal with the minimum cost network

expansion problem (MCNEP).

The objective of MCNEP, beginning with a given network G, is to obtain a new network

G′, by increasing the capacities of the arcs fromGwithin defined limits, or by adding new arcs,

in order to achieve the lowest possible modification cost while enabling w units of flow to be

transported fromsource to sink. The cost associatedwith capacity augmentation and arc inser-

tion is a linear function with respect to the modification of respective capacities. Our research

is guided by the practical requirements of applying this problem in the field of infrastructure,

ensuring that changes, whether to increase capacity or to add new arcs, are both cost-effective

and substantial enough to meet the specified flow requirements. This focus reinforces the rel-

evance of our study and highlights the broader implications of MCNEP solutions in real-life

network management scenarios.

The results from this chapter were published in [6] and their presentation in this chapter

of the thesis is organized as follows. The Minimum Cost Network Expansion Problem (MC-

NEP) is formally described in Section 5.2 and a strongly polynomial algorithm for solving this

problem is introduced. Section 5.3 concludes this work and identifies future potential research
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directions.

5.2 Flow increment through Network Expansion

As previously stated, the Minimum Cost Network Expansion Problem (MCNEP) is con-

cerned with the strategic expansion of a given networkG into a new networkG� by increasing

the capacities of existing arcs or by adding new arcs within defined limits, to ensure that the

modified network G� can allow w units of flow to pass from source to sink while minimising

the modification costs. The cost of the network modification is a linear function with respect

to the changes in capacity. The economic aspects of this network expansion is addressed by

introducing a cost function c : A → R∗
+, where c(a) is the cost of modification of the capacity

on the arc a ∈ A per unit. Thus, if the capacity of the arc a increases by d units, the overall cost

of changing the capacity of a will be c(a) · d. Furthermore, in order to avoid over-expansion of

the network capacity, an upper bound modification function α : A → R∗
+ is imposed, setting

u(a) + α(a) as the maximum allowable capacity for each arc a.

Let Q be the set of arcs that can be added to the network. Of course, Q ⊆ V × V , and

Q ∩ A = ϕ, i.e.,Q ⊆ V × V − A. A cost function cQ : Q→ R∗
+ is also introduced, where cQ(a)

is the per unit cost of the capacity if the arc a ∈ Q is added to the network. Therefore, if the arc

a ∈ Q having the capacity uQ(a) > 0 is introduced into the network, then the cost of adding a

to the network is cQ(a) · uQ(a). An upper limit function β : Q → R∗
+ for the capacities of the

arcs inQ is also introduced, where β(a) is the maximum allowed capacity for the arc a ∈ Q if it

is introduced into the network, i.e., uQ(a) ≤ β(a), where uQ(a) > 0 is the capacity of a.

The objective is to identify the minimum cost expansion of the network,G, by increasing

the capacities of the arcs and by adding new arcs, such that in the resulting networkG′,w units

of flow can be transported from s to t. That is, there exists a feasible flow of value w in G′.

Therefore the following problemmust be solved:
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

min{
∑
a∈A

(c(a) · (v(a)− u(a)) +
∑
a∈Q

(cQ(a) · uQ(a))}

u(a) ≤ v(a) ≤ u(a) + α(a), ∀a ∈ A

0 ≤ uQ(a) ≤ β(a), ∀a ∈ Q

there exists a feasible flow of value w inG′ = (V,A′, s, t, u′)

A′ = A ∪ {a ∈ Q | uQ(a) > 0}

u′(a) =

v(a), a ∈ A

uQ(a), a ∈ A′ − A

, ∀a ∈ A′

(5.1)

We shall name the problem fromEq. (5.1) as theminimum cost network expansion prob-

lem, and denote it as MCNEP. We can formulate the following result:

Theorem 3. If v(f ∗) ≥ w, where f ∗ is the maximum flow in the network G, then G is the

solution of MCNEP.

Proof. Let f ∗ be the maximum flow in the network G. We assume that v(f ∗) ≥ w. It follows

that there exists a feasible flow f inG so that v(f) = w. So,G is a feasible solution of MCNEP.

Since the cost of the objective function in Eq. (5.1) forG is 0, it is obvious thatG represents the

optimal solution for MCNEP.

We shall now investigate the feasibility of MCNEP. It can be shown that the maximum

value of the flow that can be transported from s to t occurs when the capacities of all the arcs

from A are increased to their maximum value and all the arcs from Q are incorporated into

the network, with the maximum allowable capacities being used. It therefore follows that the

maximum value of flow that can be transported from s to t is obtained in the network G′′ =

(V,A ∪Q, s, t, u′′), where:

u′′(a) =

u(a) + α(a), a ∈ A

β(a), a ∈ Q

(5.2)

We shall call G′′ as the maximum extended network since all the capacities of the arcs from

A ∪Q are set to their maximum.

We have the following feasibility theorem for MCNEP:

Theorem 4. MCNEP is feasible if and only if v(g∗) ≥ w, where g∗ is a maximum flow inG′′.
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Proof. Let’s assume that MCNEP is feasible and v(g∗) < w, where g∗ is a maximum flow in

G′′. Since MCNEP is feasible, it follows that there is a network G′ = (V,A′, s, t, u′) so that

u(a) ≤ u′(a) ≤ u(a) + α(a),∀a ∈ A, 0 ≤ u′(a) ≤ β(a), ∀a ∈ Q, and there is a feasible flow f ′

in G′ so that v(f ′) = w. From (5.2) we may conclude that f ′ is a feasible flow in G′′, and since

f ∗ is a maximum flow in G′′ it follows that v(g∗) ≥ v(f ′) = w, in contradiction with the initial

assumption that v(g∗) < w.

Now, for the inverse implication, we suppose that for the maximum flow g∗ in G′′ we

have v(g∗) ≥ w. It results that there is a feasible flow f ′′ in G′′ so that v(f ′′) = w. So, G′′ is a

feasible solution for Eq. (5.1).

If v(f ∗) < w, with f ∗ being maximum flow in the network G (G is not the solution of

MCNEP, see Theorem 3) andMCNEP passes the feasibility test given by Theorem 4,this means

that a solution for MCNEP exists and has to be found. To do that, we create a new network

denoted Ge = (V e, Ae, s, t, ue, ce). The set V e contains all the nodes from V , and for each arc

a ∈ A, a new node denoted ia is introduced in V e, i.e.,

V e = V ∪ VA, VA = {ia | a ∈ A} (5.3)

The set Ae contains all the arcs from A ∪ Q, and for each arc a = (i, j) ∈ A two new arcs are

added, (i, ia), and, respectively, (ia, j), i.e.,

Ae = A ∪Q ∪ Ae
1 ∪ Ae

2, (5.4)

where:

Ae
1 = {(i, ia) | a = (i, j) ∈ A}, Ae

2 = {(ia, j) | a = (i, j) ∈ A} (5.5)

The capacity function ue is defined as follows:

ue(i, j) =


u(i, j), if (i, j) ∈ A

β(i, j), if (i, j) ∈ Q

α(a), if j = ia or i = ia where ia ∈ VA

(5.6)

The cost function ce is defined as:

ce(i, j) =


0, if (i, j) ∈ A

cQ(i, j), if (i, j) ∈ Q

c(a)/2, if j = ia or i = ia where ia ∈ VA

(5.7)
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Let f e be a minimum cost flow of value w in Ge, meaning that, f e is a feasible flow of

value w inGe that has the minimum cost among all feasible flows of value w inGe, where the

cost of a feasible flow f inGe denoted ce(f) is defined as:

ce(f) =
∑
a∈Ae

ce(a) · f(a) (5.8)

We consider the network denotedG∗ = (V,A∗, s, t, u∗) having:

A∗ = A ∪ A∗′ , A∗′ = {a ∈ Q | f e(a) > 0} (5.9)

and

u∗(a) =

u(a) + f e(i, ia), if a ∈ A

f e(a), if a ∈ A∗ − A

(5.10)

Theorem 5. The network G∗ = (V,A∗, s, t, u∗) defined using Eq. (5.9) and Eq. (5.10) is the

optimum solution of MCNEP.

Proof. Remembering thatG∗ is constructedusing aminimumcost flow f e of valuew calculated

in the networkGe = (V e, Ae, s, t, ue, ce), it means that f e is the solution of the problem:
min{

∑
a∈Ae

ce(a) · f(a)}

f is a feasible flow of value w inGe

(5.11)

Therefore:∑
a∈Ae

ce(a)f e(a) =

=
∑
a∈A

ce(a)f e(a) +
∑
a∈Q

ce(a)f e(a) +
∑
a∈Ae

1

ce(a)f e(a) +
∑
a∈Ae

2

ce(a)f e(a) =

=
∑
a∈Q

cQ(a)f
e(a) +

∑
a=(i,j)∈A

ce(i, ia)f
e(i, ia) +

∑
a=(i,j)∈A

ce(ia, j)f
e(ia, j) =

=
∑
a∈Q

cQ(a)f
e(a) +

∑
a=(i,j)∈A

c(a)/2(f e(i, ia) + f e(ia, j)) =

=
∑
a∈Q

cQ(a)f
e(a) +

∑
a=(i,j)∈A

c(a)f e(i, ia) =

=
∑
a∈Q

cQ(a)u
∗(a) +

∑
a∈A

c(a)(u∗(a)− u(a)).

(5.12)

Using Eq. (5.11) and Eq. (5.12) we get the following optimization problem:

min{
∑
a∈A

c(a) · (u∗(a)− u(a)) +
∑
a∈Q

cQ(a) · u∗(a)} (5.13)
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Using Eq. (5.10), we have:

0 ≤ u∗(a)− u(a) = f e(i, ia) ≤ α(a), ∀a ∈ A (5.14)

0 < u∗(a) = f e(a) ≤ β(a), ∀a ∈ Q and f e(a) > 0 (5.15)

0 = u∗(a) ≤ β(a), ∀a ∈ Q, and, we agree that, f e(a) = 0. (5.16)

We consider the following flow denoted f ∗ inG∗:

f ∗(a) =

f e(a) + f e(i, ia), if a ∈ A

f e(a), if a ∈ A∗ − A

(5.17)

Since f e is a feasible flow inGe, we can conclude that f ∗ satisfies the conservation condi-

tions inG∗, and from Eq. (5.10) it follows that f ∗ respects the boundary conditions inG∗. That

means that f ∗ is a feasible flow in G∗. Using Eq. (5.13-5.16) we may conclude that u∗ is the

optimum solution of Eq. (5.1).

Corollary 5.1. The cost of network expansion fromG to the optimum solutionG∗ of MCNEP is

v(f e), where f e is the minimum cost flow inGe.

Proof. The result is immediate from Eq. (5.12).

Using Theorem 3, Theorem 4, and Theorem 5, the following algorithm (Algorithm 8) for

solving MCNEP is developed.

Theorem 6. The time complexity of algorithm 8 (AMCNEP) is

O((m+ q)2 · logn+ (m+ q) ·m · log2 n)

where n is the number of vertices in G, m is the number of arcs of the network G, and q the

number of arcs fromQ (that can be added to the networkG).

Proof. Algorithm 8 has to compute once the maximum flow inG, and once the maximum flow

inG′′. Today’s most efficient algorithm for the maximum flow problem is the one proposed by

Orlin [15]. It has a time complexity ofO(m · n)when is applied in the original networkG. InG′′

there are n still vertices butm+q arcs. Therefore in this case, maximum flow can be computed

inO((m+ q) · n).
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Algorithm 8 Algorithm for solving MCNEP (AMCNEP)
Input: G = (V,A, s, t, u), c, α, β,Q, cQ, w

Output: G∗ = (V,A∗, s, t, u∗)

1: Find a maximum flow f ∗ inG

2: if v(f ∗) ≥ w then

3: Is not necessary to modifyG, since it can accomodate a feasible flow of value w.

4: return

5: end if

6: Build the networkG′′ using Eq. (5.2)

7: Find a maximum flow g∗ inG′′

8: if v(g∗) < w then

9: MCNEP is not feasible

10: return

11: end if

12: Build the networkGe = (V e, Ae, s, t, ue, ce) using Eq. (5.3) - (5.7)

13: Find a minimum cost flow f e inGe

14: Build the networkG∗ = (V,A∗, s, t, u∗) using f e, Eq. (5.9) and Eq. (5.10)

15: The networkG∗ is the optimum solution for MCNEP
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In Ge we have to compute the minimum cost flow. Minimum cost flow are assumed to

work on integer values capacity networks [1]. Since inGe the cost of the arcs fromAe
1 ∪Ae

2 are

integer values divided by 2 (see Eq. (5.7), before proceeding to the computation of the minim

cost flow, all the costs of the arcs fromAe aremultiplied by 2, to ensure they have integer valus,

and, in the end, the overall cost of the obtained flow f e it will be divided by 2. Themost efficient

algorithm that is known today for computingminimum cost flow is also due to Orlin [14]. Since

the networkGe hasm+ n nodes and 3m+ q arcs, if the algorithm is applied inGe, then it has

a time complexity ofO((m+ q)2 · logn+ (m+ q) ·m · log2 n).

Therefore, the overall time complexity of the proposed algorithm isO((m+ q)2 · logn+

(m+ q) ·m · log2 n).

5.3 Conclusions

This chapter has investigated in detail the Minimum Cost Network Expansion Problem

(MCNEP), an important problem that ariseswhen existing networks need to be adapted to sup-

port increased flow from source to sink nodes. The problem is complex and involves either

increasing the transport capacity of existing arcs or integrating new arcs into the network. A

key aspect of MCNEP is the optimization of the costs associated with these modifications. To

address this complex challenge, a strongly polynomial algorithm (Algorithm 8) has been de-

veloped and presented here, which provides a systematic approach to achieving cost-effective

network expansion.

An interesting direction for future research could be a generalisation of MCNEP. Future

studies could explore scenarios where the costs associated with changing arc capacities and

introducing new arcs do not follow a linear model. This extension of the problem framework

could include cost functions that are perhaps polynomial, exponential, or based on other non-

linear models that may more accurately reflect the real world costs of network changes. This

generalisation could significantly improve the applicability and relevance of theMCNEP frame-

work to a wider range of real-world situations where cost dynamics are more complicated and

varied.
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Chapter 6

Integration of Remote Sensing Data with

Dynamic Network Processing

6.1 Introduction

Remote sensing is the acquisition of information about an object or phenomenonwithout

direct physical contact. Technologies such asmultispectral (MS) andhyperspectral (HS) imaging

have significantly transformed the methods used to observe and analyze the Earth’s surface.

Combining these imaging techniques with dynamic graph algorithms merges two advanced

technologies, offering innovative solutions to complex, real-world problems.

MS and HS images capture information by sensing electromagnetic radiation. The main

difference between them is their spectral resolution: HS images capture data in several nar-

row, contiguous bands, while MS images capture data in fewer, discrete bands. This detailed

data allows precise identification and analysis of materials, enhancing our ability to monitor

and manage natural and human-made environments. Applications range from environmental

monitoring and agriculture to medical diagnostics and urban planning.

Dynamic networks and associated algorithms are essential for problems where the un-

derlying network structure changes over time. They can be an important tool in a number of

environmental applications or urban planning scenarios.

MS and HS images provide highly accurate environmental data, which can be used to

construct dynamic networks. This integration allows for precise identification of nodes and

edges and the assignment of appropriate weights and capacities. Consequently, combining
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these imaging techniques with dynamic network algorithms opens new possibilities for ad-

dressing complex problems with temporal and spatial dimensions. For example, spectral data

in environmentalmonitoring can helpmap regions and their conditions into a dynamic network,

enabling real-time adjustments based on current environmental changes.

The present chapter is based on previous research into into MS and HS image process-

ing [17], [16], [18]. The objective is to combine these sophisticated imaging techniques with

dynamic graph theory to enhance the capabilities and applications of both technologies, effec-

tively addressing real-world challenges.

6.2 Fundamentals of MS and HS Imaging

The perception of objects by the human eye is a result of the reflection of light from the

objects in question. This reflected light reaches the eye, where it is processed by the brain to

create a visual image. The light is a form of electromagnetic radiation, which propagates as

both electric and magnetic waves in packets of energy known as photons.

The electromagnetic spectrum is a continuous range of electromagnetic radiation, cate-

gorized by wavelength. It is divided into bands, each designated for specific types of radiation

within certain wavelength intervals. The electromagnetic spectrum spans a vast range of elec-

tromagnetic radiation, with wavelengths spanning from very short gamma rays to very long

radio waves ( see Figure 6.1). Each band of the spectrum serves different scientific, technolog-

ical, and practical applications.

Figure 6.1: Illustration of the electromagnetic spectrum. Image courtesy of [25]

The significance of the spectral bands lies in the fact that materials reflect and absorb
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light in unique ways throughout the spectrum, allowing their identification based on spectral

signatures. The reflection of light across various spectral bands enables to differentiate the

material condition, vegetative health, and the surface composition.

The principles of the electromagnetic spectrum form the foundation forMSandHS imag-

ing technologies. These technologies use specific wavelength bands to capture detailed infor-

mation beyond conventional visible light imaging, offering significant insights into awide range

of applications.

MS imaging is defined as an imaging technology that uses the spectral characteristics

and properties of light to capture data across a range of discrete wavelength bands, typically

up to 20 , across the electromagnetic spectrum. As opposed to the traditional RGB approach,

which employs three broad bands, MS imaging makes use of narrower and more numerous

bands, extending from the ultraviolet to the near-infrared regions. This approach enables the

detailed analysis of materials by providing calibrated reflectance data, which is essential for

applications such as agriculture, environmental monitoring, and medical diagnostics.

HS imaging involves the acquisition of data over a continuous spectrum, with the record-

ing of hundreds of narrow, contiguous bands for each pixel within the image. This high spectral

resolution allows for the detection of even subtle differences in spectral signatures, rendering

HS imaging an optimal choice for a range of applications requiring detailed spectral informa-

tion, including remote sensing, medical diagnostics, and food quality analysis. Although more

complex and time-consuming than MS images, HS images provides comprehensive spectral

profiles for each pixel, offering a deeper understanding of the materials being studied.

The application of MS and HS imaging is extensive and diverse, with numerous practical

applications in various fields. These include agriculture, environmental research, disasterman-

agement, and more. While HS imaging is highly sensitive to environmental conditions and re-

quires thorough calibration, making it most suitable for controlled settings or specific scientific

studies, it is particularly valuable in geology and mineral development for gathering detailed

information about materials. By contrast, MS imaging is relatively less constrained by the vi-

cissitudes of the environment and atmospheric interference; it is therefore more suitable for a

broader spectrum of environments and applications. The use of MS images in agriculture and

forestry is extensive. Its applications include the gathering of data concerning the surface and

cover of Earth, as well as the patterns of change observed therein. MS imaging is a more read-

ily accessible and practical option for general remote sensing requirements, with the majority
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of satellites and constellations readily providing MS data. Consequently, while HS imaging has

considerable unexploited potential, MS imaging is currently sufficient for the needs of casual

users across various remote sensing applications.

6.3 Real-Time Agricultural Monitoring Using Dynamic Networks

The integration of dynamic networks with remote sensing data represents a significant

advancement in a series of activities related to Earth monitoring and environmental manage-

ment. Based on the capabilities of remote sensing technologies, such as MS and HS imaging,

in conjunction with dynamic graph processing, it is possible to achievemore precise and timely

insights into various natural and man-made phenomena. This thesis focuses on a case study

example of the use of remote sensing techniques in the agricultural sector. This choice is mo-

tivated by the particular characteristics of the available data set, which comprises a set of MS

images predominantly of agricultural land with an urban component.

Given the rising global demand for agricultural resources, agriculture represents an im-

portant area of study and research. This demand extends to food production, bio-fuels, and

other essential agricultural outputs that sustain humanity. With population growth, the need

formore efficient and sustainable agricultural practices intensifies. Furthermore, the economic

significance of agriculture in numerous regions accentuates the necessity for innovative strate-

gies that can improve productivity and sustainability.

It is of significant importance to recognize the considerable variability in soil properties

that characterize agricultural fields. Such variability can exert a considerable influence on crop

health and yield. The soil characteristics, including nutrient content, pH, moisture levels and

microbial activity, can vary across different parts of a field. Consequently, the uniform applica-

tion of fertilizers and pesticides can result in a number of adverse effects:

• It has been proven that the use of heavy machinery on agricultural land can lead to the

compaction of the soil, which disrupts its structure. This process reduces the soil’s poros-

ity to a degree that limits air circulation and the infiltration of water. These factors are

crucial in enabling healthy root growth and the uptake of nutrients by crops.

• The soil is home to various microorganisms that hace an active role in nutrient cycling

and in the decomposition of organic matter. Excessive use of chemicals and mechanical

disruption can harm these microbial communities, reducing soil fertility and health.
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In light of these factors, it can be concluded that localized interventions are more bene-

ficial than blanket applications of fertilizers or pesticides. The targeted application of fertilizers

and pesticides minimizes soil disturbance and preserves the natural microbial activity essen-

tial for sustainable agriculture. Furthermore, by applying fertilizers and pesticides only where

needed, farmers can significantly reduce the overall chemical usage, lowering the risk of en-

vironmental contamination and preserving local biodiversity. This approach helps to protect

species within the trophic chain from harmful chemicals. The minimization of the utilization of

heavy machinery and chemical agents also serves to reduce the carbon footprint associated

with agricultural operations.

The dynamic networkmodel presented in this chapter of the thesis, integratedwith real-

timemultispectral image processing, enables the precisemonitoring andmanagement of agri-

cultural fields. To implement this model, we use a Dynamic Vegetation Monitoring Framework

(DVMF). This framework involves several key steps:

1. Real-time data aquisition. The acquisition of multispectral images in real-time allows

for the timely identification and monitoring of any changes in the vegetation health and

soil conditions. The real-time data is of extremely important for the accurate and up-to-

date construction of the dynamic network.

2. Dynamic graph construction. The construction of a dynamic graph is a further key step

in this process. In this graph, nodes represent vegetated areas and edges denote rela-

tionships such as proximity or shared irrigation systems. This stage comprises the pre-

liminary construction of the graph and its subsequent continuous updating, as will be

detailed in the algorithm.

3. Localised intervention. The dynamic network processing enables farmers to identify

specific areas requiring intervention, whether for irrigation, fertilization, or pest control.

This promotes efficient resource use and minimizes environmental impact. The frame-

work’s change detection and alert mechanisms ensure that interventions are timely and

targeted.

The following subsectionswill present adetailed account of thedataset andof the frame-

work, accompanied by step-by-step illustrations of the examples generated using the available

dataset, and a set of particular vegetation indices for measuring vegetation health, along with

a particular metric for measuring unwanted change in vegetation status. These sections will
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emphasize the practical application of the algorithm, demonstrating the tangible advantages

and implementation of this approach.

In addition, available in-situ measurements integrated with the dynamic network would

increases the precision of monitoring and decision-making processes, ultimately leading to

more favorable agricultural outcomes. This approach supports the goal of sustainable agricul-

ture by ensuring that interventions are targeted and based on real-time data, thereby reducing

waste and minimizing adverse environmental effects.

6.3.1 Dynamic Vegetation Monitoring Framework

The Dynamic Vegetation Monitoring Framework is designed to process real-time multi-

spectral images and maintain the dynamic graph necessary for effective monitoring and local-

ized interventions. This framework can be used for any type of changemonitoring in vegetation

status. Depending on the characteristics of the vegetation, other measurements (vegetation

indices) may need to be computed and used, and the targeted interventions have to be cus-

tomized. Below are the detailed steps of the framework:

Algorithm 9 Dynamic Vegetation Monitoring Framework (DVMF) - Part 1
1: Input: Real-time multispectral images, a set of vegetation indices used as a measure of

vegetation health

2: Output: Initial dynamic graph of vegetation monitoring

3: Step 1: Initial Data Acquisition

4: image← AcquireAndPreprocessImage()

5: indices← ComputeVegetationIndices(image)

6: Step 2: Graph Initialization

7: zones← IdentifyRelevantZones(indices)

8: for each zone in zones do

9: Create a node with attributes: {set of corresponding vegetation indices, spatial informa-

tion (pixel coordinates or segment size)}

10: end for

11: graph← ConstructInitialGraph(zones)

12: EstablishEdges(graph)

The detailed steps and processes involved in the Dynamic VegetationMonitoring Frame-

work (DVMF) are illustrated in Figure 6.2. This figure provides a visual representation of the

50



CHAPTER 6. INTEGRATION OF REMOTE SENSING DATAWITH DYNAMIC NETWORK
PROCESSING 4
Algorithm 10 IdentifyRelevantZones
1: Input: Vegetation indices

2: Output: Zones with relevant vegetation

3: Identify and delimit zoneswithin the large area of interest that have relevant vegetation for

monitoring using a threshold on the relevant vegetation index. These zones can represent

individual pixels or aggregated areas (segments) with similar vegetation characteristics.

4: Return zones

Algorithm 11 ConstructInitialGraph
1: Input: Zones with relevant vegetation

2: Output: Initial dynamic graph

3: Construct the initial graphwith nodes representing vegetated areas (either pixels or aggre-

gated zones) that are to be monitored

4: Return graph

Algorithm 12 EstablishEdges
1: Input: Graph

2: Establish edges between adjacent nodes (pixels or zones) based on available information,

such as spatial relationships, similarity relationships, shared irrigation systems, soil types

and quality similarity etc.

Algorithm 13 Dynamic Vegetation Monitoring Framework (DVMF)
1: Input: Real-time multispectral images, vegetation indices, and criteria for changes

2: Output: Updated dynamic graph with alerts

3: Step 3: Real-time Monitoring Loop

4: while newmultispectral image is available do

5: image← AcquireAndPreprocessImage()

6: indices← ComputeVegetationIndices(image)

7: graph← CopyOldGraph()

8: UpdateNodes(graph, indices)

9: UpdateGraph(graph, indices)

10: SegmentAndAnalyze(graph)

11: VisualizeAndReport(graph)

12: RespondToAlerts()

13: LogChanges()

14: end while
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Algorithm 14 AcquireAndPreprocessImage
1: Output: Preprocessed multispectral image

2: Acquire the multispectral image

3: Perform georeferencing, cloud masking, and atmospheric correction

4: Return preprocessed image

Algorithm 15 ComputeVegetationIndices
1: Input: Preprocessed multispectral image

2: Output: Vegetation indices

3: Compute vegetation indices from the image (e.g., NDVI, NDWI)

4: Return indices

Algorithm 16 CopyOldGraph
1: Output: Copy of the old graph

2: Copy the previous state of the dynamic graph

3: Return copied graph

Algorithm 17 UpdateNodes
1: Input: Graph, Vegetation indices

2: for each node in the graph do

3: Update vegetation indices

4: if change indicates vegetative stress then

5: Tag node for alert analysis

6: else

7: Remove the node

8: end if

9: end for

Algorithm 18 UpdateGraph
1: Input: Graph, Vegetation indices

2: for each point within the area of interest and not in the old graph do

3: Compute vegetation indices

4: if index above threshold then

5: Add the point as a new node

6: end if

7: end for
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Algorithm 19 SegmentAndAnalyze
1: Input: Graph

2: Segment nodes tagged for alert analysis based on shared characteristics (e.g., similar in-

dices, proximity) to form larger zones

3: for each zone do

4: if zone exhibits significant unwanted change then

5: Trigger an alert

6: end if

7: end for

Algorithm 20 VisualizeAndReport
1: Input: Graph

2: Generate visualizations of the dynamic graph, highlighting nodes and zones with alerts

3: Create a report of nodes and zones with alerts and recommended actions

Algorithm 21 RespondToAlerts
1: for each alert in the report do

2: Respond with specific actions (e.g., adjust irrigation, apply fertilizers)

3: Monitor intervention effectiveness and log changes for trend analysis

4: end for

Algorithm 22 LogChanges
1: Log changes over time for analysis and prediction
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framework, highlighting the sequence of operations from initial data acquisition to the real-

time monitoring loop, including the segmentation, analysis, and response to alerts.

Figure 6.2: Dynamic Vegetation Monitoring Framework (DVMF)

Description of the vegetation indices

In order to provide further insight into the condition of vegetation and facilitate moni-
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toring of this parameter over time, a number of vegetation indices were computed from the

spectral data set for our exemplification. These indices simplify complex spectral data into in-

terpretable metrics, allowing for the identification of specific attributes of vegetation, such as

health, water content, and levels of stress. The following paragraphs presents the overview of

the vegetation indices used in this study, accompanied by a discussion of their relevance and

significance.

The Normalized Difference Vegetation Index (NDVI), the Normalized Difference Water

Index (NDWI) and the Moisture Stress Index (MSI) are among the most important vegetation

indices used in agricultural and environmental research studies. However, there are a series

other indices that can be employed, depending on the specific circumstances.

The Normalised Difference Vegetation Index (NDVI), a widely used remote sensing veg-

etation index, quantifies vegetation greenness and serves as an important indicator of plant

health and biomass. It it used in agricultural practices monitoring, environmental monitoring,

and land cover classification. The NDVI measures plant health based on the differential reflec-

tion of red and near-infrared light, with healthy vegetation reflecting more NIR and less red

light, resulting in higher NDVI values. NDVI is computed using the following formula:

NDV I =
NIR−Red

NIR +Red
(6.1)

This index has values ranging between -1 and 1, with higher values, over 0.3, indicating areas

covered with healthy green vegetation. Values close to zero are indicating areas with sparse or

unhealthy vegetation, while values smaller than 0 typically correspond to areas without vege-

tation, such as water surfaces, barren soil, or building areas.

Another important vegetation index used in remote sensing is the Normalized Difference

Water Index (NDWI). NDWI measures the water content in plants, and has values also from -1

to 1. Higher values indicate a greater water content. It is a useful tool for assessing the status

of water within plants and for the detection of drought conditions. NDWI is computed using

the following formula:

NDWI =
NIR− SWIR

NIR + SWIR
(6.2)

While NDVI is a vegetation greenness index, NDWI is a water content index for vegetation.

The two indices complement each other to provide a comprehensive assessment of vegeta-

tion health and water status.
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The Moisture Stress Index (MSI) is also an indicator of plant water stress and it is com-

puted using the following formula:

MSI =
SWIR

NIR
(6.3)

Higher values indicate higher levels of moisture stress. For most healthy vegetation, MSI val-

ues can be less than 1.0, while values between 1.0 and 1.5 account for moderately stressed

vegetation, and values greater than 1.5 usually indicating significant moisture stress.

Both the Normalized Difference Water Index (NDWI) and the MSI indices provide infor-

mation about the water content and stress in vegetation. However, they do so from slightly

different perspectives, and can complement each other effectively. The following section will

explain why using both indices can be beneficial. The MSI is particularly sensitive to changes

in the moisture content of vegetation and is used to detect water stress conditions. It facili-

tates the identification of regions where plants may be subjected to drought or an inadequate

water supply. NDWI concentrates on thewater content within vegetation canopies, taking into

account the fact that plants can also suffer from an excess ofwater, a condition known as over-

watering. This can be deleterious to plant health and can give rise to complications. Therefore,

NDWI provides a measure of the quantity of water present in the vegetation, which can be

essential for the assessment of overall plant health.

6.4 Conclusions

This chapter proves the significant potential of integratingdynamic networkswith remote sens-

ing data for advancing agricultural practices towards more sustainable and efficient methods.

By using real-time data and targeted interventions, farmers can improve crop health, protect

the environment, and reduce their carbon footprint, ultimately contributing to a more sustain-

able future. This integration supports not only agricultural productivity but also broader envi-

ronmental concerns, ensuring that agricultural practices are in harmony with ecological sus-

tainability.
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Chapter 7

Conclusions

This thesis builds on the detailed objectives set out in the introduction by investigating

existing algorithms and developing new ones. The main contributions are summarized below.

7.1 Research Contributions

The contributions of this research are diverse and address some gaps in the field of dy-

namic network algorithms.

1. The Theoretical Background and Scoping Literature Review chapters provided a de-

tailed analysis of existing algorithms for SSSP andmaximum flow problems, in static and

dynamic situations, in terms of methodology and efficiency, identifying their strengths

and limitations.

2. In Dynamic Adjustment of Single Source Shortest Path we developed an efficient al-

gorithm that addresses the SSSP problem and focuses only on the affected parts of the

network, ensuring optimal performance in dynamic scenarios.

3. In Flow Increment through Network Expansionwe introduced an algorithm to solve the

MCNEP, enhancing network flow capacities withminimal cost, applicable in various prac-

tical scenarios requiring dynamic flow augmentation.

4. In Integration of Remote Sensing Data with Dynamic Network Processingweproposed

a method to combine remote sensing data with dynamic networks, offering a practical

solution for real-time environmental and agricultural monitoring.
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7.2 Limitations

Despite these contributions, the research has several limitations:

1. Algorithm Validation: While the dynamic SSSP algorithm is theoretically sound, it would

require further validation through extensive real-world testing across diverse network

scenarios.

2. MCNEP generalization: The proposedMCNEP algorithm needs to be expanded to better

reflect real-world situations and costs of network changes. It should investigate some

expansion scenarios where the cost functions are non-linear, such as polynomial or ex-

ponential.

3. Integration Challenges: The integration of remote sensing data with dynamic networks,

though a promising avenue of research, is not without its challenges. At the time of writ-

ing, apart from the multispectral images, we did not have access to real and in-situ data.

The incorporation of such data would be advantageous for the validation of use cases

in these scenarios, as well as for the enhancement of the accuracy and applicability of

the proposed solutions. Furthermore, the input of experts would be advantageous, as

the specific considerations may vary depending on the particular situation, such as agri-

cultural monitoring or environmental monitoring. Such expert insights could assist in

addressing specific aspects that require consideration for more effective application.

7.3 Future works

In light of the findings and limitations of this research, several proposals for future work

are presented.

1. Enhanced Validation: Extensive real-world testing of the proposed algorithms would be

beneficial to ensure robustness and scalability across different network conditions and

sizes.

2. Algorithm Improvements: Further refinement of the algorithms to handlemore complex

network dynamics and to improve computational efficiency. In particular, empirical test-

ing for the delta parameter and investigation of the best data structures that can be used

58



CHAPTER 7. CONCLUSIONS 4
in the dynamic SSSP algorithm could provide valuable insights into its optimal settings

and performance.

3. Generalisation of MCNEP: An interesting direction for future research could be a gener-

alisation of MCNEP.

4. Parallelization: It would be beneficial to investigate the potential for parallelisation of

the dynamic algorithms, with a view to enhancing their computational efficiency and

scalability. This could facilitate their suitability for real-time applications in large-scale

networks.

5. Broader Applications: Expanding the integration of remote sensing data with dynamic

networks to other fields, such as urban planning and disaster management, where real-

time data can significantly impact decision-making processes.

In conclusion, this thesis has made some contribution to the advancement of the un-

derstanding and development of dynamic algorithms for network problems. While there are

challenges and limitations, the proposed solutions offer a solid foundation for future research

and practical applications, contributing to the ongoing evolution of network algorithms and

their integration with real-world data.
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